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ABSTRACT
A robust discrete-time PI regulator can be
designed for systems with monotone step

responses, based on a simple model. The regulator

has three tuning parameters; one of them is the
sampling period, which can be chosen from the
step response of the open loop system. Relations

between the parameters
the system are derived.

assuring the stability of
INTRODUCTION

Astrsm [1] shows that a robust discrete-time
integrating requlator can be

designed for an
unknown single input-single output (SISO) stable
linear system based on a simplified model,
YCtd = b uCt-T>, b0,
For a given unknown plant with monotone step
response HCt>, Astrsam has shown that the control

law
E Y =Cr, -y o+ Yias

always gives a stable closed loop system provided
that

eHCTD > HCad

and

2b > HCad
are verified; T being the sampling period, T, the
set point at time kT, Y “uCkT> the control
signal, ¥, .= vChT> the measured output; K¢T> and

~‘=> are the values of the

unit step response of
~he system at time T

and in the stationary state,

“espectively.

In Lu and Kumar [2] Astrém's method is
Zeneralized by considering a staircase model for
=he plant. In this case the linear system is not
“estricted to be scalar with a monotone step
‘esponse. However, the number of tuning
rarameters in the controller depends on the

~mber of steps in the staircase model.

In this paper we extend Astrém’s approach by
-“hsidering a staircase model as in Lu and Kumar,
=<T with the magnitude of the steps decreasing in
.SXponential way; only one more parameter, in
-ation with Astram model, is introduced. (See
*=%. 1). The regulator obtained has three tuning
sirameters: a gain, an integration time and a
> ling period. Relations are found that assure
‘btotic stability of the resulting closed-loop
S-Sm. As in Astram, the method is constrained
__ S¥stems with monotone step response; however,
~% introduction of one additional parameter

“¥S a choice of smaller
-°ver, the controller now becomes of PI
~2e controlled response is improved.

type
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MODEL OF THE PLANT

Consider a stable SISO linear time-invariant
plant with monotone step response H¢:> as shown
in fig.1l. We consider the following model for the
system

L) 3
ym<t> = b F etuct-y7o
i=1

(1)

where u, ym are the input and output of the
model, respectively; &m0 has the same sign as
HCm>; O < ¢ < ¢, and T is the sampling period.

Let I¢t> be the unit step function, then the step
response of model (1) is

HmCtd> = bj?‘ ™t ree - G (2)
To justify the choice of model,

continuous model for the unknown plant
the transfer function

consider a
given by

K
GmCsd = -
The z-transform of the model preceded by a
zero-order-hold gives
6mcz> = &

Z2 - c
with b = K ¢c1 - expC-aldd/a, ¢ = expC-al>. The
output of the discrete system is given by

VCRTD = big‘ e werT-5T5

Reconstructing the unit step response of the
discrete system by a zero order interpolator

gives the signal (2).

It is observed that the model
Astrsm [1] is obtained as a special
(2) if we let ¢ = ¢.

lLet v ukdenote the output and the input

signals of the model at time kT. By (1) we have
Vi,
This can be

delay operator g™ as

bC1 - cog™t
= -~ =t T cdg 2
y?’v 1 yEL i - uk uk

1 - ¢ g™ %

suggested by
case of model

- = i _ i
yp & u, + b J_;BiCc S ul:—j
of the

rewritten in terms

ROBUST SAMPLED PI REGULATOR

The same control law used by Astrsm [1] and
Lu and Kumar [2] is chosen here; the model output
follows the reference value r after a delay of
one sampling period, so we have i
7 f A 1 - cog
Y T 5 Cr oy ¢ PR e
Applying this to the ral Plant, the sampled
control law becomes
1 Cl = e
u = €r =Y 0 & o . Co . (3)
3 5 k k { - cq-‘ k=1
4 -
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This contrel law is a special case
predictive heuristic control [3-4]. It also has
the form of a discrete approximation to a
continuous PI strategy implemented as a simple
lag in positive feedback form, Clarke [5].

of model

STABILITY ANALYSIS
Here we follow the same reasoning as in [1].

Define H = HCRT>, M = HCod and let Act> be the
impulse response of the unknown plant. Then, as
the control signal is constant over the sampling

periods,

(2} = -
v, = Sg RCTO WChT-T> dr = ECH - H O wu

which with (3) yields
rob=u + L ICH - H drb + Cc = 13¢5 w
ke k =1 b =1 -J
(4)

We can rewrite (4) as

rk/b = J_?o czj uk_j
where a_=f. a= CH{Jﬁq)/b I
Let us define the function Acz> = jg;al 2. It

follows from Desoer and Vidyasagar (6), that the
closed loop system will be asymptotically stable
if Acz> has the property

inf |AC=2>| = 0.
rz1Z 4
Equivalently, since

| P a2l < P a1

’ X |z|z1
j=1 ] =1

the system is asymptotically stable if j?liajl<t'

Theorem i. Consider a stable SISO time-invariant

linear system with monotone step response. The
closed-loop system obtained with the regulator
(3) will be asymptotically stable if the
parameters b, ¢ and the sampling period T are
chosen so that the following conditions are
verified

éct = ¢2 > Hm/b (5)

CHw — eHLJ/b < 0. (6)
Proof. See appendix 1.
Remarks. :
1. If the step response is positive then
conditions (5) and (6) become

26t - c> > H (7)

8
2H > H (8)

The symbol "greater than” must be changed by the
symbol "less than" in expression (7) and _(8)
when the step response of the system is negative.

Condition (8) is that given in Astrsm [1]
for the sampling period. Astrsm’s other condition
is obtained from (7) when c=0.

2. Conditions (5) and (6) give the fol}owing
design rule for the regulator (3): a> specify a
sampling period T such that condition (6) is
satisfied; &> choose b and ¢ such that condition
(5) is satisfied. .

The bounds given by inequalities (5) and (6)
are very conservative and can be fine-tuned (see
theorem 2).

Theorem 2. For a stable SISO time-invariant
linear plant with monotone step response, the
closed-loop system obtained with the regulator
(3) will be asymptotically h atable_ if the
parameters b, ¢ and the sampling period T are

chosen so that either of the following conditions

is true:
a) c¥'¢t - > = CH, = H_D7b, JNoMHL, L

(9)

J=1,..
eIt - e S CH = H_DOrby JENsLLL M

and

2ct =N+ M > CZH, ~ 2H + H Dsb; (10)

b) e’let - €3 2 CH = H_O/bs  JEf.. L NGHHL, L
eiet ~ €3 S CH = H_ /b, JEN+f,.. M (11)
and . &
&Cc - ¢ > > C8H, - 28H - H osb. (12)
M N o

Proof. See appendix 2.

Remarks.
1. Conditions (9) and (10) may be given in terms
of the increments of the sampled output at the

sampling instans of both, the unknown plant angd
the mouel. Let us suppose that the plant step
responfe 1is positive; then b>0 and the
denominator in each of (9) to (12) can be
cleared. For example, condition (9) may be
written as
bt = mulig ae= 0.

where beli™, be! are the values of the step

response of the model at two consecutive sampling
times, and H';’ Hj are the wvalues of the
- i

response of the plant at the same consecutive
sampling times. The increments of the step
response of the model of the plant decrease with
time. Fig. 2 shows the values of the increments
over time for a plant with positive monotone step
response. Conditions (9) and (11) cover the
possible relations between the unit step response
of both plant and model; the values of N and ¥
give the intersections points of both fuctions.

2. Both conditions in Theorem 2, a) and b),

step

includes two important special cases i) N=w, and
ii) M=o In these cases the following four
independent conditions for asymptotic stability
are required:
ai) et - > = CH = N_ 7B, J=t,2,.. (13)
and H b > 2; (14)
@

aii) eMct - e s M - N /by yeta N

et - e > CH - H DOy jENtL... (15)
and

2ct - N> > c2H. - H Osb; (16)

N @

bi)  &fcr - o> 2 W - W b, y=ti2,.. (17)
and

-H_ b < 0; (18)

[+ ]

bii) et - > = CH = H Db, J=t....N

ehles = ed e ol - B 2/8: fapetiss (19)
and

2c™N > ¢H_ - 2H osb. (20)

@ N

3. A PI controller may be designed based on

Theorem 2. Choose a sampling period and determine
the parameters & and ¢ so that any of the
conditions of the theorem is verified.

4. If the system is stable it is always possible
to find b, ¢ and T so that
eIt - e = cH, - H 27y J=t.2:.. (21)

Then the additional condition -H_sb < 0. assures

the asymptotic stability of the system. How;V¢;:
this condition is implicit in the choice ©
This leads to the following corollary:

Corollary. For a stable SISO linear system :t:E
monotone step response, the closed-100P ‘{‘bl.
with regulator (3) will be asymptotically :ad
if the parameters &, ¢ and the sampling P;: d
are chosen so that condition (21) is verifie

EXAMPLES 5
¢ ]

sixth-order 65&“::f Gchoolo

is) end

Consider a
According to Theorem 1,

1/ct+82°.
so that conditiong

T=7.5, b=1.0, c¢=0.&
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(6) are verified. Figure 3 shows the response of
the closed-loop system to a step command signal
at t=0.0 and to a step disturbance beginning at
time (=7 5.

Theorem 2 allows to choose smaller
periods. Figure 4 shows the increments in the
evolution of the positive terms of the series
ACz> for T=1, b=t and b=3.0, and for the negative
terms when e=0.s5,. For &=f condition (19) is
verified with N=3, but condition (20) fails.
However, with »=3. o conditions (19) and (20) are
verified with N=4. Figure 5 shows the response of

sampling

the closed-loop system to a step command signal
and to a step disturbance, when the values T=1,
5=3.0 and ¢=0.6 are chosen.

If the sampling period is too small the

number of inequalities in Theorem 2 is very long.
This number may be reduced if T is increased. A

reasonable value of 7T ig five to six times
smaller than the plant rise time. Fig. 6 shows
the response of the systems 1/C1+83%,  focr+s>?,
and {-Cf+s> to a step command signal and to a
step load disturbance when T=2, T={ and T7T= 5,

respectively. These values are approximately five
times smaller thna the rise time of their
respective systems;  has been fixed to 0. 4. The
gain of the regulator has been chosen for every
system so that condition (20) is verified.

CONCLUSIONS

It has been shown that reasonable
control can be obtained by designing a
for a simplified process model. The
been chosen so that a PI regulator
Attemps of extending the results to the case of
nen-menotone systems and developing real-time
recursive algorithms for adaptive fine-tuning of
the parameters are now underway.

good
regulator
model has
results.
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Appendix 1.. Proof of theorem 1.
Every element a of the ACc=>, s

given by the sum of a nonnegative term ¢y -

3 i
H,_,>~b and a nonpositive term et - 3, so it
is verified

series

jg’ira“ =le -t + N b+ jgzlajl <

c - f H - =4 =
| * H b +ng(h'j H_ o6 +j§zc c1 €> =

le = ¢ + Hﬂ/b] + Cﬁm = Hf)/b ey

Two different cases are considered Separately.
First assume H b > 1-c, then from (5)

b4 EN

iEs £ 2 - + Hm/b < 1,
Next, assume that)ﬂ/b < f-c, then from (86)

= =
Ealel = 1 e en 2HOb < o

which completes the proof.

Appendix 2. Proof of theorem 2.

a) = ¥opoite, _ _
) j"Iajl jEgfe’ Ce - 10 + CH, H o6l +
i1 _
jafiagl et -5 SHy = Ho-b1 +
=1 _
jelerl Tt - e 4 CH, - H_ 2001 =

N N M M
€ =1 + H b - + - - =
L + c ¢ CHN HMJ/b c+ cﬁw Hu)/b

= —f + 2cc™N - My CeH, - aH + H b,
Hence, condition (10) assuras that jgiraJ < 1.
b) j?llajl = jgifu’.‘j_l(c -1+ K - Hp7bI
jggﬂ: P P CH - Hj_;)/b.? +
j=:”( Tt et - e CH_, = Hosb) =
1 =M= H b - M M- CH =~ H b + M- CH = H osb

N M - -
-y =B —~ 7 CEHN EH“ + Hm)/b,

Hence, condition (12) assures that jgl|aj| < 1.
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Fig. 1. Step response of the system and its approximate model,
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Fig. 2. Values of the incresents ln the output signal at the
sampling instants of a monotone system, for different
values of the sampling time. As the sampling time
decreases the increments become smaller.
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Fig. 3. Response of the system GtsJ:lf[l.s]“ to a step change

in the reference signal and to a step load disturbance

at t=75, with T=7.5, b=1.0, e=0.2.

H
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Fig. 5. #esponse of the System Gts}:i,’li-s]6 to a step

£ 100

: the reference signal and to a Step load dist

75, with T=1.0, b=3.0, ¢=0.6.
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Fig. 6. Response to a unit step change in the reference signal

and to a step load disturbance for the systems
a) Gis)=1/(148)% , T=2 , ba2.5 , cs0.4.
b) Gls)=1/(1es)? | Tl , B=3 , Cs0.4.

e) Gis)=1/(1+s8)} , T=0.5 , b=1.25, c=0.4,



