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T H E

R E F  A C E .

T h e  Philofophical T  ranfadions having met with 
general Applaufe and Encouragement for many 
Tears  ̂ 'it would he a needlefs Trouble to give any 

Kiftory o f them: "Tls enough to fay , that many o f the Dif- 
courfes were compofed, and all o f them colleded and pub- 
liilied by particular Members o f the Royal Society. I  floa II 
therefore employ thefe very few  Pages, only to acquaint the 
Reader with my own Conduct in this Abridgment o f them, 

IVhen I  firf} refolved upon this Undertaking, / had two 
Sorts o f Readers in view  ̂ whom I  was deiirous to fe rv e ; 
thofe who make ufe of Books for their private Inftruclion 
or Entertainment, and thofe who confult them in order 
to publifli fomething of their own. To a Reader o f the 
former Clafŝ  I  thought it fufficient to' give him. the Suh~ 
fiavice o f fo  many curious Papers, in fuch Order as would 
hefl fuit zvith the Courfe o f thofe Studies that might deno
minate him a general Scholar. But̂  for the Sake o f the 
latter  ̂ I  have, in the Margin  ̂ given the Title and Author 
o f each Paper^ and direñedto the Nuíñber and Page o f the 
Tranfaclions or Collections, where may meet zvith the 
Original itfelf To the former, I  defigned this Abridg
ment to be as ufeful as //:»<? Volumes at "large andto ferve 
the latter, inftead o f a not inconvenient Repertorium.: And 
in the Profecution o f this Defign, I  have generally confinexi 
myfelf to thefe Rules.

3 Í. '
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I. 1 have not orily retained the Rffenttal Paris o f the 
Difcourfe?, hut I  have kept in many Places to the very 
Words o f their own Aiiihors, (except where I  was forced 
to vary them a little, to preferve the Connedion :) For̂  / 
thought h  very unwarrantable to obtrude any thing o f  mine 
under the Name o f another Perfon.

II. Blit to iliorten the whole Work, wherever I  found 
any Perfonal Addreffes, long and minecejfary Excuriions, 
or pompous Citations o f  Books, / have taken the Liberty 
to iupprefs them ; yet̂  I  hope  ̂ without injuring the Force o f 
the Author’s Reafoning.

III. / have omitted all Accounts and Extraéis o f  Books, 
which noWy after fo  many Tears Publication, feem  almoji 
ufelefs: Tet̂  / i ? Readers in mind o f them  ̂ efpecially 
fuch as are about to furnijh or enlarge their Libraries, / 
have added a  Catalogue at the End o f each Chapter to 
which they chiefly belongs and I  have alfo directed them to 
fuch  Additions, Emendations, or Refutations, as ought to 
be confulted, when thofe Books fa l l  under their Exami
nation.

IV. / have alfo omitted all Heads o f  Inquiries and Ex
periments ftmply propofed^ without farther Profecution ; 
believing that the Anfwers already given to many o f them  ̂
and other Difcourfes upon the fam e, or the like Subjeéts, will 

fujfficiently direB the Notice o f an Inquiiitive Reader.
V. The previous Calculations o f Eclipfes, Lunar Appul- 

fes, and  Satellite Eclipfes and Occultations; alfo 1 ide- 
TableSj and many other curious Papers o f that kind, have 
long ago outlived the Re a fon o f their Publication.

VI. All Simple Catalogues Natural Curioiities (as o f  
Shells, Minerals, Plants, Animals, &"c.) without particular 
Defcriptions o f  them  ̂ are little inftrudive ,* and chiefly

Jerve
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ferve io enlarge ihe Hiftory of the Mufeiim, where thc<\ 
are depofited: JVhtch is no Pari o f the Defign o f  thefe 
Volumes.

VII. 1 have commonly omitted fitch Papers as have been 
colleded into jujl Volumes hy their own Authors. For this 
Reafon I have omitted fome o f thofe furprizing Microfcb- 
pial Difcoveries by the famous M, Leeuvvenhoeck : But / 
farther confefs  ̂ I  was alfo lefs inclined to infert them here  ̂
becaufe tnoft o f  them treat o f  Subjects not at all convenient 
(in my Opinion) fo r  common Readers.

VIII. Biitj to do all the Right / could to the ingenious 
Authors of thofe Papers, which the Limits of this Abridg
ment obliged me to omit, / have  ̂ at the End o f each 
Chapter, annexed their Titles, and fometimes a JJ:ort Ac
count o f them.

Thefe are the Rules I  have carefully obferved thro the 
whole ConduB o f this tedious Work: Wherein 1 have faith
fully aimed at the General Good o f all forts o f  Readers; 
i f  I  have failed  in the Performance, Uis fo r  want o f Judg
ment to do it better: But I  am hold io fay^ That i f  a Kmd 
Reception o f this fh a ll encourage a itk e  Abridgment of the 
Foreign Philofophical Journals, tn the Jfame or a better 
Order, it will much facilitate ihe many Difcoverics fítll 
ready to reward the Labours ¿7;;¿/Expences o f all induftrious 
Promoters Natural Knowledge.

( XV )

Adver-

n£D



■IB

í

Zi

i

U n E D

( 5ÍVÍ )
1 f u. i .

‘ ■ r . ,. P . I .  ̂Y \ . ''J fc -i Wi C t  ̂ . 1 *  ̂̂  V w , * ̂ .J

• K-
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3A V:. ÍJ j c ' b i f

T h e  "'B.hüOifbpUcal^T^xanfitBhm^Smz^ the Y ear 1700, having 
' been, abji(^^c4 , aft4  clif{)(ofed u r ^ r  General Heads, (after the 
fame Metliod^wi^h this W p rk ) Í3y Mr.  ̂ 0  A^E 5 , and by him  pub- 

íiñied in T w o  Vóli!imeá:,’^ é  thought it would tend to make the 
wTible cómpteté^ i f  t h e ‘ feveral In d ices'<Á the F ive  Volumes were 
made iiito'iOxiej by. w h ich  means? the Reader w ill have but one T r o u 
ble in feeking any Particular he has occafion for. T o  the fame Pur- 
poie we'have*" thrown the Contents o f  the feveral Volum es together, 
and prefixed theih to the Firft.
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V O L U M E  the Firft.

C H A P .  I.
Geomtr-jy Arithmetick, Algebrâ  Logarithmotechn'j.

I.

3
4'
5

5
6

N  Idea i?/Mathematicks j ¿y 
Dr. J. Pell Pag. I

2. Con/ider’d y by Merien-
nus
Anfwer'd; by Dr. Pell 
To the S atisfaStion of Merfennus 7 
The Approbation of Des C îTtcs ib.

II.^Some of Euclid’ j Propofttions detnon-
jirated independently from the reft *, 
by Mr. Afh 8

III. The S(\n r̂\n  ̂of the Hyperbola 5 by 
the Lord Vifcount Brounker 10

IV. The Quadrature of a Circle ; by M .
Leibnitz 16

V. I. Tangents to ^//Geometrical Curves;
by Renatus Fran. Slufius 19

2. Lemmata whereby the preceding 
Method is demonftrated j by M.Slu- 
fius 2 2

VI. I .  The Teftudo Veliformis Quadra- 
bilis Mni^naticallypropos’d ; by V. V.

22
2. Solved by Dr. Wallis 23
3. The Propofer’s Solution demonfira-

ted ; by Dr. D. Gregory 26
VII. I. The Quadrature of the Parts of

the Lunula, Jy Mr. J. Perks i a Ut
ile varied by Dr. J. Wallis 29

2. Improved by Dr. Gregory ib.
2. By Mr. Cafwel 3 1
4. By Dr. Wallis ib,

VIII. The Dimenfion of Solids', generated 
by the Converfton of Hippocrates’  ̂
Lunula ; by M . Ab. de Moivre ib.

IX. The Quadrature ^  Portion of the 
Epicycloid ; by Mr. Cafvvell 33

X. A  general P ropo[ttion for meafuring
all Cycloids and Epicycloids; by 
M r. Edm. Hailey ib.

XI. I. A  Problempropofed by Mr.J. Ber-
nouilli 35

2. Solv’d ; by . . . . .  ib,
XII. The Ufe of Fluxions the Solution

of Geometrick Problems •, by Mr. 
Abr. de Moivre 36

XIII. I. The Catena ; by Dr. Dav. Gre
gory 41

2. The Animadverftons o f ..........an-
fwered \ by Dr. D. Gregory 5^

X IV . Quadrature Geome
trically Irrational j by Mr. J. Craig

55
X V . The
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The C O N T E N T S .
X V . Thi Q u a d r a t u r e L o g a r i t h m ic lc  

Curve i ¿>y Mr. J. Craig p. 59
X V I. yiQuadratrlx to /6<?Circle, being th¿

Curve defcribed by its eqiiable Evo
lution \ by . . .  . 60

X VII. *The t)imenftori5 of a Sphere and 
Cylinder compar’d ; by Dr. Wallis 6 1

X VIII. Improvepicnts in England, in the
Refoiution « '̂Equations in Numbers •, 
by Mr. Jo. Collins 63

X IX . Í. "The Conjiru5lio}t of Cwhxc and
Biquadratic Equations; by a Para
bo a and a Circle; by M r. Edm. 
Hailey 67

2. ‘Tlje Number of Roots in fuch Equa
tions, with their Limits and Signs ; 
by the fame 72

X X . 'The ExtraSiion of all Roots, with
out any previous Reduftion 5 by Mr. 
Edm. Hailey 87

X X I. yl Method of raifing an infinite
Multinomiah/o Power ; by
M . Ab. de Moivre 96

X X II. The ExtraSIion of the Root of.an
Infinite Equation; by M . Abr. de 
Moivre lo i

XXIII. The DoSlrine of Exhauftions;
Dr. Wallis 103

X X IV . The Approximttfion of the An
cients in the ExtraUion of Roots, 
improv’d b y  D r .'SN'úŴ  104

X X V . The Proportion of infinite Quan
tities ; by M r. Edm. Hailey 108

X X V I. Infinitely-infnite Frañions \ by
Dr. R. Wood n o

X X V I Í. 1. The Antiquity of the Nume
ral Figures in England *, by Dr. J. 
Wallis 113

2. By Mr. Tho. LufFkin 114
X X V III. TheConftru£iion(^/Logarithms;

by M r. Edmund Hglley ib.
X X IX . Papers of lefs general Ufe omitted

122
X X X . Accounts Books, with Additions,

Emendations  ̂ &CC. omit tied -  123

h

*
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C H A P .  II,

Trigonometry, Surveying,

I. A  Chorographical Problem, propofed
by M r. Richard Townley ; fol- 
ved by M r. J. Collins p. 126

II. Chorographical Problems ',folv*d
by a Member of the Philofophical So
ciety «í Oxford 128

III. An Error of common Surveyors, 'in
comparing Surveys taken at long In
tervals of Time, with the Magnetick 
Needle, demonjirated by M r. W , 
Molineux 131

IV. A  new Level; by M r. Butterfield 133
V . An Account of a Bock omitted ib.

C H A P .  Ill,

Opticks.

I. A  New Theory about Light and Co
lours J by M r. If. Newton p. 134A II. 1. Some Experiments propos'̂ d in rela

tion to this Theory \ by . .  . 141
2. Ohfer-
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The C O N T E N T  S.

IV.

2. Ohfe>"vatiom on this Propfal by 
Mr. Newton P. 141

III. 'The genuine Method of examining this 
T̂heory \ by Air. Newton 142

I . Animadverfions on this Theory ; by 
R. P. Ign. Gafton Pardies 143
Anfwer^dby Mr.l^tvjzon 146
Some farther Obje£ii<>ns j by K. P. 

Pardies 147
Anfwer'd by Mr. Newton 148 
T ? the SatisfaStion cf P. Pardies 15 r

V . Some Confiderations on this Theory ;
by------Anfiver*d by Mr. Newton ib.

VI. I. Some Coiifiderations upon this Doc-

4'
5

trine of Colourŝ  from Paris 5 by

2. Anfwer'd by Mr. Newton
3. A  Reply by Mr. N'

163
164
165 

ib.4. Anfwer'd by M. Newton
VII. I .  Animadverfions on this Theory 

of Light and Colours ; by Mr. Fr. 
Linus 168

2. Anfwer'd by — — 1 69
3. A  Reply by Mr. Fr. Linus ib.
4. Anfwer'd by Mr. Newton 170
5. The Experiment of Mr. Linus af~

171
ib.

172
175

by Mr. 
179

firm'd ; by Mr. Gafcoign
6. Anfwer'd by Mr. Newton
7. Exceptions by Mr. Lucas
8. Anfwer'd by Mr  ̂ Newton

VIII. An Optical Experiment 
Stephen Gray

IX . I .  A  Probletn of A\\i?LZtn ,̂folv'd by
Chrift. Huygens ib.

2. j5;y iV/. Siufius 180
3. Otherwife \ ¿y Af. Slufius 182
4. Otherwifeby M. Huygens 185
5. Farther confidedd \ by M. Slufius

ib.
6. 5)1 M  Huygens 187
7. iS}i M. Slufius 189

X. To find the principal Focus Optick
Glajfes univerfally; by Mr. Edm.
HalJey 191

XI. I. The Generation of an Hyperbolical 
Cylindroid *, by Sir Chrift. Wren.

195
2. TJje AppUcatioit thereof to the Grind

ing of Hyperbolical Optick Claffes 
Ch. Wren 196

XII. Íí̂ hy four Co?mex Gla£'es in Tc-
lefcope fjew Objeuts erect *, by Air. 
Vv illiani Molincux 197

XIII. I .  The Apertures ^Telefcopes;
by M. Auzout 199

2. Co}rfid£r'd by Dr. Viook ib.
X IV. To meafure Difiances at one Sta

tion ; by M. Auzout 200
X V . To make a Plane Convex Glafs of a 

fmall Sphere colie Cl the Rays at a 
great Difiance \ by Dr. Hook ib.

XVI. I.  Telefcopes and other Optick 
Glafles j by Campani and Divini

201
2. By M . Hevelius and M . Huygens

ib.
3. By M.á\i Sons * ib.
4. By M .Bu rat tin i ib.
5. By M. Francis Smythwick ib.
6. By an Artift at Paris ib.
7. By M. Borelli * 202
8. Optick Lens's of Rock Cryftal; by

Euft. Divini 203
9. O f "Water i by Mr. Stephen Gray

ibj.
XVII. I .  The Advantages of Reflexion

to Optic Infruments ; by Mr. New
ton ib.

2. A  new Catadioptrical Telefcope, in~
vented by Mr. Newton 204

3. Approv'd by M. Huygens de Zuli-
chem 206

4. A  farther Account of this Inftru-
ment i by Mr. Newton 207

5. Apertures, and Qhzrgt î of ihefe 
Infirmnents ; by Mr. Newton ib.

XVIII. I. Soine Objeñions of IVI----- An
fwer'd by Mr. Newton

a 2•*
209 

2. The

1
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The C O N T E N T S .
2.' *the Confiáerations of — 

hy Mr. Newton
3. ObjeSlions by M —— “
An[wer^d by Mr. Newton
4. A R tplybyM

Anfwer*d 
P. 209 

2 1 1 
ih. 
ib. 
ib.Anfwer^d ; by Mr. Newton

X IX . I.  y i  Cacadioptrical Telefcope ; by
M . Caffegrain 2 12

2. Conjider̂ ’d j by Mr. Newton ib.
X X .  A  Catadioptric Telefcope ; hy S.

Salvetti 213
X X L  I. To make the Pifture of arfj thing 

appear in a L ight Room \ by Dr. 
H ook 213

2. The M agick Lanthorn improv'd j by 
Sir Robert Southwell 214

X X II. A  IĴ ay to help Short-fightedncfs;
by Dr. Hook ib.

X X III. I. Microfcopes ; by S. Divini
215

2. By S. Piet. Salvetti ib.
3. By M . Leeuwenhoeck ib.
4. By Mr. Butterfield ib.

5. By M r. Stephen Gray 2 16
X X IV . I .  A  Water-Microfcope; by

M r. Stephen Gray ib.
2. Another 217

X X V .  M icrofcopes improv'd; by Mr,
Newton 218

X X V I .  I .  Refieifling Microfcopc ; by
Mr. NeWton ib.

2. By Mr. Stephen Gray ib.
X X V II .  I .  Burning Concave ¿2/ L y 

ons i made hy M . de Villette 2 19
2. Another, by the fame 220
3. S. Settela ib.
4. A  Burning Concave in Germany ;

hy •— • ib.
5. By Dr. Hook 221

X X V III. Concave Specula, Ttearly of a
parabolick Figure i attempted by 
Mr. Stephen Gray ib.

X X I X .  To make the Globe Looking- 
Glafs; by Sir Robert Southwell 222

X X X . Papers omitted ib.
X X X I. Accounts of Books omitted ib.
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C H A P .  IV.

Ajironomy.

I. H  E  Obfervatory of Tycho- 
X  Brahe j by M r. Gourdon P. 223

II. A  new Aftronomical Inftrument ; by
M . Weighelius ib.

III. A  Celeilial Globe ; hy M . Didier
I’ Alleman 223

IV . A  way to meafure the Diameters of
the Planets, a)td the Parallax of the 
Moon i by M r. Auzout 224

V. I .  An Account of Mr. Gafcoign’j M i
crometer f by M r. Richard Townley

225

2. A  Defcription of i t ; hy Dr. H  ook
i'i6

3. More Ways to meafure fmall Diilances
intimated', ¿31 Dr. Hook 227

4. The Excellence of the Micrometer ;
¿y Mr. Flamfteed ib.

VI, I .  Plain Sights rejected't hy Mr.
Flamfteed 228

2. Plain Sights preferr'̂ d to Telefeo- 
pick hy M . Hevelius ib.

VII. I .  Why Celeilial Objeils appear 
greater, when nigh the Horizon, than

when
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The C O N T E N T S .
when higher elevated •, examined ¿y 
A/r. William Molineux P. 228 

2. 'Thh Phsenomenon confider*d ; b-j 
Dr. Wallis 233

VIII. An Experiment of the'Rt^T3t.6k\on of 
the Air ; h'j Mr. Lowthorp 235

IX. 7(? find the Parallax Fix’d Stars;
hy Dr. Wallis 238

X . Concerning the difiance of the Fix’d 
Stars *, b-j M r. Fr. Roberts 240

XI. ‘I'he Places of the chiefeflYix^áSi^xs^ 
according to the befi Ancient, Obfer- 
vers ; b-j Dr, Edward Bernard

241
XII. ’The Pleiades obferv̂ d *, Mr. Flam-

fteed 252
XIII. I .  Nebulous Star *, by M,CaíTini

254
2. B-j Mr. Flamfteed ib.

X IV . The firft of Aries a double Star j
b-j Dr. Hook ib.

X V . I. Changes amongft the Fix’d Stars j
by S. Montanari ib.

2. By M. Caflini ib.
3. The New Star in Peftore Cygni •,

by M . Hevelius ib.
4. 1. The New Star fub Capite C y g n i;

255
2, by M . Hevelius ib.

5. The Nebulofa in the G\rá\t of An-
dronneda •, ¿>3; M . Bullialdus 258

6. I. The New Star in CoJlo C eti; by
M . Bullialdus ib.
2. By M . Hevelius ib.
3. By M. Caflini 260
4. By M . Flamfteed ib.

7. A  new Star in Eridanus j by M .
Caflini ib.

S: A  new Star in Taurus \ by M . Caf- 
fini ib.

X V I. I .  To find the of the

direBlŷ  by M . Caflini; coufider̂ d by 
Mr. Nich. Mercator ib.

2. jBy Air. Edmund Hailey 258
XVII. I .  Obliquity^/¿íEcliptick,

from theObfervations of the Ancientsj 
by Dr. Ed. Bernard 260

2. y/ji Obliquity Eeliptick, and
Elevation of the Pole continue unal
tered ; by------ 263

3. A  fuppofed Alteration of the Meri
dian Line ; by------ 265
2. Confider’d by Dr. Wallis ib,

XVIII. Parallax 0//̂ 1? Sun ; by Mr.
Flamfteed 265

X IX . To find the Sun’s Ingrefs into the 
Tropical Signs j by Mr. Ed. Hailey

266
X X . The Solar Numbers corre5led by Mr.

J. Flamfteed 269
X X I. I ,  Equality ^Natural Days i

by - —' Profeffor of the Mathematicks
at Seville 270

2. Refutedby Mr.VhmiiQtd ib.
XXII. An Equation-Tabie ; by M. Caf-

fini 272
XXIII. Spots obferu'd in the Sun ; by Mr.

Boyle 274
X X IV . I. Spots obferv'd in the Sun ; by

M . Picard ib.
2. 5 )’ A/. Caflini ib.
3. By feveral at L.onáon
4. By Dr. Hook ih.
5. By Mr. Hen. Siferius ib.

X X V . Spots cbferfd in the Sun ; by M .
Caflini ib.

X X V I. I.  Spots obferv'd intheSm-y by 
Mr. Flamfteed and Mr. Hailey 278

2. Caflini 279
XXVII. Spots obferv'd in the Sun j by

Mr. Flamfteed ib.
XXVIII. To find in what Proportion the

Pla.

n s D



The C O N T E N T  S.

h
S'
fk

ifi

P4
H

!̂-■jl

f;
. V.

: I

i

ii
■ n .

J«:

Plant is enligbined hy the Sun ;
hy M . Auzout P. 280

X X IX . ^he E quinoxes; hy M . Wurtzcl-
baur ib.

X X X . To Solar Eclipfcs *, hy Mr.
Flamtleed ib.

X X X I .  I .  Edipfe ^  Sun, Junei
22, Ann. i€66. at London •, by Mr. 
Willoughby, Dr. Pope, Dr. Hook, 
únd M r. Phillips ib.

-a. Paris; ¿y Mr. Payen - 2 81
3. at Madrid; by the E. ^Sandwich í¿». i
4. At Dantzick •, by Mr. Hevelius ib. 

X X X IÍ .  An EcH0 i oj the Swut Jan. 23.
{St.N .) 1Ó75. rt/ Danczick by M . 
Hevelius 284.

X X X III . I. An EcUpfeofthe Sun, Juneiy
1676. at Weilniiniler ; hy M r. Fran
cis Smithwick ib.

2. A t Wapping •, l>y M r. Col fon 285
3. At Greenwich ; by M r. Flamfteed

ib.
4. A t Townley ; hy M r. Richard

Townley 287;
5. At Wingfield near Derby ; by Mr.

Imman. Halton ib.
6. At Paris *, by M. CaiTini ib.
7. Dantzick j ¿y M. Hevelius 28S
8. At Avignon •, by M . Gallee 289

X X X I V .  I .  An Eclipfe of tbeSwn  ̂ July 2,
1684, at Greenwich ; by IMr. Flain- 
fteed 291

2. At Paris ; by M. Bullialdus 292
3. A t the Obfervatory hy M . CaiTini

ib.
4. By M . de la Hire and Pothenot ih.
5. At the College of Lewis the Great ;

by R . P . Fontenay 293
6. At A ix  ; by Mr. Gautier ib.
7. At Lyons; by R. P. Paule Hoñe ib.
8. A t the Bay de Rofes ; by M . Chaf-

felles ib.
9. At Honfleur ; by M . de Glos 294

12. y//Oxlord ;

13. At Lisbon ;
14. In Ireland ; 

MoJineiix
15. At Bononia 

elmini

10. At Pau ; b y R .P . Richaud ib.
11. At Avisnon ; by R. P . Bonfa ib.

by D r. Ed. Bernard
ih.

by Mr. Jacobs 295 
Mr. A ih  and M r.

ib.
S/. Domin. Gull

it.
X X X V .  I .  An Eclitfe af theSvin, May

I, 1687, a/Oxford 296
2. In divers other Places ib.

X X X V I .  1. An Exlipfe sf the Sept.
3, 1699, at Oxford; by D. Gre
gory. 297

2. at Nuremberg ; by ilf. Wurtzel-
baur ib.

3. By others 298
X X X V I I .  Changes likely to he difcovered

Moon ; hy M . Auzout 298
X X X V III .  rofind t!^ Parallax of the

M o o n ; by------  , ?oo
'X X X IX . I .  A  MetlMd fo r obfervingLu- 

nar Eclipfes ; by Mr. Rook ib.
2. By M . Ja. CaiTini 301

X L .  An Eclipfe of the Moon, Jtdy 27, 
{St. N.) i66g, obfer-vedatD3.nu.1ck ; 
by M . Hevelius 305

X L Í. An Eclipfe of the Moon, June 6, Ann.
1666. by M . Hevelius ib.

X L II .  An Eclipfe of /¿^Moon, Sept. 19, 
Ann. 1670, by M . Hevelius ib. 

X LIII. I .  An Eclipfe of the Moon, Sept.
8, 1671, ¿í/Efton ; by M r. Palmer

307
2. At London ; hy M . Street ib.
3. By Dr. Hook ib.
4. At Paris; hy M. Bullialdus 308
5. At Dantzick ; hy M. Hevelius ib.
6. At Hamburgh; by Dr. Fogelius 309 

X L I V .  I .  An Eclipfe of the Moon, Jan. i ,

1674-5, at London ; hy Dr. Hook
3̂ 9

2. At_
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2. At Derby ; ly Mr. Flamftetd itb.
3. At Paris ; h f Mr. BuiH'>.ldus p. 309
4. Al Pnris. hy M. Caffini, Al. Picard,

and M. Roemer ib.
5. At Dantzick •, by M. Hevelius 3 11
6. At Seville ; hy S , . . Prefejfor of

Matheina ticks 3 14
X L V .  I. An Ecliffeof the Moon,7 »«i?27> 

1675. London ; by Mr.Flamileed 
and Mr. Hailey 3 £ 5

2. At Paris ; hy M. Bullialdus 3 16
3. M. Caffini, Ai. Picard, and M.

Roemer ib.
X L V I. I.  An Eclipfe of the yioon., Dec. 

22, 1675. at Greenwich ; by Mr. 
Flamftead 317

2. At London ; hy Mr. Edm. Hailey
318

By Mr. Colfon ib.
At Paris; by M. Caffini ib.
By M. Bullialdus 3 19

6. A l Strasbyrgh ; by M. Richelt 320
7. At Dantzick ; hy M. Hevelius ib. 

X L V II. An Ecliffe of the Moon, 05i.
29 {St. N.) 1678. at Paris *, hy M . 
Cailini 321

X L V I iL  I. An Eclipfeof the Moon, Aug. 
19. m. 1681, at Gretnwich; hyMr. 
Flamfteed 325

2. At Paris *, hy M. Caffini 326
3. At Dantzick •, by M . Hevelius ib. 

X L IX . I .  An Eclipfe of the Moou, Feb.
I I .  1682. hy Air. Flamfteed, Mr. 
Hailey, and Mr. Haynes 327

2. At Paris and Copenhagen 331
3. At Dantzick ; hy M. Hevelius 332 

L . An Edipfe of the Moon, June 17. tn.
1684. at Greenwich ; hy Mr. Flam
fteed 335
I . An Edipfe of the Moon, Nov. 30, 
{St. N.) 1685. iz/Dantzicki by M . 
Hevelius 336

2. At Nuremberg i hy M . G. C. Eim- 
marc 339

L L

3. By M. J, Ph. "Wurtzelbaur ib.
4. At Liftjon ; hy Mr. Jacobs ib. 

L ll,  An Edipfe of the Moon, Niv. 19,
1686. ^¿Dublin shy Mr. Will. Mo- 
lineux 240

LIII, An Edipfe cf the Moon, Apr. 5, 
1688. at Molcua ; by M. Timmer
man ib.

L IV . I.  An Edipfe of the Moon, Oci. 19, 
at Chefter 5 by Mr. Edm. Hailey

341
2. At Rotterdam ; by M. Ja. Caffini

ib.
L V . A  Tranfit of the Moon aboveY 

0¿i. 11 . {St. N.y 1670, at Dantzick ; 
by M . Hevelius 348

L V I. An Occultation of Saturn hy the 
Moon, June I. {St.N.) 1671, at 
Dantzick; hy M . Hevelius ib. 

LVII. A  'Tranftt of the Moon above Ju
piter, Sept. 30, {St. N.) 1671. at 
Dantzick ; by Mr. Hevelius ib. 

LVIII. An Occultation of the Pleiades, 
hy the Moon, Feh.2^  ̂ 1671-2, at 
Derby ; hy Mr. Flamfteed 349 

L IX . ^he Moon’j Place  ̂ March 23, 
1671-2. Caffini 350

L X .  An Occultation of a Fix’d Star by 
the Moon, Feb. 29. {St. iV.) 1676, 

at Paris •, by M. Caffini ib.
LX I. A  Tran fit of the Moon above Jupi

ter, Feb 28 m. 1675-6, at Green
wich i hy Mr. Flamfteed 351

LX II. I .  An OcQvXtzúon of hy the
Moon, Aug. 21, 1676, at Green
wich ; ¿y Afr. Flamfteed 351

2. At Oxford j by Mr. Hailey 353
3. At Dantzick *, hy Mi\ Hevelius ib. 

L X in .  An Occultation of Saturn hy the
Moon, Feb. 27, {St. N.) 1678, ar 
Paris; M. Bullialdus 354 

L X IV . I .  An Occultation of Jupiter, 
Ju'ne 5, (iV. S.) 1679, rt/Dantzick ; 
by M. Hevelius ib.

I 2. At
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2. y^/Paris •, by M. CaiTini P. 355 
L X V .  Jn  Occultation of the Bull’s-Éye, 

at Greenwich, Sept. 4, 1680, by 
Afr. Flam deed 356

L X V I .  I .  Occultation ^/¿I? Bull’s- 
Eye Greenwich, 28, 1680, 
by M}\ Flamileed ib.

2. At London ; by M r. Hailey, and
M r. Haines 357

3. At Ballafore in India ; by M r. Ben
jamin Harry ib.

L X V I I .  r. ^«O ccultation^ Bull’s- 
Eye at Dantzick, Jan. 1. (St.N .) 
i68r, A/. Hevelius ib.

2. At Ballafore ; by M r. Benj. Harry
35S

3. At Avignon ; by Mr. Galiet ib. 
L X V III .  Tranfit c / /7:)̂  Moon, belcro)

the three fuperior Planets and Re
gulus, Sept. 27, {St. N.) 1682, at 
Dantzick *, by M. Hevelius ib. 

L X I X .  ^«Occultation ij/Regulus by the 
Moon, F eb.iiy  {St.N .) 1683, at 
Dantzick ; by M . Hevelius ib. 

L X X .  An Occultation of two F ix ’d Stars 
by the Moon, and a Tranfit above a 
Thirds Apr. 2. {St.N .) 1683, at 
Dantzick; M  Hevelius 359 

L X X I .  An Occultation of a Fix’d Star, 
and a Tranfit above another̂  May 2, 
{St. N .) 1683, at Dantzick ; by Ai. 
Hevelius 360

L X X IÍ .  An Occultation of Regulus by 
/¿íMoon, May jSt-, {St. N.) 1683, at 
Dantzick; M. Hevelius ib. 

L X X  111. I An Occultation of Jupiter by 
the Moon, March 3 1, 1686, ¿2/ Lon
don ; by Dr. Hook, and Mr. Hailey

ib.
2. A t Greenwich ; by Mr. Flamileed

361
3. A t Nuremberg ; by M . Zimmer

man ib.
4. Af. WurtzeJbaur ib.

5. At Dantzick ; by M. Hevelius 362
6. At Paris ; by M. Caflini 364
7. At Avignon ; by R. P. Bonfa 365 

L X X IV . 1. An Occultation c/Jupiter
the Moon, April 2̂  ̂ 1686. by Mr. 
Haines and Mr. Hailey ib.

2. At Avignon ; by R. P . Bonfa ib.
3. At Dantzick ; by M. Hevelius ib. 

L X X V .  I. ŷ « Occultation 0/Saturn
the Moon, March 19, 1686-7. at 
Totteridge ; by Mr.Ed. Haines 366

2. In Ireland; by Dr. Afli, Bp. of 
Cloyne ib.

L X X V I ,  I. Phafes c/"Saturn, ^««.1665. 
at Maidenhead near Exeter; by M r. 
Will. Ball ib.

2. //«».1666, at London ; Dr.Hook
ib.

3. Ann.166%y at Paris; Huygens
and M . Picart ib.

4. Ann. 1670, at Dantzick; by M .
Hevelius ib.

5. At Paris ; by M . Huygens 367
6. At London; by Dr. Hook ib.
7. Ann. 1671, at Paris ; by M. Caiiini

ib.
8. 5^ iVf. Huygens ib.
9. -(^/Dantzick; M  Hevelius ib.
10. yf/Derby, Mr. Flamileed ib.
11. At Paris ; by M . CalTini ib.
12. Ann. 1675, «/London; by Mr.

Flamileed ib.
13. yf/Dantzick ; A/. Hevelius ib.
14. An. 1676, at Paris ; by M. Caflini

368
L X X V II .  I .  Places 0 / Saturn obferved̂  

Ann. 1670, at Dantzick ; by M. 
Hevelius ib.

2. An. 1677, at Paris ; by M . Bullial- 
dus ib.

L X X V III. ’The Outermoft Satellite of 
Saturn difcover*d', by M . Caifini ib. 

L X X IX . The Third Satellite of Saturn 
difcover’d ; by M . Caflini 370

L X X X .
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L X X X . ^he tvDO interior Satellites of 

Saturn difcover'd ; by M. CaiTini 37® 
L X X X I. M. Huygens’j Theory of the 

Fourth Satellite of Saturn, correSfed
by Mr. 37 ^

L X X X I l.  I. 37:?̂  Theory five Sa
tellites 0/Saturn ; by M . Caffini 377 
2. By . . ‘

L X X X III. The Phafis of Jupiter; by 
Dr. Hook 383

L X X X IV . I .  The Revolution 0/Jupiter 
upon his Axis •, by S. Campani ib.

2. By Dr. Hook ib-
3. By S. Divini ib.
4. 5 vM . Caffini 384

L X X X V .  Places of Jupiter obferved by
Mr. Flamfteed, at Derby 385 

L X X X V Í .  I .  The Conjundions of
intnand Jupiter, Ann. 1682, and 
1683. at Greenwich •, by M r. Flam- 
fteed 390

2. J t  Dantzick ; by M. flevelius 396 
L X X X V II .  The Mean Conjundions 0/ 

Saturn and Jupiter by Mr. Flam
fteed 399

L X X X V III .  I .  Shadows 0/Jupiter’j
Satellites cbferved ; by S. Campani

401
2. By M . Caffini, and others ibid.
3. By Dr. Hook 402

L X X X I X . I.  T7j í -Elongations ©/Jupi-
ter’ i Satellites ; by Mr. Flamfteed

ibid.
2. An Inftrument for finding the Di- 

ftances o/" Jupiter’ j Satcllites/rtfw his 
Axis •, by Mr. Flamfteed 406

X C . I. Eclipfes' and VIxcgs of the Satel
lites of Jupiter obferved at Paris j 
by. . .  . 408

2. At Dantzick •, by M. Hevelius 409
3. Ai Derby •, by Mr. Flamfteed ib.
4. At Paris; by M. Caffini 410 

XCI. The Equation of the Motion of
L ig h t; by M . Romer 410

XCII. I.  Theory 0/Jupiter’j Satel-

• rto.lites ; by M . Caffini .
2. M . Caffini’j Tables for the Eclipfes 

of the firjl Satellite (^Jupiter, abridg
ed and reduced to the Meridian of
I.ondon by Mr. Edm. Hailey ib.

3. 0///&Í other three Satellites 421
4. M . Romer’i Equation of Light

defended 4 - ̂
XCIII. The Phafes and Revolution of 

Mars about his Axis *, by Dr. Hook
423

X C IV . The Parallax of Mars •, by Mr.
Flamfteed 4^4

X C  V. I . Places of Mars ob/erved at Der
by ; by Mr. Flamfteed ' ib.

2. At Dantzick ; by M . Hevelius 425 
X C V l.  I. Spots in Venus; by M. Burat- 

tini 425
2. The Rotation <?/Venus; by M . Caf- 

fini
XCVII. A  Place of Venus, obferv'd at 

Dantzick ; by M . Hevelius 426 
X C V I ll .  Mercury obferved in the Sun, 

1690. at Nuremburgh •, by M . Jo. 
Phil. Wortzelbaur 426

X C IX . Mercury obferved in the Sun, Nov.
3, {St. N.) \ 6 ij. byM. Caffini 427 

C. The Vifible Conjunctions of the infe
rior Planets wtth the Sun ; hy Mr. 
Hailey ib.

Cl. I. The Motion of Comet, An.1664. 
frediEled ¿>3; AÍ. Auzout 436

2. Obferved by M . Avizovit 437
3. Engliih Aftronomers ib.
4. The Principles of M . Auzout’j H y-

pothefis; and the Motion of that Co
met /»)’ Af. Caffini , 437

CII. I .  The Motion Comet, Ann. 
1665. p-edi^ed hy M . Auzouc 438

2. Obferved by M . Auzout ib.
CIII. I. A  Comet, Ann. 166S. at Bono

nia •, by M . Caffini ib.
2. A t Líí^on by . . . . ibid.
3. i); Brafil; by P. Valentine Eftancel

439
* b 4. /a
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4. In Africa •, i)' P. Pietro Sufarte 439 

CIV. I . A  Comet, Ann. 1 671- 2. iz/ Dant- 
zick j h'j M . Hevclius ib.

2. A t . . .  .by Mr. Newton 440
3. A t Paris h-j M . Caflini ib.

C V . I. A  Comet, Ann. 1677. at Paris j
hj M . CaiTini 443

2. A t Dantzick ; by M . Hevclius tbid.
3. A t  Greenwich *, by Mr. Flamileed

445
C V I. A  Comet in 1680, obferv̂ d at 

Dantzick ; by M . Hevelius 446 
CVII. A  Comet, Ann. 1682, at Dant

zick ; by M . Hevelius ih,
CVIIl. yf Comet, Ann. 1683, ¿7/Dant

zick ; by the fame 448
CIX. y/Comet in 1684, Rome j by

S. Ciampini 451
e x .  A  Comet in 1686, at Leipfick i by 

M . Kirck 452
CXI. A  Comet 1698-9. at Paris; by 

M . Cafiini ib.
CXII. Papers of lefs general Ufe omitted

453
CXIII. Accofmts of Books, and Emenda.̂ -

tions omitted 454

C H A P .  V.

Mechanicks, Acoufiicks,

I. I . T
H  E  General Laws of Motion •, 

by Dr. Wallis 457
2. 5)1 Chr. Wren 459
3. By M . Huygens 460
4. Some Hiftorical Paflages relating to 

tbefe Papers j by M r. Oldenburg
461

II. ^he Synchronifm of the Vibrations
made in a Cycloide i demonjlrated 
by a Perfon of Quality 463

III. I .  A  Problem concerning the Line of
the Quickeft Defcent between two 
Points given ; projpofed by M . Jo. 
Bernouilli ibid.

2. Solved by . ib.
3. The Demonftration ; by M r.R. Sault

ib.
IV . How much the Defcent is quicker in 

the Cycloid, than in a ftraight Line;
by . . . 4^4

V . I. Exa£l Portable Watches j by M .
Huygens 465

2. By h r . Goth. Guil. Leibnitz ib.
VI. A  Clock Afcendant upon an inclined

Plain i by M. de Gennes 467

VII. A  Clock Dcfcendant on a Plain incli
ned ; by Mr. Maurice Wheeler 468

VIII. ‘The Effects of Gravity in the De
fcent of Heavy Bodies, and the Mo
tion of Projeéls ; by M r. Hailey 4 71

IX. The Meafure of the A ir’s Refinance 
to Bodies moved in i t , by Dr. Wallis

483
X . I . Experiments to determine the Point-

Blank Diftance, the Charge ^ P o w 
der, and the befi Size of Guns; pro- 
pofed by Sir Robert Moray 49 r 

2. Experiments for trying the Force of 
Great Guns ; by M r. Greaves 493

XI. Shooting by the Rarefadion of the
A ir ;  by Dr. Papin 494

XII. 'The Velocity wherewith the A ir
rufhes into an exhauiled Receiver; 
¿y Z)/-. Papin 495

XIII. Wind produced by the ^ú\ of "SN-¿l-
ter ; by Dr. Walt. Pope 496

X IV . 'The befl Form of Horizontal Sails 
for a Mill *, by Dr. Rob. Hook ib.

X V . I. An Account of Flying*, by the
fame 498

2. The
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<ihe A rt of Flying ; S. Befnier

P. 498
3. ^ Flying Chariot •, Fr. Lana 499

Shewn impra5ltcable; ¿y Dr. Hook
ibid.

X V I. An Engine to make Linen Cloth ;
¿y M. de Gennes ib.

X V n .  Advantages*?/high Wheels
rimentedi by a Member of the O x 
ford Society 501

XVIII. A  new fort of a Calaíh; defcri-
bed by Sir R. B. 5°^

XIX. "The Contrivance ífíz perpetual M o 
tion, by - • - j explained by Dr. Pa

pin 503
And floewn infulcient by him ibid.

X X . ^he Speaking-Trumpet improved j
by J. Conyers 504

X X I. 37:>̂ Swiftnefso/Sounds, and their
Refleólions, or Echoes ; byM r.YJzl- 
ker ibid.

X X II. I ’he Doftrine ofSomás ; by Nar-
ciiTus, Bijhop of Ferns and Leigh- 
lin 506

X X III. A  Paper of lefs general Ufe omit
ted 512

X X I V .  Accounts of Books and Additions
omitted 5 13

AÍ

C H A P .  VL
Hydrojlaticksy Hydraulicks,

I. I. f  | A  O weigh Water, and other
X  Fluids ; ¿ y ----  5H

2. A  new Arseometer j by M . Hom- 
berg ib.

II. 1. A  « w E ffa y  Injlrument 1 by Mr.
Boyle ibid.
2. Farther confider* d % b y .. . 515

III. ^he PFeight of J^ater in IVater j by
M r. Boyle ib.

IV. I .  *The Preffure of Water in great 
Depths \ by a Perfon of Honour ibid.

2. By Dr. Oliver 520
V . I . The W úght of divers Bodies tried

by the DireSlion of the Philofophical 
Society Oxford 521

2. The Specifick Gravities of feveral 
Bodies; by the Direction of the Phi
lofophical Society at Oxford 522 
By^Mr.^.Q. 523
The different JVeight of feveral L i
quors in Winter and Summer ; by 

Mr. Homberg 525

3
VI.

VII. Experiments aboict the Superficial Fi
gures of Fluids  ̂ efpecially Liquors con
tiguous to other Liquors  ̂ and their 
refle5live Powers *, by M r. Boyle ib.

VIII. Í. Why Bodies diffolved fwim in 
Menftrua fpecificaliy lighter than 
themfelves ; by M r. W . Molineux:

. 534
2. Co?iftder*d j by M r. T he. Molineux

536
IX. An Under taking for raifing of W ater;

by Sir Samuel Moreland 536
X. I .  A  Siphon, performing the fame

thing with the Sipho Wirtembur- 
gicus ; by Mr. J. Davis ihid.

2. Dr. Papin 537
3. By Dr. Salomon Reifelius himfelf

538
XI. I .  A  new Way of raifingWater^ jE -

7iigmatically propfed j by Dr. Papin
ib.

2. Solved ; by Dr, Nath. Vincent ib.
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3. ByMr.R.k. p. 539
4. In a Letter, fuhfcrib*d W . Tenon

ib.
5. 5 )’ Dr. Papin ib.
6. Several Obje îons made by M . Nuis,

aJifiver'd by Dr. Ya.p'm 542
XII. yin Engine for raijing JVater by the 

help of Fire ; by Mr. Tho. Savery
543

XIII. An Hydraulique Engine ; hŷ
544

X IV . A  cheap Pump \ by Mr. Conyers
ib.

X V . Papers of lefs general TJfe {extra£l-> 
ed from a Book of ]o . Alph. BoreJ- 
lius de Motu Animalium) omitted

X V I. Accounts of Books omitted
545
546

C H A P .  V lf.
Geography, Navigation,

I. A New Place for thefirft Meridian ;
propofed by a Profejfor of the Ma- 

thematicks at Seville 546
II. I .  M . H u y s  InflruSlions for find

ing the Longitude with Pendulum-
Watches ; enlarged by------- 547

2. ^he Succefs of Fená\úvim-'Wz.tch.ts % 
by Major Holmes 555

III. I. Longitude from the Mooi^s Places i
by ------Math. Profejfor at Seville

556
2. Confider*d by Mr.^\2im^ttá ib.

IV. Longitudes from Lunar Occultations ;
Mr. Hailey 557

V . Longitudes by the Revolution <?/Jupi
ter upon his Axis ; by M . Caffini ib.

VI. I .  Longitudes by the Satellite Eclip-
les j by M. Hevelius ib.

2. By M . Borelli ib.
3. Afr. Flamfteed ib.
4. By Mr. Hailey 559

V il.  The Longitude and Latitude of Der
by by Mr. Flamñecd 560

VIII. The Latitude of E&.on ib.
IX . The Longitude and Latitude of Town-

ley ib.
X . The Latitude of Tredagh in Ireland

ib.

XI. The Longitude of Oxford and Dant-
zick ; by M r. Hailey ib.

XII. I .  The Longitude of Paris ; by M ,
Cafilni ib.

2. Again 561
3. By Mr. Flamileed 562

XIII. The Longitude of Strasburgh and
Paris i by M . BulJialdus ib.

X IV . The Longitude of Avignon ; by
Mr, Hailey ib.

X V . The Longitude and Latitude of fe
deral Places in France ib.

X V I. The Longitude of Lisbon j by M r,
Jacobs ib..

X V II. The Latitude ^ M adrid  5 by the
Earl of Sandwich ib,

X V III. I .  The Longitude ^ S ev ille  and
Uraniburg ; b y ------ Math. Pro-
feffor atStv\\\Q 563

2. By Mr. Flamileed ib.
X IX . The Longitude of Copenhagen ; by

M . Picard 563
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X . A  Periodical Convulfion\ by Dr. Will.
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XIII. I .  A  Man who becomes blind, after 
Sun-fit; by Dr. Pec. Parham ib.
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X V . Several remarkable Cajes relating to

the Eyes j by Dr. Dawbeny Turber
ville 41

X V I. An eafy Help to a decay*d Sight;
by------- ibid,

X V II. An Experiment concerning Deaf- 
nefs 5 by Dr. W ill. Holder 42

X V III. The Organs of Hearing j by Dr.
Raymund Vieuflens 43

X IX . I. The Structure of the Nofe \ by
jVf. duVernay -57

2. By —  58
X X .  I. The Original of a Polypus', by

M . Giles ib.
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2. S. Fracaflad ib.
X X II . A  new Salival DuEt difcovered;
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X X III. Accounts of Books and Additions
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C H A P .  III.
^ e  Neck. The Thorax.

I» j^ ^ o n je^ u re at Difpojitions from the
Modulation of the Voice; by

61
II. An Argument for the Ufe of haryngo-

I I

tomy ; hy Dr. W ill. Mufgrave 6z 
III. The StruSlure of the Lungs 5 by M r. 

J. Templer 64
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iV .  yfn Experiment cdncermMg the Man
ner of Rcjpiration *, h'j Dr. Rich. 
Lower 66

V . Supply of Frefh Air, neceffary to
Life \ by Dr. R . H ook 67

V I. The Chief Ufe of Refpiration i hy Dr.
W ill. Mufgrave 68

V II. I. J  Polypus of the Lungs; hy M r.
Rob. Clark ib.
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X .  A  Polypus in the Heart \ hy M r. 
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76.
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X V I .  An aged Woman of 60 Tears old
giving Suck to her Grandchild, in 
Germany ; by —— 80
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The Abdomen.

I. A iV Abfcefs in the Liver, Stones in
the Gall Bladder, and conjoyn̂ d 
Kidneys, by Dr. Edw. Tyfon

8-1
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89
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X I V . A  Knife fwallowed by a Lad in

'Saxony •, hy —  ihitl'

X V .
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94
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” 3
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cum j by Dr. M. Lifter ib.
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2. Some Notes ; by Dr. Hans Sloan
119
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. 1 3 1
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Dr. Edw. Tyfon ib.
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2. By M r. Ent ib.
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Lifter ib.
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ib.
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Tho. Dent 138
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Lewis ib.

X L V I I .  The long Worm in the Flefij in 
the Eaft-lndies  ̂ hy . . . .  139

X L V III .  Obfervations on a Man who
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fax Page 140
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tion i by D r. . .  . , ib.

L .  Obfervations on a Maid who d fd  of an 
Afeites ; by M r. J. Turner 141 
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Dr. Ch. Prefton 142

LIT. Cure for the Dropfie ; by Sir 
Theod. Mayern 144
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W ill. Cowper ib.

L I V .  Four Ureters in an Infant; by Dr.
Edward Tyfon 147
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dijiin£i from the Ureters; by M . . . .

148
L V I .  A  Schirrhous Bladder containing in 

it Bags of Serous M atter; by Dr. 
Edward Tyfon ib.
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Edward Baynard 149
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ton 528
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XIII. Obfervations in New-Providence,

Bermudas and V irginia; by Mr. 
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Mr. Perks 37

IX. O f the Length ©/Curve Lines-, by Mr.
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90
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1705; by Mr. S. Gray 229
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230
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241
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278
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304
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Planets, and the Occukation of a fx t  
Siar, by Jupiter; by the fame 318
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X. I. Obfervations on the Weather, Rain,
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at Paris; by Mr. W . Derham 100
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Richardfon 108
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Mr. R. Thoreiby 109
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Fuller 112
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by Mr. W . Derham 1 1 3

X V III. I. Strange Effe5is of Thunder
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cated by Mr. S. yio\'jnt\ix 126
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wich; Mr. ( ) .Bridgman 128

3.— TheEjfe^lsof the fame at Colchefter;
¿V A/r. J, NeHbn 129

4. Thunder., and Lightning., and Rain, in 
Yorkihire; ¿31 Mr. R. Thorefny 130

5.— in Yorkihire; by the fame 13 1
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XXIII. A  Meteor in Yorkihire; by Mr.
R. Thoreiby 134
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W . Derham 135

X X V . An Account of f&veral extraordinary 
Meteors; by Dr. E. Hailey ib.

X X V I. I. An Account of Lights, ^ c,
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Kent, 1 717; M r. E. Barrel 153
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X X V III. An Account of an extraordinary
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Dr. E. Hailey 156

X X IX . I. O f an extraordinary Aurora
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Hailey 163
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Maunder 164

3.— of the fame at YinhWn'., by~— 165
X X X . Aurora Borealis, Dec, 11.1719  
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X X X II. Experiments on the Motion of
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II. A  New Contrivance for Diving; by
Dr. E. Hailey 188

III. O f an Eruption of Waters in York- 
fhire; ¿y R. Thoreiby 192
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VI. ’The Eruption of a Buruing-Spring in 
Siiropihire; by Mr. R. Fiopton 195
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ton 270
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VI. O f the Hujbandry of C<in^rySztá, by
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go; by Dr, J. Douglas 63
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pical Obfervations on the Skin-,¿y M r. 
Lewenhoeck 167
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by Mr. J. Yonge 199
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C H A P .  HI.
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I.A n  Experiment to difcover the Caufe 
of the Motion of the Dura M a

ter; Z)r. H . Ridley 201
II. A  Bone taken from the Falx of the

Dura Mater, & c. by Mr. Chefelden
204

III. The Optic Nerve wajled-, by the fame
ibid.

IV . O f a remarkable Y rzdinxe of the Scull;
by M r. C. Amyand ib.

V . A  Bullet lying in the Head near thirty
Tears’, by Dr. R. Fielding 205

VI. Obfervations on the Struilure of an 
Human Ear; by Dr. A . Adams 206

VII. Obfervations on Incifions on the Cor
nea; by Dr. Gandolphe ib.
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by Dr. J. Freind 20S

IX. Strange Epileptic Fits\ by Dr. C,
Leiah 211

X . An extraordinary Apopleftic Cafe ; by
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I.A  Large Tumour in the Neck, 
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J. Douglas 213
II. A  Tumour in the Neck full of Hyda-

tides; by M r. A .  Hewnden 216
III, A  flrange Cancer, by M r, J. Ray

' 217

IV. O f an extraordinary Wen cut off the
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Bower ibid.
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And the Stru6lure of that Vejfeh by 
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cur̂ d ; by Dr. J. Wright 223
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Stones; hy Sir Ch. Holt 260
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261
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265
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268
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by M r. St. André 270
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272
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X IV . A  DiffeSiion of a CMc/Emaciated ;

by Dr. P. Blair 275
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2. Another', by M r. H . Vaughan ib.
X X V III . An Hydropical Cafe, with the 

Gall-Bladder very much dijlended by
J. Yonge 291,292
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On the fame; by the fame ib.

X X X V III .  O f a Woman who bad the
Small-Pox, delivered of a Child ha- 
ming the fame Diflemper ; by Mr. W . 
Derham 313

X X X I X . The Human Allantois di/cover
ed ; by Dr. R. Hale 314
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360
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364
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366
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370
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Mathematical Papers,
P u b l i s h ’ d  a n d  D i s p e r s ’ d

I N  T H E

Philofophical Tranfadions
A N D

COLLECTIONS;
A B R I D G ’ D ,

A N D

Difposd under G e n e r a l  H e a d s .

C  H  A  P .  I .

Geometry  ̂ Algebra  ̂ Arhhmeúcky Logarnhmotechn^,

I* I • S to what I formerly confider’d, about the Im p ro vem en tj. Peji»,
of the Mathematical Sciences, the Refult was chiefly this: idta of the Mâ  
While Men are deftitute of Inclination, Genius, Affiftances, ̂ 678.̂ »̂/. c>/! 
and Leifure neceíTary for thefe Studies, no wonder if they n* s-p-127. 
make no greater Progrefs in them. Therefore it feems

_____  probable to me, that by the Help of the following Means,
a tolerable good Remedy may be found for this Evil. That is, if,

§. r. A  Mathematical Monitor (as we may call it) be compos’d, which may 
give proper Anfwers to theft three Queftions. i .  What Advantages and of 
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what Kind, may be expecletl from the Study of Mathematicks ? 2. What Help 
are now in being for attaining fo advantageous a Know'edge ? 3. Whar Order 
is to be obfervtd in mailing ufe of chofe Ailhlances ? Thercfore th;s Monitor 
iliould contain,

1. An cafy and perfpicuous Difcourfe upon tlie L.imits or Extent of the 
Mathematicil Arts, ant of the conGderabk Advantages that will accrue, not 
only to the Perfons themfclves that ftudy them, but liicewile to a Nation that 
abounds in ikilful Mathematicians.

2. A  Catalogue of Mathemaridans, and of Works pubhiliM by them-, 
which is to exhibit, i. A  Synopfis of all kinds of Mathematical Books, wlu-- 
ther fuch as are already publifh’d, or fuch as are yet unpubliin’J, and, being in 
Manufcript, lie concealed in publick Libraries; proper Numbers or References 
being affix’d to every Kind. 2. A  Chronological Catalogue of all the celebra
ted Mathematicians, difpofed according to the Ages in which they flburiíhcd-, 
always iubjoining the Year o f our Lord in which their Works were ñrfl; prinftd.
3. A Catalogue of the fame Works, according to the Series ot Ycars, in 
which they were printed in any Language, in digefting ot which I would pro
ceed in fuch Manner, that marking the Year of our Lord, I would add (as in 
common Catalogues) the Names of all the Mathematical Books that were pub- 
Jiih’d that Year, in any Country or any Language; i. Shewing in each how 
much the Volume contain’d, by marking not only whether it was in Folio, 
Quarto, & c. but the whole Number of Pages, fo that the Bulk of the Work 
might eafily be known. 2. Before the Title mentioning the Year, to which 
any one might turn back, who ihoald defire to know when the Book was 
wrote, and when it was lafl: publifli’d in any Language. 3. Marking in the 
Margin after the Title, i. The Year in which any Work was laft printed.
2. The Number referring the Reader to the Synoplis, which was given in the 
firft Page of the Catalogue. Now by the Help of thefe Numbers any one might 
eafily and readily run through all the Mathematical Books belonging to one 
Subjedt.

3. An Admonition to the Studious, which are the befl Books in every Kind, 
in what Order and Method they are to be read, what is to be chofen and what 
omitted in reading fome of the minor Mathematicians, how we- are to proceed 
fo as to retain every Thing in Memory.

4. An Exhortation and Encouragement to all thoie, who are fufficiently pro
vided with Wealth, Opportunity, and Ingenuity for the Purfuit o f thefe Stu
dies ; that, I. Having Regard to the great Advantages that redotihd from hence 
not only to themielves but to all Mankind in general. 2. As likewife to that 
pure and fincere Pleafure which arifes from the Search of hidden Truths, and 
from flriving with difficult Problems'and the Conqueil o f them ; that they may 
ferioufly apply themfelves to the Advancement of Science, and fo much the 
rather, as, 3. More expeditious Methods are now found out than were known 
to our Anceftors, which fave us much Labour, Time, and Expence. Then 
an Exhortation to all fuch as are eminent for fetting a right Value on thefe 
Studies, and are likewife diftinguifhed for Power and Wealth (which furely
may be made inftrumental to perpetual Fame, if prudently difpenfed) that they

may
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may become Patrons to ingenious Men o f  tiiis Kind, by propofing handfomc 
Rewards to the moft deferving of them, to encourage them to complete fuch 
Difcoverics as their own Genius’s may prompt them to. Laftly, T o  all Princes 
and Commonwealths, who cannot eafiiy procure a greater Ornament to tiieir 
Dominions, than by making it their Endeavour, i. That they may abound 
with Perfons flailed in thefe Arts. 2. That the W ay leading to them may be 
made as little laborious and expenfive as pofTible. 3. That Mathematical Ge
nius’s may be more publickly known, and meet with fuch Encouragement as 
they iliall deferve.

For this end it will be very neceíTary that,
§. 2. A  Publick liibrary may be founded, which may be furnifli’d with all 

the Books abovementioned, and with one Inftrument of every Sort that has been 
yet invented •, and belides may have an Endowment fufficient, i. T o  purchafe 
Copies of all the Mathematical Books that fliall be yearly publiih’d any where 
abroad. 2. T o  maintain a Library-keeper, whofe Bufinefs it ihould-be,

1. T o  read over all the Books of this Kind, which are publifli’d in his own 
Country, i, Supprefiing thofe which are not wrote according to die Rules of 
Arr, that their Miftakes may not lead their Readers into Error. 2. Toadmo- 
niih Authors, left they lliould only republiili Things already known, and 
treated of by others.

2. On Peril of their Reputation that they ihould approve of notable Inven
tions, and heartily recommend the Inventors to proper Patrons.

3. T o  receive, to enter into their Catalogue, and difpofe in their proper 
Repofitories, one Copy of the Books fo read over •, when prefented to t le L i
brary well bound up, at the Charge of the Author or Bookfeller.

4. To give a civil and ready Anfwer to any ftudious Perfon, who ihall con-
fult him about any Problem, whether it is already folved or n o ; left he 
iliould attempt any Thing that is well done already, or on the contrary fupprefs 
his Difcoverics, out of Fear they may be already known, and perliaps difcufíed 
in fome of the Books of the Library. - •

5. T o  receive, ^ c. all Manufcripts that may be prefented to the Library, 
or bequeatiied to it by Legacy,

6. To keep a conrtant Literary Correfpondence with all Peribns of this 
Kind, that refide in foreign Countries •, left he iliould be ignorant of vrhat 
Books are publifli’d there.

7. T o  take Notice among his Countrymen, who are fitteft and rnoft expert 
in inftruding others in thefe x̂ rts.

8. T o  have an Acquaintance with all kinds of Artificers, who e?ccel in tli;e 
conrtruding of Mathematical Inftruments and Contrivances, whetlier they work 
in Wood, Loadflones, Metal, Glafs,

9. After a fur Trial to give their Teftimony, both of fpeculative Know
ledge and pradical Dexterity, to pradical Men of all Kinds, whether Mafters 
ot Ships, Surveyors, Accoinptants, &C. that fuch as have Occafion for this
Kind of Men may not be impoied on by ignorant Pretenders, to their great 
I-.ofs,

B 2 The
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The Catalogue will eafiiy inform, which in fuch a Multitude of Books that 

almoft overwhelm the World, belong only to this Kind of Study. The L i
brary will exhibit a Copy of every fuch Book, and inform where more Copies 
may be bought. It wi 1 alfo be a Kind of Storehoufe both to Natives and Fo
reigners, whence they may eafiiy Jearn, what Afliftances that Country can fup- 
ply to thefe Studies.

And this, in my Opinion, is the readieft Way of making u!e of the Helps 
we are already in PoíTeíTion of. I f  more are wanting, it will be neceflary, that 
by the Affiftance of ikilful Artifts,

§. 3. The three following new Treatifes may be compofed and publiOied.
1. Mathematical Pandeéis,* containing, as perfpicuoudy, methodically, com- 

pendiouily, and ingenioufly as can be done, whatever may be collefted, or de
duced by W ay of Corollary, from the Mathematical Books or Difcoveries made 
before our Time •, quoting the moil ancient Authors in which they are found, 
at the End of every Period or Propofition ; and fo marking in all the following 
Authors where they have been caught in a Theft, or where they have borrow’d 
without making any Acknowledgment, or (what is worft of all) have boldly 
claimed to themfelves the Inventions o f others. By this means that large Li
brary would be contrailed into a much narrower Compafs, to a great faving 
o f  Labour, Time, and Expence for thofe that come after ; and this much more 
than any one would imagine at prefent. But now fince this W ork would hardly 
make a portable Volume, there fliould be prepared alfo,

2. A  Mathematical Companion, containing in a Manual (and therefore as 
concifely as may be) all the moft ufeful Tables, with Precepts to fhew their 
Application to folving of Problems, whether of pure Mathematicks, or applied 
to other Subjeéls,

Finally, that we may not always be confined to Books in this Kind of 
Learning, there fhould be contrived,

3. The Self-fufficient Mathematician, or an Inilruiflion to fhew how any 
Mathematician, v/ho is no Enemy to Labour, may acquire fo much Skill, that 
without the AiTiftance o f Books or Inilruments he may attain the Solution of 
any Mathematical Problem, and that as eafiiy as another would folve it by turn
ing over Books.

And this is that Idea o f Mathematicks which, in my Manner, I have long 
ago figured to myfelf •, being always firmly perfuaded, that then only we can 
hope for AíTiílance in great Undertakings, when we have conceived an exa¿l 
Idea of them in our Minds, and of the mod: appofite Means of putting them 
in Execution. And if we cannot exprefs this Idea in fail, yet it is fomething 
to come as near it as may be. I imagine this is fo far from being above hu
man Power, that I think the Induftry o f  one Man alone to be equal to it, who 
is not hindered by his own domeilick Affairs, or immerfed in a Multitude of 
bufy Cares. For it is evident that the Library and Catalogue may eafiiy be 
provided, if  Money is not w'anting. And as to the Pandeéis above defcribed, 
if the Taik of compofing them were committed to me, I ihould impofe upon 
myfelf much feverer Conditions than I have mention’d there. For firft I would

delineate
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delineate the infallible Procels of human Reafon in the Invcftigation of what
ever it propofes to itfelf, by iliewing how it proceeds from the firft Principles 
or Rudiments, by an uninterrupted Chain, to the moft fublime as well as the 
loweft Application of them. Which Art perhaps Men would not be long 
without, if hereafter they ihould carefully examine, by what Means fuch 
Thoughts have arofe in the Minds of certain Men whom they admire, how fuch 
apt Means have been found out to attain fuch an End. How thcfe Pandcdis 
may be abridg’d into a Manual, fuch as may be fit for common ufe, may not 
be difficult to underftand. But fo to fix them in their Minds, that they ihall 
have no farther Need of Books (which Is what is aimed at by our Self-fufficient 
Mathematician) will be thought by moft to exceed the Power of the human 
Mind ; fince no one that I know of has yet ventured to conceive fuch a Thing 
in his Mind. Yet I believe that Men will difmifs fomething of their Incredu
lity, when they coniider ferioufly with themfelves what Arts have been found 
out for ilrengchening the Imagination, for aíTifting the Memory, and for di- 
reiting the Reafoning Faculty, and what wonderful EfFefts may be produced 
by their Conjunftion and conftant Exercife.

2. It feems to me much more advifeable, if inftead o f  all that Apparatus, 0.9,
which the Author of the Idea propofes, about colleding the various W r i t i n g s  

of the Mathematicians, only the beft and moft deferving were feleéled. And 135. 
firft thofc ancient Authors ihould be chofen, whofe Works are ftill extant as 
Euclid  ̂ Apollonius  ̂ Archimedes  ̂ T̂heodoJiuSy Pappus  ̂ Ptvlemy, with their other 
Fragments and Manufcripts which have not yet feen the Light, fome of which 
are in GoHus's Cuftody at Leyden, and fome are preferved at Rome. Then the 
more modern may be added to thefe, as Vieta., Clavius, and our Herigon. In 
like manner among the Opticians, iliould be chofen Vitellio  ̂ Kepler, Aquilonius, 
and Dorn, de Villes. Among Arithmeticians after Diaphantus, the beft are Car
dan, Tartaglea, and your Countryman Nepper. For Spherical Triangles, and 
their Computation by Logarithms, you have Briggs, Gordan, Pitifcus, SnelUus, 
and our Morinus. For Aftronomical Matters, after Ptolemy and fome Arabians, 
all thofe ihould be procured who have compofed Tables, as Alphonfus, John. 
Regiomontanus, Kepler, and our Duretus. And to be brief, for Fortification 
and Mufick, eight or ten Authors might be feledted, who have moft exceil’d in 
the Pradtice. In like manner for Mechanical Affairs, the Forces of Motion,
Machines, and Water-works; fo that ten or twelve Authors being perufed, 
thofe that are curious in fuch Matters may be eafily fatisfied. And if twelve 
Men of good Underftanding, having a friendly Correfpondence with each other, 
would take this Affair upon them, 4b that each of them might compofe aTrea- 
tife upon a Science, in one convenient and perfpicuous Volume;, fuch Tilings 
being fupplied as are wanting in others, and unneceffary Things being pared 
away •, without doubt we might have in twelve Volumes, in a ihort and ner
vous Manner, all' t̂hat could be defired in this Matter. And in. my Opinion, 
whatever belongs to Mathematicks, either pure or mixt, might be comprehend
ed in thofe twelve Voium]fi. So one might deliver all the neater Part of Philo- 
fophy in three Books, and all the liberal Arts or mechanic Arts in three more v

fo
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fo that Learning might be attained at a fmall Price. Now as to Mathematical 
Inftruments, it would be of little Confequencc to have an Apparatus of all that 
have hitherto been invented. It would be better to have four or five which are 
beft in their Kind, and which fhall be judged to be more convenient than any 
ocher.

Anftaer'dby Dr. 3. If  I undcrftand you right, learned Sir, you approve of all I have faid, 
peji, tbid,p. only you think I require a greater Apparatus than is neceflary. You are of

Opinion, that not all the Mathematical Books and Inilruments fliould be col- 
leéled, which I contend for, but only the beft ihould be feleded. I fliouid not 
oppofe this your Opinion, if it was agreed on by ail, in fuch a Multitude of 
Authors which was the beft, which fhould have the Prcierence before all otiiers; 
and if  I had this only in view, that fomething of Labour and Expence might be 
faved to the Studious in thefe Arts. But fince I made it my Wifh, to have 
the moft perfe6t Foundation for the whole Ambit of the Mathematicks, I ouglit 
to delineate no other Scheme, than what might completely anfwer fuch a De- 
iign. The principal Part of fuch a Defign, as I perfuade myfelf, muft confift 
in fuch an univerfal Library as I have defcribed. I ought not to défpiíe any A t
tempt, much lefs to condemn any one unheard, that ihall throw in his Mite, 
and endeavour to promote this Undertaldng. And if I may give my Judg
ment, the moft trivial Writing or Mathematical Inftrument lliould be pie- 
ferved, one Copy at leaft even for its Errors, in ibme certain accefilble Place 
o f  every Country, For we fee many Things that have been jngenioufly invent
ed, in the ruder Inftruments of former Ages, which are now not only worthy 
o f  obferving, but even of being imitated: As fome Writers of a lower Clals 
may give very good Hints, and affift the Invention of thofe of a happier Ge
nius ; for we can often point at an Excsllence which we cannot arrive at our- 
felves. W e fee many Lemmata that have been well demonftrated by this Kind 
o f Writers*, yet becaufe o f  fome one fundamental Fallacy, their whole Super- 
ftrudure has come to the Ground. If you think many are to be rejeded, as 
Avell for their Trifling and Verbofity, as for Error and falle Conclufions •, you 
Ibould confider how difFerentare the Notions and Tafte of Mankind, nor fhould 
you eftimate others by your own Sagaciry. For there are fome who can un- 
derftand nothing, unlefs repeated ro them an hundred Times, and that almoft 
in the fame Words ; thofe Tautologies therefore are adapted to this Sort of 
People. And becaufe v/e muft always begin from Things more known, but 
the lame Things are not more known to all ; we muft make very different 
Beginnings; So chat you can hardly find a Learner, but who may be affifted 
by a rude Inftrument or unpoliihed Author, 'and therefore he thac undercakes 
the Office of a Mathematical Monitor ftiould not be ignorant even of thefe. 
So that the' complete Colledion of Books beiore-mention’d feems to me to bs 
quite necefiary.

Now the more I am difpleafed with thofe minute Mathematicians, the more
I ihould wiili for a Library of this Kind, as b&ing the only Method of curing 
that ficentious Itch o f Scribbling. For thofe prating Pretenders, ever trifling 
in a childifii Manner, while they would iecm to accommodate themfelves to

the
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the Capacity of Youth ; may fee that there are already more than enough, who 
have compiled Rudiments of this Kind. And they who fondly aim to advance 
the Mathematical Sciences by an Infinity of new Difcoveries, when they fee fo 
many empty Paradoxes which have b-en condemned and Jaiighed at by the 
Piibl'ick, may take Warning by the Mifcarriagc-s of others. But efpecially the 
Plagiaries, thofe Pcfts of all good Literature, will not have the Impudence to 
vend as their own any old Books, or any Part of them, which perhaps have not 
been printed more than once. On the other hand. Men of Candour and Inge
nuity  ̂ able to deliver their Thoughts in a handfome Manner, when they fee 
iü many have gone before them, on almoll every Subject, wiJi be caution’d not 
to produce any I ’hing to the Pubhck but what is new and their own. Now 
what has been treated of already may be eafily known, either by confulting 
fuch an ample Library, or if they will not be at this Trouble, they may be 
inform’d by the Library-keeper himfelf, to whofe Cuilody I have committed 
it. And tiiefe are the'Reafons in general, which 1 cannot retraCt, why Í ihould 
prefer fuch an Univerfal Library as is above dcfcribed.

UnED

4. I had no fooner read your Letter, learned Sir, but I became wholly yours,
and was ready to fubfcribe to your Opinion, which I intireiy approve: Andnus,/Jíc. 1 o, 
likewiH- an unufual Ardour of Mind lurried me on; fo that I would recom- '̂ 39- 
mend this Undertaking of yours, great as it is, to the great Ones of the World, 
if I could have free Accefs to them. But where is the King, that will make a 
Beginning ? For I cannot but call it a truly Royal Dcfign.

5. I infpefted the Mathematical Idea only by the bye, and now only remem- judg>rent 
ber, that I found nothing in it from which I iliould diffent; and I much 07,d 
proved that, firll, an Inventory of the whole Mathematical Furniture was there 
exhibited, and then the Self fufficient Mathematician was defcribed, as contain-i-144* 
ing every Thing in himlelf Almofb in the fame Senfe I am ufed to diflin-
guiih two Things in the Mathematicks, the Hiilory and the Science. By'the 
Hiftory, I mean all that is already found, and is committed to Books. And by 
the Science, the Skill of refolving all Qiieftions, and therefore of finding by 
one’s ov/n Induilry whatever can be found by human Ingenuity in that Science.
He that poflefles this Faculty does not much want Foreign AfTiftance, and 
therefore may very properly be call’d felf-fufHcient. Now it is much to be 
wiih’d, that this Mathematical Hiftory, which lies difperfed in many Volumes, 
and is not yet intire and complete, were to be all colleíled into one Book. Nor 
for this Purpofe would there be any Occafion to be at the Charge of feekingor 
purchafing Books. For fince Authors tranfcribe many Things from one ano
ther, nothing is extant any where which may not be ibmewhere found in any 
Library that is but moderately furniih’d. Nor is Diligence in collecting all 
Things fo neceíTary, as Judgment to reje¿l what is fuperfluous, and KnowJedge 
to fupply fuch Things as are not yet found out. Now if  fuch a Book were at 
hand, from thence any one might learn the whole Mathematical Hiftory, and 
a good Part of the Science alfo. But if any one ihould defire to have the 
whole that belongs to the Praólice, as Inftruments, Machines, Engines, í¿c. i f
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he was a King, and had the Wealth of the whole World at Command, he 
could not liipply the neceffary Expences. Neither indeed is there any Occafion 
for them, it is enough if he can defcribe them all, and either knows how to 
make fuch as are wanting himfelf, or can fet Artificers to work upon them.

II. r i ^ H E  Propofitions which I ihall endeavour to demonftrate independently 
X  from all others, fliall be thefe; the 32d and 47th of the Firji Book\ 

moft of the Second Fifth Rooks ; the lil  and i6th of the Sixlh ; with their 
'Corollaries. In order to demonftrate the 32d j I fuppofc it known what is meant 
by an Angle, Triangle, Circle, External Angle, Parallels, and that the Mca- 
fure o f an Angle is the Arch of a Circle intercepted bttween its Sides j that 
a Right Angle is meafur’d by a Quadrant, and two Right Angles by a Semi
circle. I fay then, that in the Triangle A B C ,  the External Angle B C E  
is equal to the two oppofite Internal ones A B C ,  B A  C ;  for let a Circle 
be drawn, C being the Center, and B C the Radius •, and íet C D be drawn 
parallel to A  B, thofe two Lines being always equidiftant, will both have the 
fame Inclination to any third Line falling upon them ; that is, (by the Defi
nition of Angle) they will make Equa Angles with i t ; For if any Part of 
C  D (for In(tance) did incline more to B C  than to A  B, upon that very 
Account they would not be parallel; it follows therefore that the Angles 
A B C ,  B C D ,  are equal: Alfo B A  C =  D C E, becaufe A  E  falls upon 
two Parallels; but the External Angle B C E  =  B C D - | - D C E ,  which 
was before prov’d to be equal to A  B C, B A C. ^  E. D . Hence may be 
inferr’d as a Corollary, That the three Angles of every Triangle are equal 
to two Right ones; for the Angles A  C B B C  E, are meafur’d by a 
Semicircle, and therefore equal to two Right Angles: Corollaries aifo from 

.hence are the 20th, 22d, and 31ÍI of the Third Book, which contain the 
Properties of Circles; whofe Dedu¿tion from hence is moil natural and ob
vious.

In order to demonftrate the 47ÍI1» I fuppofe the Meaning of the Terms 
made ufe of, to be known; and that two Angles or Superficies are equal, 
when one being put on the other, it neither exceeds, nor is exceeded. This 
being allow’d, I fay, the Sides about the Right Angle are either equal or 
unequal i if equal, let all the Squares be defcrib’d ; the whole Figure exceeds 
the Square of the Hypotenufe B C, by the two Triangles M, V, and exceeds 
alfo the Squares of the other two Sides, A  B, A C ,  by the two Triangles, 
A B C ,  and S *, which ExcciTes are equal, for M is equal to A  B C, the two 
Sides about the Right Angle, being two Sides of a Square upon A  B, by Sup- 
poiicion equal to A  C, and the third Side equal to B C ; therefore the whole 
Triangles are equal. After the fame manner, S and V are proved to be 
equal; therefore the Square of C B is equal to the Squares of the two other 
Sides. ^  E. D.

But if the Sides be unequal, let the Squares be defcribed, and the Paral
lelogram L  Qcompleated *, the whole Figure exceeds the Square upon B C, 
by three Triangles, X , R , Z ; and exceeds alfo the Square L A ,  A D ,  by 
the Triangle A B C ,  and tlie Parallelogram P Q̂ : Whic 1 Exceílés, I fay, are

equal >

i
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equal •, for Z  Is equal to A B C ,  the Side O C  =  B C ,  C D  =  A C ,  the 
Angle D =  A , and O C D —. B C A  ; which is manifeft, by taking the 
common Angle A C O ,  out of the two Right Angles B C O, A  C D ; there
fore by Superimpoficion the whole Triangles are equal. In like manner X  
is pioved equal to A B C ,  alfo R ; and the Para ielogram P to be double 
of the Triangle A B C :  TIuis the Excefles being proved equal, the Remain
ders alfo will be equal ; v/z. the Square of B C to the Square of A  B, A  C.
^  E. D. Manifcit Corollaries from hence are the 35th and 36th of the 'Tbird^s, 36, 3. E.
Book •, alfo the 12th and 13d! of the Second,

The firft Ten Propofitions o f ú\& Second ave evidently demonfirrated, 12,
only by fubftituting Species or Letters inllead of Lines, and multiplying 
them according to the Tenor of the Propoiition : Thus, to initance in one or 
two, Call the whole Line A , and its Parts B and C, therefore A  =  B - ¡ - C ,  
and confequently A  A  =  B B C C 2 B C, which is the very Senfe of 
the Fourth of the Second Book. Thus alfo. Let a Line be cut into equal Parts
F, F, and let another Line, S, be added thereto; *tis manifeft, that 4 F  F

2* £•

2« 2 £«

Fig. 4.

4 S F ~ | - 2 S S = : 2 F F - | - 2 F F - } - 2 S S - | - 4 S F }  which is the Tenth Pro-

4̂« IB*
s*

10« 2. £•

Tig. 6 ,

pofition of the fame Book.
Almofl: the whole Doclrine of Proportionals, vvz. Permutation, Inverfion, 

Converfion, Compofition, Divifion of Ratio’s, and Proportion ex ¿equo \ and 
confequently the moft ufeful Pi'opofitions of the Fifth Book, are clearly demon- 
ilrated by one Definition, and that is of Similar or Like Parts, which are 
faid to be fuch as are after the fame manner, or equally contain’d in their 
Wholes : Thus the Antecedents A  and C, are either equal to their Confe- 
quents, or greater, or lefs; if equal, the thing is manifeft ; if lefs, then (by 
t ie Definition of Proportionals) A  and C are Like Parts of B and E  •, therefore 
what Proportions the whole, B and E , have to one another, the fame v/ill A  
and C have -, which is Permutation : Likewife E  : C :: B : A , which is Inver
fion. So allb if  from Proportionals you take Like Parts, the Remainders will 
be proportional; whence Converfion and Divifion are demonftrated: And if to 
Proportionals you add Like Parts, the Wholes will fcill be proportional; which 
is Compofition, i^c. If the Antecedents be greater than the Confequents, the 
Confequents will be Like Parts o f  them, and the Demonftration exaéliy the 
fame with the former.

The firft of the Sixth Book is prov’d, by confidering the Generations o f 
the Parallelograms, which are produced by drawing or multiplying the Per
pendicular upon the Bafis; that is, taking it fo often as there be Parts and Di- 
vifions in the Bafe: Therefore the fame Proportion that R  X  fingle, hath to 
N  X  fingle, the fame hath R X  multiplied by X  Z , that is, repeated a certain 
number of times, to N X  multiplied by X  Z , that is, repeated the fame num
ber of times; which is as much as to fay, R  X  : N  X  : : Paral. R Z  : Paral.
N  Z, Now that this Propofition is alfo true in Oblique-angled Parallelograms, 
is proved, becaufe they are equal to the Redangled ones upon the fame Bafis, 
and between the fame Parallels, as does thus independently appear; the T r i
angles R Q  X, and M P Z , are equal ;  for R X  =  M  Z , Q .X  =  P Z , R  M  7*

=  therefore adding to both M  Q; R Q^= M P j if therefore from thefe
V o l .  I. C  equal.

X* 6 .  E«

unED



>5. 6. £. Fig, 6>
AV,#

(  1 0  )
equal Triangles you take what is Common, viz. M  L Q ,  the Remainders will 
be equal, R X  L  M =  Q_L Z  P ; fo both which add X  L  Z , and the whole 
Parallelograms will be equal, R Z  =  Q^Z. D. That Triangles alfo hav- 
ing a common Bafis, are in the Proportion ot their Altitudes, does hence fal
low ; becaufe they are the Halves of Parallelograms upon the fame Balis. This 
alfo is true, and the Demonftration exa£lly the fame, in Pnfms, Pyranlids, 
Cylinders, and Cones, having the fame Bafis.

T o  prove the 16ch o f the Sixths I fuppofü che 4 Lines, A , B, C, R, to b 
proportional, that is, granting A  and C to be the leflfer Term?, th- Qm 
way that A  is contained in B, íb is C in E *, and that D is the Denominator 
of the Ratio; *cwill follow then, that B is made up of A , multiplied by D, 
and E of C, multiplied by D ; fo that A  D =  B, and C D =  E  *, draw there
fore the Extremes upon one another, that is, A  upon C D, and the Means, 
that is, C upon A D ;  the Faftors being the fame, I fay, the Produfls A  C D, 
and C A D ,  are the fame, and confequently equal. ^  E. D.

The Problem propofed by M. Cornier̂  (with Oilentation enough) as if 
it contain’d fomething New, though in reality it be nothing but the Old Bu- 
linefs of doubling the Cube, a little diiguifed, is eafily folved Algebraically, 
as follows.

Yig. s. S. 6. E.

47. I .  E.

a\ 2 X ::x  ----- =  p
a

a
2.V’

a

4 ,v+

a a

a*

a-

1 a'̂  X  ̂x i 2 x> a

2 x^; that is, The Cube upon x is half the Cube
upon a.

Tie squaring 0/ A  B bc onc Afymptotc of the Hyperbola E ¿ / C ;  and let A  E,
tbeiíy/ierMa.hyzná B C, be parallel to the other: Let alfo A  E  be to B C ,  as 2 to i ; and

Parallelogram A  B D E  be equal to 1.
N. 34./>.645. Suppofing the Reader knows, that E  A , K H ,  /3 >;, ^0, y x ,  «ÍA, tu,

F’£'9- c  B, are in an Harmonick Series, or Strws Reciproca-Primanorum  ̂ feu 
ylrithmetice Proportionalium, (otherwife he is referred for Satisfaólion to Aritbm. 
Infnitor. IVallifii  ̂ Prop> 87, 88, 89, ^ c,)  I fay,

A B C ¿
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1 I I I I

a b c ^ e a = ----- + ------- + ------- + ------- + ----------, ^ c.
i 1X2 3x4 5x6 7XS 9x10

I I I I I
E ^ D E  =  .-----  +  ------+ -------  + ------+ ---------

2x3 4x5 ^X7 8x9 10x11

E d C y B
I I 1 I
-----  H------------- h ----- -------1---------------,

2x3x4 4 x 5 x 6  6x 7X§ 8x9x10

For (in Fig. 10. and 11.) the 
Parallelogram^

And (in Fig. 12.) the "Triangle,

hr

f G

aq

c s

i t

gu

2 x 3
1

4 x 5
1

6 x 7
I

8 x 9
1

CA

d F

hn

f k

ap

¿ff.

l o x i i
I

12x13
1

14x15

c m

e l

g h

I X 2 
1

3 X 4
I

5 X 6
1

7 x 8
I

9X10
1

1 1 x 1 2
1

E d C

F.bd

d f C

K a b

b e d

d e f

&c.

13X14
1

15X16

/ ^ C

1 D ¿/D  — • D F ^

2x 3x 4
1

2

ÜDb r —

4 x 5 x 6
I

■-------... —

2

D / G - a / k
>

6x7x8
I

2

8x9x10
1

2

I 0 X I I X I 2

1

2

-  /

12x13x14
I

2

1 4 x 1 5 x 1 6

•

2
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I
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A '¿ / í , iC A = iD - L iF

LdD=ib r
i J F = f G - i - f k
\_br
~hn

■aq
cs 
:e t

•ap
•crn
■el

\fk=zguA-gh^^O.. ;
And that therefore in the firft Series halt the firñ Term is greater than the 

Sum of the two next, and half this Sum o f the Second and Third greater 
than the Sum of the four next j and half the Sum of thoie Four greater 
than the Sum of the next Eight, ^ c. in ijifir.itum. For Í d Y i = z b r ^ b n \  
but b n > f G ,  therefore  ̂ d D ^  b r - ] - f  G, & c. And in the Second Se- 
ries, half the fecond Term is lefs than the Sum of the two next, and hali this 
Sum lefs tlian the Sum of the four next, ^ c. in infinitum.

That the firft Series are the even Terms, viz. the 2d, 4th, 6th, 8th, 10th, iir. 
and the fecond the odd, hjIz . the ift, 3d, 5th, 7th, 9th, i^c. ot the following 
Series, ^ c.

I I I I I I
•------, ___ , --------------- , ------ , ------ , &c. in infinitum, =  9.
1X2 2x3 3X4 4 X5 5^6 6x7

Whereof ay being put for the Number of Terms taken at Pleafure,

a
is the la ft.

a I
is die Sum of all thofe Terms from the Beginning, and

the Sum o f the reft to the End.
a-\- I

That ¿ of the firft Term in the third Series is lefs than the Sum of the two 
next, and of this Sum lefs than the Sum o f the four next, and  ̂of this laft 
Sum lefs ihan the next eight, I thus demonftrate :

Let a be equal to the third or laft Number of any Term of the firft Column, 
viz. of Divifors;

1 , I 16 —  48

aK  a '—  I y. a
^6 a —  24

288 a} -1“  184
I

48 a

3 +  2 ¿2

A.

6 96 +  232

2 ay. 2 a —  i x 2 ¿ z  —  2 8rt’ —  i i  ^ a
I I

2 a —  2 x 2 < 2 — 3 X 2 ^  —  4 8i?  ̂ —  3^^  ̂ 5  ̂ ^ 24
16
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i6  —  4.8 - h  56 a
64
64 o'

284
3^4

+ 880 
928 ¿z'*’

-1

—  24
tí’ 4 -
tí’ -f-
tí' -h

7, 6̂ á
96 « 

192 a

B.

960 tí' +  496 a- —  96
A =  B.

880 a'' —
192 ¿2* +  240 —  96 Í? =  Excefs of the Numerator above

t>4 —  384 a‘> -
And 48 a"' —  

the Denominator.
But the Affirmat. >  the Negat.

That is, 48 <?+ -f- 240 >  192 H“
Becaufe -f- 5 i> 4 - h

tí’ +  5 tí i> 4 tí- -f-
Therefore B >  ;^A.

Therefore one fourth of any Number o f A , or Terms, is lefs than their ib 
m an y rtfpeclive B that is, than twice fo many of the next Terms. T>.

By any one of which three Series it is not hard to calculate, as near as you 
pleafe, thefc and the other like Hyperbolic Spaces, whatever be the rational 
Proportion of A  E to B C j as for Example, When A  E  is to B C, as 5 is to 
4. (Whereof the Calculation follows, after that where the Proportion is, as 2 
to I j and both by the T^hiri Series.)

Firfl: then, when (in I'ig. 9.) A E  : B C :: 2 : i .

2X 3X 4) I .  (o. 0416666666] o. 0416666666

4X 5X 6) 1.(0. oo83333c}337 qj „ 2 7
6x 7X 8) I .  (o. 0029761904j  * 3 95 37

8x 9x10) I .  (o. P013888888 
I O X I I X I 2 )  I .  (o. C007575757 
I 2x i 3>̂ i4 ) i«(o- CO04578754 
14x15x16) I .  (o. 0002976190

o. 0029019589

16x17x18) I .  ( o .  0002042484'^',
18x19x20) I . (o. o o o f4 6 i 988 
20x21x22) I .  (o. 0001082251
22x23x24) 1.(0.0000823452 0007206a 82
24x25x26) I .  ( o .  0.0OP641026 73 4
26x27x28) I. (o. 0000508758
28x29x30) I .  (o. 0000410509
30x31x32) I. (o. oooo336o2 i Ĵ

Tig. g.

32x33

HED
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I
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32x33x34)
34x35x36)
36x37x38)
38x39x40)
40x41x42)
42x43x44)
44x45x46)
46x47x48)
48x49x50)
50x51x52)
52x53><54)
54x55x56)
56x57x58)
58x59x60)
60x61x62)
62x63x64)

I .

1.
I .

I,
I ,

I .

I .

1.
I .

I .

1.
1.
1.
I .

I .

1»

( 1 4 )
(o. 0000278520' 
(o. 0000233426 
(o. 0000197566 
(o. 0000168691 
(o. 0000145180 
(o. 0000125843 
(o, 0000109793 
(o. 0000096361 
fo. 0000085034 
(o. 00C0075415 
(o. 0000067193 
(o. 0000060125 
(o. 0000054014 
(o. 0000048704 
(o. 0000044068 
(o. 0000040002^

o. 0416666666 
o. 0110095237 
o. 0029019589 
o. 0007306482 

3)0. 0001829939 (o. 0000609980

o. 05679179 
+  0. 00006100

o. 05685279 ^ E , d C y

Buto. 0007306482 
o. 0001829939 
o. 0000458315

Thereforeo. 05679179 
+  0. 00004583 
+  0. 00001528

o. o5685290> E  d Cy.

For it has been demonftrated. That  ̂ o f any Term in the lafl: .Column is 
ieis than the Term next after it 5 and therefore that i  o f the Jail Term, at 
which you flop, is Jefs than the remaining Terms ; and that the Total of thefc 
is lels than-;  ̂ o f  a third Proportional to the two Jaft.

And

UnED
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And therefore A  B Cjy E  being =  o* 75 — ■* -  — ------o. 57

and E  Cjy >  o. 05685279------and <  o. 05685290

And A  B C i/ E is  < o. 69314720------and >  o. 69314709

But when A  E  : B C  :: 5 : 4, or as E  A  to K  H  ; then will' the Space 9<
A  B C E, or now, the Space A H K E ( A H  =  4 A B ) b e  found as follows.

8x 9x10) I .  (o. 0013888888] o. 0013888888

16x17x18) I .  (o. 00020424S4I o ,  000350447»
18x19x20) I .  (o. 00014619883 

3'^^33^34) I- (o. 0000278520^
34x35x36) I. (0.0000233426 0000878204
36x37x38) I .  (o. 0000197566 j '
38x39x40) I .  (o. 0000108691J,

o. 0013888888 
o. 0003504472 

3) o. 0000878204 (o. 0000292735

o. 0018271564 
+  0. 0000292735

Buto. 0003504472 
o. 0000878204 
o. 00002200737

Therefore©. 0018271564 
+  0. 0000220074 
+  0. 0000073358 ^

o. 0018564296 {> E « ¿
Therefore EM l> (Fig. 12.) being =  9. 0 2 5 ------— — -o . 025

E   ̂¿ o. 0018564292 and <i o. 0018564996

E M  ¿a  (Fig. i2 .)o r  E K M  (Fig. 9.) > 0 .  02685643 o. 02685650
A  H  K  E  <¡0. 22314356 0.22314349

Therefore

n E D
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Therefore 3 A  B C  E
and A  H  K  E

37944154
o. 2231435

A B C i f  E  (when A E : B C :: 10 : i.) =  2. 3025850

Therefore, 
The Logar. of jo, 
is to the Log. of 2, 
as 2, 302585,
to O, 693 147.

li

IV. The Quadrature o f the Circle, or the turning it into an equal Share, or 
any other Right-lin’d Figure, (which depends upon the Ratio of the Circle to 

cfa circif, by thc Squarc of its Diameter, or of the Circumference to its Diameter) may be
cS.‘ N. 7. underftood to be fourfold, to wit, either by Calculation, or by Linear Con-

i.ac4. ftruftion; and each of them again may be either perfedly exadl:, or elfe al-
moft, or pretty near. The Quadrature by accurate Calculation, I call the 
Analytical j That which is done by accurate Conftruclion, I call the Geometri
cal : That which is done by Calculation pretty near, I call the Approach j 
that which is by Conftruition pretty near, I call Mechanical.

The Approaches have been furtheft carried on by Ltidolph van Ceulen : Vietâ  
Hugenius, and others, have given feveral Mechanical. The accurate Geome
trical Conilruftion may be had, by which not only an entire Circle may be 
meafured, but any Section or Arch o f it alfo ; which is by an exa<5l  and ordi
nate Motion, but fuch notwithflanding as fuits with Tranfcendental Curves, 
which erroneoufly are accounted Mechanical, though in truth they are as Geo
metrical as thofe which are commonly fo efteemed ; though they are not Alge
braical, nor can be reduced to Equations Algebraical, or o f  certain Degrees; 
tiiey having Degrees proper to themfelves, which though they be not Algebrai
cal, are yet neverthelefs Analytical.

T h e Analytical Quadrature, or that which is made by accurate Calculation, 
may be again fubdivided into three Kinds; namely, into the Analytical Tran- 
fccndent, the Algebraical, and the Arithmetical. The Analytical Tranfcen- 
dent is to be obtained, amongil others, by Equations of Degrees indefinite, 
hitherto confidered by none: As if  X* +  X  be equal to 30, and X  be fought, 
it will be found to be 3 ; becaufe 3* +  3, is 27 +  3, or 30.

The Algebraical is done by Vulgar Numbers, though irrationally, or 
by the Roots o f common Equations; which for the genera] Quadrature of 
the Circle, or its Seftors, is indeed impoflible. Now there remains the Arith
metical Quadrature, which is performed by certain Series exhibiting the Quan
tity o f  the Circle exaél by a Progreflion o f  Terms (firft) Rational, fuch as I 
Hiall here propound.

I have found therefore, that i f  the Square of the Diameter be put i ,  the
I  I  I  I  I  1  I

Area of the Circle will b e -------—  + ----------- + -------------   +  — -
I I , I 3 , 5 7 9 . 13

s— :— —  - f ----- to wit, the entire Square of the Diameter being
15 17

diminiihed (that it may not be too big) by a third Part; and again (becauie 
hereby too much is taken away) being augmented by one fifth; and again (be
caufe by this laft too much is added) diminiihed by one fevcnth and fo on
ward, continually,

A n i
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A nd the fii-íLQii¿ntity will be too great, 'viz. i .  but the Error 
will be lefs than -í------------- ----------------- -------- -----------------

The next too little, •viz. i but the Error will be lefs than

3 -
I

The 3d, too much, viz. i

3
I

3
I

4 -— , but, idc.
5

The 4th too little, viz. 1 
^ c.

+  —
3 5

but, i^c. - -

5
1

7
£

The whole Series contains all the Approaches together, or the Values both 
greater than they ought to be, and lels than they ought to be.

So that by continuing the Series, the Errors may be made lefs than any Fra- 
¿tion given, and confequently lefs than any affignable Quantity. Whence it fol
lows, that the whole Series muil give the true Value. And though the Sum of 
the whole Series cannot be expreíTed by one Number, and that the Series be 
infinitely continued *, yet becaufe it confifteth of one regular Method o f Pro- 
greíTion, the whole may fufficiently enough be conceived by the Mind. And if 
Van Ceulen could have given a Rule by which his Numbers 314159, ^ c. could 
have been continued in infinitum  ̂ he would have given us the Arithmetical 
Quadrature exaft in whole Numbers, which we have here done in Fradiions.

There are feveral things relating to this Quadrature which might be taken

notice of, efpecially one, w'z.That the Terms of this our Series,

‘o
I r
—) — 
I

— ) ^ c . are of Harmonical Progreflion, or in a continued Harmonical Pro-
9 . .

greflion ; as will be evident to any one that ihall examine them. And a Series

made by ikipping, as -Li -1  > —  j ^ c. is alfo of Harmonical Progref- 
/ r r  I  5 9 13 17 ^

fion. And-^> — ’
3 7 II

 ̂ is alfo a Series of Harmonical Pro-
15 19 I I I I I

portionals. Wherefore fince the Circle is— +  — f-_> & c. —
I 1 I I I 5 9 13 17 . ^

— -------------------------> ^ c. by fubftrading the latter partial Series from
3 7 II 15 19 . . .

the former partial Series, the Circle will be the Difference of two Series in 
Harmonical ProgreiTion. And becaufe the Sum o f any Number of Terms 
in Harmonical Progreflion, how many foever, may by fome Compendium be 
obtained *, hence Compendious Approaches (if after Va» Ceulen • there be any 
need of them) may be deduced ; if one would in this our Series rake out the 
Terms affcited with the Sign — , by adding the two next into one, t*

Vol. I. D I
I
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and fo onward, he will have a new Series for the Magnitude o f  the
19 , 2  I
Circle, namely, —  (that is, -

- i  — —

9

3
Wherefore

35 99

11

___ The Square infcrib’d being—
4

The Area o f the Circle ihall be —  +  ~  4 - +
3 35 99  195

+ ----->
323

But the Numbers 3, 35, 99, 195, 323, by Skipping are taken out o f  
the Scries of Square Numbers, 4, 9, 16, 25, & ’c. diminiilied by an Unite, 
and fo made the Series 3, 8, 15, 24, out of the Members of which Se
ries, every fourdi after the firft, is a Number of this our Series. But I have

found (which is worth nothing) the Sum of this infinite Series, —  +  —  +

+  to be —
3 8

Nay, and by culling out by fingle Skipping, as
^5

~  +  “  +  — ’ the Sum of this infinite Series maketh —  or -
3 ^5 35 4 2 But if

1 2 3 4
1 4  9 16 
0 3 8 1 5

I ¿
‘ J 8 IS

I . I

out of this again another Progreffion be culled by fingle Skipping, as

"T ~  the Sum o f  that infinite Scries ihall be the Semicircíé.
5 35 99

the Square of the Diameter being i. Now becaufe by the fame Means the 
Arithmetical Quadrature of the Hyperbola is obtain’d, I thought it not amifs 
to reprqfent to View the whole Harmony.

^  ̂ /  .9 " JO I I  1 2 13- 1 4 15 16 17  19 2 0  l 3 ' c ^
25 3 6 4 9 6 4 8 1  100 121  144 169 196 225 256 289 324 361 400 isfc.
24, j 5  48 63 80 99 120 143 168 195 224 255 288 323 360 399 íítV .

^4 »3-5- 4 .̂ 80 99 120 143’ *^8 195 224 255 288 323 360 399 ^

6,3. 99
1

8

195 2iy> 323-----

24 48 80 120 268 224 360

3 ? 99
I
8

‘ 9-5 323

48 120 224 360

---------------------------  & c .  =  ~

399  4

• Ü’f. =. i-
4

* & c. =  to

* =3 to»

. the Circle A  B C D, whofe Infcribed Square is V  i 
the Hyperbola C B E H C ,  whofe Power, A B C  D, isj

T o  the Aiymptotes A  F, A  E, at Right Angles to each other, Jet there be 
defcribed the Curve Line o f an Hyperbola G  C H , whofe Vertex, is C ;  and 
A  B C D , the Power or Square  ̂ to which every Reftangle made of the Ordi

nate,
/-•*}
i t’CD
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hate, as E  H , and the intercepted Part, A E, is always equal. About this Square 
let a Circle be drawn, and let the Hyperbola be continued from C to H, fo

J Í

that A  E  be double to A B .  Then putting A  E  to be i ,  A  B fliall be— > and 

its Square, A B C D , fliall be— J and the Circle, (whofé Power A  B C D is in- 

fcrib’d̂  ihall be— “+  —  +  — ’ ísff.but the Portion of the Hyperbola GBEHC
3 35 99 I .

(w hofe  Power infcrib’d is the fame Square— ) which reprefents the Logarithm

of the Ratio of A E  to A  B, (or of 2 to i)  ihall be—  +  ~  -f —^
^  8 48 120

•> & c.

.. V . I .  Let any Curye D Q .be  given, all the Points of which may be re- 
Ferred to any given Right Line E  A 'B, by the Right Line D A.*, whether Aj-Re-
E  A B  be the Diameter, or any other Line, or any other Lines are given
the fame time, any of which, or their Powers, enter the Equat-ion o f  the/. 5 1 3 ! '  ’

Curve, it matters little. • .
In the Analytical Equation, for the more eafy Explanation, let D A  be 

always called -y, and B A  And let E  B, and all the other given Quanti-
tiesy be denoted by Confonants.

Then fuppofe the Line D C to be drawn, touching the Curve in D , and 
meeting E B (produced if neceffary) in the Point C ; and let C  A  be always 
called a. Now to ñnd A C ,  or a, this will be the general Rule.

1 . Rejeiling thofe Parts of the Equation in which y or v  are not found, 
let all thofe be fet on one Side of the Equation in which is j ,  and thofe on 
the other Side in which is Vy with their Signs +  cu* — . For Diílinólion 
Sake we will call this the Right Side, and that the Left.

2. On the Right Side, let there be prefixt the Exponent o f  the Power of
V to all the Parts, or, which is the fame thing, let the Parts be multiplied 
by it,

3. Let the fame thing be done on the Left Side, that is, prefix to each 
Part the Exponent of the Power ofjy: And farther, in each of the Parts kc 
onejy be changed into a.

I fay that the Equation fo form’d wi 1 ihew the Manner of drawing the 
Tangent at the given Point D. For when it is given, at the fame time are 
given y and v, and the other Quantities which are exprefied by Confonants; 
and then a will be known alfo.

If the Rule fhall feem to be any thing obfcure, it may be thus illuílrated 
by fome Examples. Let this Equation given, b y — yy =. v v  •, in which 
let E B be ¿ ; B A , y ; D A , *, and let ¿z or A  C be fought, fuch as D C 
being joined may touch the Curve D  Q_in D, By the Rule nothing is here 
to be rejeded, becaufe either jy or v  is found in every Parc of the Equation.
Alfo it is fo difpofed, that all the Parts in which y is found are on one Side,

1 • . . T . - . . % 1
and all in which there is v are on the other.

D 2
lerefore we need only prehx

to
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to cach the Exponents o f  the Powers ofjy and "o ; and* on the Left Side one 

y  is to be changed into a. Therefore it will ht h a —  2 y a =. 2 v v. I fay
now, that this Equation will lliew the Manner of drawing the Tangent to the

2 V V  .  _

Point D 4 that is, a =  -7 ----------------------------------------------------------- =  A  C.’ . » b —  2jy
Thus if  the Equation by — yy —  v v  were given, the Equation for 

the 'I'angent would be the lame as the former j for we muft rejedl: q  ̂ as thq 
Rule prcfcribes.

Thus from the Equation 2 h y y — hsyt  ^ b y a ^ y y  a:=z.

— And from the Equation^ by +  z y y  +
A-i>y— 3yy

q v  V, we fhall have b b a 2 z  y a +  ^ y y a  —  2 q v v,  and thence a

3 or~¿r:

2 q v v
And from b̂  +  by^— y* zz zq q v v  z v ' ,  we fliall have

3 byy a —  ŷ̂  a ^ 2 q q v v ' { - 3 z v \  and then a
2 q q v v  ^zv^

z h y — A-f'
And in all other Equations of this kind I think no Difficulty can arife. 

Perhaps there may be fome in fuch Equations, fome Parts of which confifl: 
o f  Produdls of jj» into v. A s y  v̂  y y v̂  jy’ and fuch like. But this Dif
ficulty will be but a flight one, as will appear from thefe Examples, For let 
there be given =  bv^— y v ' .  Now there is nothing to be rejected from 
hence, fince^' or v  is found in all the Parts or Terms.

But that they may be difpofed as the Rule prefcribes, the Term jy^* is to 
be aíTumed twice, and placed as well on the Right Side of the Equation, in 
which are thefe Terms that have v̂  as on the Left Side, w'here are the 
Terms that have jy; fincejy 1;® contains both_y and-y. Therefore we muft 
m a k e y  +  v'̂  y ■==. b — yv"^. Then changing, as before, this Equation 
into another 3 y y a ~ \ r v v a = . 2 b v v ' ~ ~ 2 y v v ,  we fliall have a =
2 b w  •—  2 y w

•^yy -r v v
For the Rule is to be fo underftood, that on the Left Side the Power of

V is not confidered, and therefore the Exponent of is not to be prefixed to 
y v̂  ̂ but only that o íy. And on the contrary on the other Side, the Power 
o fy  is not to be confidered i n j i ;  v<, but only that of v, and to this its E x
ponent is to be prefixed. Thus if  the Equation were +  by  ̂=  2 qqy  ̂—  
ŷ  we muft makey^ +  by* +  v'̂ ŷ  z=z2 q qv^ — y * 'y?, and we ihould 
have the Equation for the Tangent sy^a  +  ¿^byia +  2 v'y a=z 6 q'v^ •—

z , 1 1  6q^v> —  3y'~ v̂
3 /  and thence a = --- -̂;— ------r-.

5jy* 4 - 4 ¿_y5 +  2 v 'y
And in theie Examples I think I have comprehended all the Variety of 

Cafes that can be propofed. But perhaps it may be o f fome ufe to apply 
what I have delivered in general, to fome particular Curve, Therefore let 
the Curve B D  be given, which has this Property, that taking any Point in 
it D, i f  B D  be joined, and D E  be raifed perpendicular to it, meeting the

Right
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Right Line B E  in E, the Right Line D  E  may always be equal to th  ̂ gi
ven Riglit Line B F.

Tliat we may have an Equation in Analytical Terms, make D  A  =  -y,

*B A  =  B F or D  E  =  .̂ Therefore it will be E  A  =  And fince
_ ^

the Square of D  E  is equal to tlif two Squares o f D  A  and A  E, we fliall

have the Equation q q =  -r +  ■, or jy* =  <1;+ +  y  -y®; which for the

Tangent, as prefcribed by the Rule, is to be reform’d to q q f ' —  —
2 V*- +jy*

q y ZV y+  y  and 2 qqy a y a —  +  2 _>■* -i;*, whence a

Now how fuch Equations are to be reduced to eafier Terms, for the Sake 
of the Conftruilion, will be no Myftery to ilcilful Mathematicians. As in 
this Example, becaufe the Re£langle B A  E  is fuppofed equal to the Square 
of A  D, if  E  A  be called it will be *1; “y z=y and -y* = y  and q q = .  
y e e e. Therefore inftead of them fubftituting their Values in the Equa

tion, it becomes a
l y '  e' '\-y  ̂e 2 ey +  yy

e y +  ey  ̂—  ey~ e
l e y + y y ,  and adding i f  on both Sides, a e ' \ - e e

j that is, a e

So that the three Quantities e,  ̂ a +  or E  A ,  E  B, E C ,
are in continual Proportion ; whence the Conilruilion becomes very eafy.

But whereas we feem to have fuppofed hitherto, that the Tangent is always 
to be drawn towards B, when it may happen from the given Quantities, that 
it ihould be either parallel to A B ,  or fhould be drawn the contrary Way ; 
we mufl: now determine how this Diverfity o f  Cafes is to be diftinguiihed in 
Equations. A  Fraélion therefore being made for the Value of a, as in the 
foregoing Examples, the Parts of the Numerator and the Denominator are 
to be confidered, as alfo their Signs.

1. For in both if either all the Parts have the Sign + ,  or at leafl: if the 
Affirmative prevail over the Negative, the Tangent murt be drawn to
wards B.

2. I f  in the Numerator the AfRrmative prevail over the Negative, but are 
equal in the Denominator, a Line drawn through D  parallel to A  B will 
touch the Curve in D : For in this cafe a will be o f  an infinite Length.

3. If as well in the Denominator as in the Numerator the affirmative Parts 
are lefs than the Negative; then all the Signs being changed, the Tangent 
muft ftill be drawn towards B: For this cafe coincides with the firit.

4. If  in the Denominator they prevail, but in the Numerator are lefs; the 
Tangent muft be drawn on the contrary Side, that is,. A C  muil be taken 
towards E.

5. Laftly, if  in the Numerator the affirmative Parts are equal to the Ne
gative, however they may be in the Denominator, then a will become no
thing. Therefore either A D  will be the Tangent, or E  A , or parallel to it, 
which is eafily known from the given Quantities. Now all the Variety of 
hele Cafes may be ihev/n by the Equation to the Circle,

Fo?*
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Fig. I j.

( 1 1  ) '

For let there be a Semicircle whofe Diameter is E  B, and let D  be any 
given Point in it, from whence let fall the perpendicular D A  =  u  Make 
B A  = y ,  B E  =   ̂ the Equation will be ¿jy — y y = z v  v. And drawing

2 V V
the Tangent D C, it will be A  C or ¿z =  7---------* Now if b be greater thanC? 2 y
2 y ; the Tangent muft be drawn towards B ; if  equal, it is parallel to E  B ; 
it lefs, it mult be drawn towards E. Ste i ,  2, 4.

Again, let there be given another Semicircle inverted, whofe Points are to 
be conceived as referred to a Right Line parallel to the Diameter, and equal 
to the fame, as in the Scheme. The Parts being denominated as before, and

dy the Equation will be — y y z=z d d +  v v —  2 dv.  
2 V V —  2 dv

making N  B

18.

Therefore A  C or ---- u i : i .  jŝ qw ñnce by the Example we have
b —  2 y  '  ^

fuppofed n) always to be lefs than d\ l ib  is greater than 2 y, the Tangent 
inuft be drawn towards E ; if equal, it will be parallel; if lefs, then chan
ging all the Signs, it mull: be drawn towards B ; as 4, 5, 3. But no Tan-, 
gent would be drawn, or EB_itfeIf would be the Tangent, i f  we iliould fup- 
pofe N  B to be equal to the Semidiameter, or 2 í : / ¿  as a t 5.
• Laitly, let there be another Semicircle, whofe Diameter N B is perpendi
cular to the Right Line B E, to which its Points are fuppofed to be referred. 
Let N B be called b, and let the other Parts be named as before. The Equa-

b V ---2 W
tion will b e y y = . b v  —  w .  and thence a --------------* Now if b is great-2y °
er than 2 v, the Tangent mud be drawn towards B ; if lefs, towards E ;  
i f  equal, D  A itfelf will be the Tangent. As by i,  4, 5.

And this, I think, is all the Variety of Cafes, which can be obferved from 
the Confideration of Equations.

TZ.Í Lemmata, .CO The Difference o f two Dignities o f  the fame Degree, applied to the 
«•Wy />ri-Difference of the Sides, will ^ive the feveral Parts of the inferior Decree of aceatfíg Met boa is  ̂̂  ̂ ^

Binomial o f  the Sides. Thus"^̂ -------- — y' y x +  a' as is eafy to prove.
11. p, 60̂ 9»  ̂ ^
n.97.^6126- (2.) There are fo many Parts arifing from a Binomial of any Degree, as

'^73-the Exponent of the Dignity next above has Units. That is, three in the 
Square, four in the Cube, And this is generally known.

(:}.) If tlie liime Quantity is applied to two others, whofe Ratio is given, 
the Quotients will he in the fame Ratio reciprocally.

By thefe Lemmata my Method may eafily be demonilrated, they being 
here difpofed in fuch an Order, as will naturally lead to the Demonftration.

The Tefludo 
Vcliformis 
Q ŝdrabiiis 
Enigmatically propos'd by V. V.

V L  I. A  Geometrical AS. N I G  concerning the "joonderful StrtiSlure of 
a Hemifpherical Cupola which is quadrable. By D . Pio Lifci, a minute 
Malhematician./ •

jan. Âií’iógt- . -Among the venerable Monuments of ancient learned Greece, there is ftill
in Being, and for ever will endure, a moft Auguil Temple dedicated to 
Divine Geometry  ̂ o f  a Circular Ichnography, v/hich is covciM by a Cupola

perfeóllyUnED



3crFe£tIy' Hemlfpherical within. But in this there are the equal Areas of 
: bur Windows, (difpofed about and upon the Bafe of the Hemilphere) of 
fuch a Configuration, Amplitude, and of fuch Ingenuity, that thefe being 
taken away, the remaining curved Superficies of the Cupola, adorned with 
curious Mofaick Work, is capable o f a true Geometrical Quadrature.

Now it is inquired, which is that quadrable Part of tlie curved Hemi- 
fpherical Superficies, which is like a dillended Nautical Sail, and by what 
Art or Method the Geometrical Archited attained to i t ; and laftly, what 
quadrable Geometrical Plain is it equal to ?

2. A  Day or two ago, juft as I was going to Bed, I received (learned Sir) 
your Letter, which being very bufy I could not anfwer Yefterday. Within^s87‘ 
was inclofed a little printed Paper, which, you fay, you received from Flo
rencê  to be tranfmitted to me.

That Paper contains a Geometrical Enigma,, which when ftript of its 
verbal Difguife feems to infinuate the following Problem. From the curved 
Superficies of a Hemifphere to cut off four equal Segments, fo that what re
mains iliall be capable of Quadrature.

And at the fame Time it gives us a Hint, that fomething yet remains 
among the Grecian Monuments, by means of which this may be done.

I imagine this to be the Quadrature of the Lunula of Hippocrates of Chius,
For whereas Archimedes has demonilrated, that the curved Superficies of 

an Hemifphere is equal to two great Circles of the fame Sphere, thaf is, to 
four Semicirclcs ; and Hippocrates of Chius has taught us how to fquare a 
certain Lunula: If from every Quarter of this Hemifpherical Cupola fo much 
be taken away as that Lunula is deficient from a Semicircle, the Remainder 
will be equal to the Square that may be infcribed in the great Circle of the 
Sphere, on which the Hemifpherical Cupola infifts.

Now if befides the ^Enigmatical Involution of the Problem, any Hiftorical 
Fadt about a Temple fhould be intended, I fhould imagine the Temple here 
meant is that o f  Sa-nSla Sophia at Conjlantinople,

( »3 )

S C H O L I U M . I  By the Quadrature of the Lunula of Hippocrates o í 
Chius  ̂ (mentioned in the firil Book of Arifiotle*s Phyficks, and in the Com
mentaries of Simplicius upon that Place) the Semicircle A B  D being divided 
into two Quadrants, A  C D, B C D, if the Subtenfe of the Quadrantal 
Arch A  D be adapted, bifeded in H  by the Radius C E, and if Center H  
the Semicircle A  D F  is defcribed : Becaufe of the Square of the Right Line 
A D  being fubduple of the Square of the Right Line A  B, the Semicircle 
A  D F will be fubduple of the Semicircle A B D, an i rher'-fore will be equal 
to the Quadrant A  C D. Now taking away the c c m : n o i i  Segment A  D E  
from each, the remaining Lunula A E D  F will be eq al to the remaining 
Triangle A D C .  And four fuch Lunulavi\\\ be ^qual to lour fuch Trian
gles, that is, to the whole Square A  D B G infcribed . the Circle.

Again, by what Archimedes has demonftrated, the Su iace of the Sphere
is equal to four of its great Circles *, and therefore the curved Superficies of

a n

Fig. 19;
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an riemifpljcre is equal to four fuch Semicirclcs, and a Qiwdrant o f  fuch an 
Ilcmifpherical Surface is equal to one SertYtcircle.

Let the Circle A  D B G be now the Bale of a curved Hemifpherical Sur
face, whofe Pole is P, its Axis C P  perpendicular to the Plain o f the Bafe, 
and one of its Quadrants D P A ,  which is bifeded by a Plain E  P C paiTing 
through the Axis.

Alfo for the Convenience o f Calculation, let the Radius o f the Circle be 
call’d R , the Diameter D =  2 R, die Periphery P, and the Arch exhibi
ted a.

And putting the Quadrantal Arch D E  A  =  =  -̂  P, the Semicircle
A B D Í S í7 R  =  4 : R P :  The Triangle a  D C  =   ̂R" =   ̂R  D. And the
Remainder of the Semicircle, when this Triangle is taken away, will be  ̂
R  P —  R D ; an equal to which is to be taken away from D P A , a Qua
drant o f  the curved Hemifpherical Surface, equal to the Semicircle A  B D, 
that the Remainder may be equal to the exhibited Triangle A D C .

Now fince this may be done various Ways, by what we have ihew’d long 
ago, yin. 1659, (at the End of the Treatife of the Cycloid then publiih’d, 
p. 122. at § 68.) and again Jn. 1670, (in the Treatife concerning Motion, 
C. V. P. 24.) concerning a Plain Figure, which is equal to any Figure in a 
Spherical Surface, that is terminated by any Circles greater or iefler. It may 
be thus done in the iimpleft Manner.

Since the Segments o f  a Spherical Surface, cut off by parallel Plains, are 
proportional to the Segments of the A xis; (which obtains likewife in the 
exhibited Superficies D  P A  of the Quadrantal Cuneus) if  in the Axis C P  
there be taken, as the Semicircle l  R P to the Semicircle except the Triangle 
-i R  P —   ̂R  D, that is, as P to P —  D, fo C  P  to C  Y : (or, which is the 
fame thing, as P to D, fo C  P to P Y :) A  Plain through Y  Z , parallel to 
the Bafe, will cut off a Portion of this curved Superficies, adjoining to the 
Pole, which will be equal to the Triangle A D C .  And the fame being 
done in the other Quadrants o f the curved Surface, the whole fo cut off, 
conterminous to the Pole, will be equal to the whole Square infcribed in the 
Bafe, and it will be dillended as was required. ^ E . F .

Or thus more concifely. The curved Surface of the Hemifphere, (being 
equal to two great Circles) will be equal to R P. And the Square infcribed 
in a great Circle =  2 R R =  R  D : And that is to this as P to D. And 
therefore, becaufe of the Segments of the Surface cut off by the parallel 
Plains, (being proportional to the Segments of the Axis) taking C P  to P Y  
as P to D , not only the whole Superficies will be equal to R P, but alfo the 
Portion at the Pole, cut off by t le Plain Z  Y ,  will be equal to R D, or to 
the Square infcribed in the Bafe. ^  E. F.

If it be faid that we proceed here upon the Prefumption of the Quadrature 
of the Circle, or of the Ratio o f  the Perimeter of the Circle to its Diameter j 
this is true indeed, but not to be objedted here. Becaufe the propofed iEnig- 
ma does not require, that the Portions o f  the Hemifpherical Surface which 
are cut ofî , or which are call’d the Windows, ihould be quadruble, but only 
the rcmaming Portion. And indeed if both were required, the abfolute

Geome-
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Geometrical Quadrature of the Circle would be required at the fame time 5 
which it is plain is not yet found.

As to the manual Conflrudion of the Cupola •, upon a plain Bafe, fituate 
out of the Bife of the Hcmifphcre, but contiguous to it, whofe two Sides 
meet in an Angle at A , within the protrafted Right Lines D A ,  G A , (that 
there may be a tree Profpecl from the Windows on each Side) let a good 
ilrong Foundation be laid ; fo that as the Superftrudture rifes higher, its 
Edge may flretch out, fupported by an Angle, making an Arch of a Circle 
as D Z, arifing to the Height Y . And let the fame be done at the other 
Angles D, B, G, I.aftly upon thefe Structures, as it were fo many Columns 
raifed to the fame Height, let the Cupola be placed, fo excavated within, 
as the Surface of an Hemifphere requires. And thus the whole W ork is fi-
nilhed as was rcq 

Otherwife. 1
uired.

Fig, 191

le fame thing may be done, if any Square QQ^be given, 
for the Square infcribed in the Bafe, which is lefs than the curved Hemifphe- 
rical Superficies. For it mud be made, as R  P the curved Hemifpherical 
Superficies, 10 Q  Q  the given Square, fo C P the Axis of the Hemifphere, 
to P Y  the Portion ot the Axis that is adjacent to the Pole. Then the Plain 
Z  Y , parallel to the Bafe, will cut off a Portion of the Spherical Superficies 
which is capable of Quadrature, as being really equal to the given Square
Q^Q.

The fame may be perform’d thus, but with more Trouble.
Since a Qiiadrant ot the curved Hemifpherical Surface D P A , as is iliewn 

above, is equal to the Semicircle A  B D, and its Segments cut off by Plains 
parallel to the Bafe are proportional to the Segments of the Axis •, in the 
Qiiadrantal Arch D P let there be taken P Q an  Arch of 60 Degrees i (which 
was fuggeiled to me by Mr. Cafwell.) Then a Circle Q J I 'S defcribed with 
the Pole P will bifedl the Axis, becaufe of the Verfcd Sine of 60 Degrees 
being equal to half the Radius; So that it will divide the Quadrant D P  A  
of the curved Flemifpherical Superficies into two equal Segments. One of 
thefe, which is the Quadrilineum D Q T S  A , will be equal to the Circular 
Quadrant B C D j and the remaining Trilineum P Q^T S will be equal to the 
Quadrant A  C D.' Whence if the Bilineum QJR S T  be alfo taken away, 
equal to the Segment of the Circle A D E ;  the remaining Trilineum 
P Q^R S will be equal to the Triangle A D C .  And four fuch, in the four 
Quadrants of the Hemilphere, will be equal to the Square infcribed in the 
Eafe. But ihat Bilineum may be had by what v/e have formerly proved in 
the Places above cited.

The fame may be thus done more univerfally.
Q^being any where taken in the Arch D Z , fo that D  Q^may not be 

greater than D  Z  ; and how much the Quadrilineum D Q^T S A  is deficient 
Irom the whole to be taken away, fo much let the Bilineum Q R  S T  fup* 
ply. The Remainder will be equal to the Triangle A D C .

And therefore if Q^be taken in D, fo that the Quadrilineum may vaniíh j 
the Bilineum muft be taken equal to the v/hole that is to be taken away.

V o l . I.

Fig* 20»**
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But if  Q_ is taken in Z , fo that tliere is no Occafion for the Bilineum, the 
Quadriiineiim will be equal to the whole that is to be taken away.

And all the fame Things, concerning the Quadrilineum and Bilineum, 
which together compleat the whole to be taken away, are alike to be ac
commodated, wutntis mutandiŝ  if inftead of the Square infcribed in the 
Bafe, any other Square QjQ^ is fubftituted, which is not greater than the 
whole Surface o f the Hemifphere.

After this was wrote, and in the Prefs, I was informed, that the learned 
Mr. Leibnitz had given an Anfwer to this Problem, and that it was inferted 
in the Journals of Leipftck for the Month of Jmie 1692, Upon which I ftopt 
the Prefs for fome Weeks, that I might get a Sight of it, which with fome 
Difficulty I at laft obtained. There I faw that that great Man was of my 
Opinion, that the Problem is not of that Kind which is called Determinate, 
but may be folved in a great Variety of Manners, or rather infinite Ways.

The Author of this Enigm a has now given us a vsry ingenious and ready 
Conilruftion of his Problem, in a n T r e a t i f e  on the Formation and 
Menfuration of all Vaults and Cupolas, dedicated to the Grand Duke of 
‘Tufcany; wherein he has been pleafed to give us his Name, by V  V. the laft 
Difciple of Galileas: Whereas before he concealed it by a Tranfpofition of 
the Letters, as in an Anagram, under the feigned Name o f D. Pio Lifci  ̂
pujillo Geometra.

But now the Enigm a is converted by the Author into the following Pro
blem : Upon the Surface of an Hemifphere to affign a Portion eqtial to a given 
Square. Which he thus conftrufts.

Let the Sphere, whofe Axis is equal to the Side of the given Square, be 
reprefented by the Circle A  C B D, which is vertical in the propofed Sphere, 
whofe Horizontal Diameter is A  B, and Center E. Let the Sphere be per
forated by two upright Cylinders, whofe common Sedions with the Plain 
A  C B D are the Circles B L  E  G, A  H E  I, defcribed with the Diameters 
E B ,  E A .  I fay the Thing is done; that is, from every Hemifphere, 
for Inftance the upper A  C B, four bilinear Figures are taken off by the per
forating Cylinders, two on the anterior Side, and two on the pofterior, w lich 
are fimilar and fimilarly pofited, fo that the remaining Hemifpherical Super
ficies is equal to the Square of the Line A  B. And becaufe the Hemifphe
rical Superficies, when the four faid Bilinear Spaces are taken away, repre- 
fents a Sail filled and extended by the Wind, and alfo an Hemifpherical 
Cupola admitting Light by four Windows, which being conflruéled upon a 
Circular Bafe A  E B ,  refls upon it at the Points A ,  E, E, B. This he calls, 
according to a Right he has, T̂ he ^adruple Florentine and Veliform Cupola.

Then the Author in his Treatife delivers many Things which regard the 
Praélice ; how by the AíTiílance of the Lathe and Cylindrical Auger to make 
Models of this, as well as of five other Cupolas. And for this purpofe, he 
conftrufls fome other curious Problems-, the Demonilrations of all whici 
are omitted by the Author, but will eafily follow from what is here delivered.

It appears plainly, that the four Windows in the Hemifphere, conftrufted

as above, are Figures equal, fimilar, and fimilarly pofited. It only remains»
that
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that we flionld prove the remaining Hemifpherical Superficies is capable of a 
true Geometrical Quadrature.

In the Point E, equal to the T.ine E  A , let a Line be fuppofed to be 
erefted, perpendicular to the Plain C A D B ; and upon the Periphery ACBD  
let there be an ereél Cylindrical Superficies of the fame Height. It is com
monly known, that a Portion of the Spherical Surface, comprehended be
tween two Plains parallel to the Circle A  B C D, is equal to the Portion of 
the Cylindrical Superficies between the fame Plains; and that like Portions 
of thefe Rings, cut off by Plains mutually interfeiting one another in the 
Perpendicular erected at E , are equal alfo. Now by di'awing innumerable 
Plains parallel to the Bafe A C B D ,  if in the Cylindrical Superficies Parts 
are conceived to be defcribed in the aforefaid Manner, equal to the cor re f- 
pondent Spherical Parts; that which is reprefented by the Perforation of the 
Superficies, and taken away oppofite to it, will be equal to it. So that it 
appears the remaining Superficies after the Perforation is equal to the re
maining Cylindrical Superiicies, excepting that which is determined by the 
faid innumerable Plains, and is oppofite to that which is taken away. Lee 
any Diameter P M  be drawn, cutting the Periphery A  H  E  any how in H. 
Join H  A , and through H  let R T  be drawn perpendicular to A  B, and 
parallel to D C drawn through E, meeting the Periphery A C B D  in R and 
T ,  and the Periphery A  I E  in I. Upon the Diameter R T  Jet a Semicir
cle be drawn, whofe Periphery is cut by H S  and I Q_perpendicular to R T ,  
in the Points S and Let the Plain of this Semicircle be conceived to be 
:>erpendicular to the Circle A B C D .  Whence the Periphery R S Q T  will 
3e in the Hemifpherical Superficies, and the Right Line H  S, now perpen
dicular to the Plain A C B D ,  will be the Height of the perforating Cylin
drical Superficies above the Point of the Bafe H. And the lame Thing ob
tains in every Point of the perforating Cylindrical Superficies, viz. that its 
Height to the Superficies of the Sphere above any Point H  of the Bafe, is 
the Right Line H S produced as before. But H  S is equal to H  A , the 
Right Sine of the Arch M  A , becaufe either of them is a mean Geometri
cal Proportional between P H  and H  M ; one in the Circle M A P ,  the 
other in a great Circle of the Sphere, pafling through the Points M , S, 
and P.

I f  in the Perpendicular to the Plain A C B D  erefted at E , from E  be ta
ken a Right Line equal to H S  or H A ,  and from its Extremity parallel 
Lines are drawn to P M and U N ;  the Plain drawn through them will be 
parallel to the Plain A C B D ,  and thefe Lines will pafs through the Points 
S and Q , and being produced as far as the Cylindrical Surface confcribed 
about the Hemifphere, from the Sides of the Cylinder will cut off Right 
Lines, which wi 1 likewife be equal to H  S or H  A , and will include Arches 
equal and correfpondent to the Arches M  N  and V P. Now if another 
P  ain Parallel to this at a very fmall Diftance be conceived to be drawn in 
like Manner, by what is already ihewn, thefe two will mark out in the Cy
lindrical Surface a Portion of a Ring, equal to the Portion between the fame 
Plains, which is taken away from the Hemifpherical Superficies by its Per-

E  2 foration.
1. 'i
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fonition. Now if  the fame Conftrudion is fuppofed to be made at every 
Point in the Periphery A  H  E, ail the Portions in the Cylindrical Superfi
cies circumfcribed about the Hemifphere, generated and marked out in the 
Manner aforefaid, will be equal to the Spherical Superficies taken away by 
the Perforation. Therefore the remaining Hemifpherical Surface will be 
equal to the remaining Cylindrical Surface, compofed of all the Right Lines 
H  A ,  ereded at the refpedlive Points M , N, V , and P, or to the Figure of 
the Right Sines o f the Semiperipheries A  C B, A  D B j that is, by what 
has been Jong known to Geometricians, to four Times the Square of the Ra- 
dius A  h, or finally to the Square of the Diameter A  B. And fince the two 
intire Figures contained by the common Section of the aforefaid perforating 
Cylindrical Surface with the Surface of the Sphere, are equal to the four 
Halves of the fame ; it is plain that the remaining Hemifpherical Superficies 
A  C B, taking away the four Bilinear Spaces as in the Conftrudion aforego
ing, is equal to the Square of the Diameter A  B. E. D.

I f  the Semiperiphery A  H  E  is fo infleded, that it may coincide with the 
equal Quadrant of the Periphery A R C ;  the Point H  will fall upon the 
Point M , becaufe of equal Arches A H ,  A M ;  and H  S the Altitude at H 
o f  the Cylindrical Surface infilling upon A  H  E, will coincide with its equal 
H  A , the Altitude at M  of the Figure of Right Sines eredled upon A  M C ; 
and the lame Thing obtains in all other Points. Whence the Curve which 
is the common Interfeftion o f  the Spherical Surface with the Cylindrical 
Surface, infle¿led upon the Bafe A  H  E, though it does not lie in the fame 
Plain, yet will coincide with it as faid before, and therefore is equal to the 
Curve that terminates the Figure of Right Sines ; that is, to the common 
Sedion of the Cylindric Surface erefted upon the Quadrantal Arch A R C ,  
with the Plain cutting the Plain of the Bafe in the Right Line B A  at half 
Right Angles; or to a Quarter of the Elliptical Curve whofe lefler Axis is 
A  B, and its greater Axis is double in Power to the fame. Therefore the Pe
rimeter of the Quadrable Florentine Sail, confiding of four fuch Arches, is 
equal to the Perimeter of the aforefaid Ellipfis.

Moreover it will not be amifs to add, that the Superficies of two perfora
ting Cylinders within the Sphere, are equal to the Spherical Surface remain
ing after the Perforation, or to a double Florentine Sail, that is, to the dou
ble Square of the Diameter. And this appears from hence, that the Floren- 
tine Sail is equal to four Figures of Right Sines of the Quadrant, and the 
perforating Superficies is alfo equal to the fame, becaufe it is congruous with 
them, if the. Inflexion is as above.

I ihall only add one Word more, that the Confideration of the Figure of 
Right Sines, (the Parts alfo of which are eafily changed into Squares) are 
fufficient for the Demonftration of all thofe Things, which are delivered con
cerning other Solids wrought by the Turning-Lathe, or perforated by a Cy
linder, and their Superficies; by the mofl: acute Geometrician V. V. {Vincen- 
tio Vivianty if I miftake not) the very worthy Difciple of GaliUus ; when he 
inftVuds us in the Conftrudion and Menfuration of Vaults or Cupolas. Par
ticularly the Surface o f the Roman Boat-like Cupola \Volla a Schifo alia Ro-

V  ‘ -IiL nt



ynam"] confifts of eight Figures of the Right Sines of the Quadrantal Arch, 
and tiierefore is equal to the Florentine Velitorm Cupola. Whence it ap
pears how two Cupolas may be conilituted upon equal Squares, one of which 
is iliuc up on all Sides, the other perforated by Windows, each of which is 
double to the Square of the Bafe.

VII. I . Drawing the fir  eight Hines E  J ,  and E  B (cutting the Arc A  B in G,) Siaadrature. 
and on AG^ a Perpendicular E  {which will therefore pafs to the Center C, ^
beaufe bifeSiing A G  at Right Angles',) the Right-lined Triangle A F E  is Mr. ]. pnks, <t 
equal to A D  E , the prspofed Portion of the Lunula.

N. 5159./I. 4.TT.

The Demonftration is to this purpofe j viz. A D B  being a Quadrantal 
Arc i the Angle A  G B will be three Halves of a Right Angle *, (and its con
junct Angle E G A ,  half a Right Angle) and that Angle (being external to 
the Triangle A  G E) is equal to the two oppofite Intervals G E  A - | - E  A  G.,
Whereof G E A (becaufe an Angle in the Semicircle A  E B) is a Right Angle, 
and therefore E  A  G is half a Right Angle, (as are alfo P E G ,  and F E A )  
and the three Triangles A  F E ,  G F E  and G E  A , each of them half a Square.
And A G  to A  E, as \/ 2 to i , (proportional to the refpeftive Radii of the 
two Circles.) And the like Segments A  D G, A  E, in their refpedlive Cir
cles (as the Squares of their refpedlive Radii) as 2 to i. And therefore the 
Semifegment A  F D, equal to the Segment A  E  and confequently (one ta
king from the Triangle as much as the other adds to it) the Portion of the 
Lunula A  D E, equal to the Triangle A  F E. ^  E. D.

If the Point E  chance to be in K  (the middle of the Arc A  E  B), there will 
be no Interfedlion at G (the Points G, B, being then coincident, lout without 
any Dirturbance to the Demonftration) : I f  it happen beyond it, toward B, 
then G will be on the other fide j and what is here faid of E  G B, muft be 
accommodated to E  G A.

The Ground of the whole Procefs is plainly this: The Angle A C E ,  be
ing an Angle at the Center of the greater Circle, but at the Circumference 
of the Leffer, the Line C  D E  (as it paflTeth from C A  to C  B) doth, in the 
fame Proportion, divide the Quadrantal Arc A D B ,  and the Semicircular 
A  E  B : Whence all the reft doth naturally follow,

2. If  you compleat the two Circles, whofe Arcs contain the Lunula of Hip- uprwcdhy Dr. 
pocrates, the fame is true as well of the Points in the other Semicircle A  C B, Gregory, ibid. 
as of thofe in the Semicircle A  E B, and for the fame Reafons; as appears in cec.̂ An. 1699, 
the Scheme annexed, wherein I have mark’d the Points in the Semicircle ACB, =4-
(correfpondent to thofe of Mr. Perks., in A  E  B) with the correfpondent 
ihiall Letters in the Roman and Greek Alphabets.

If Mr. Perks had made his Conftruflion univerfal, by making both E  A  and 
B meet with the greater Circle, (which he might have done by protradling 

thefe Lines and the greater Circle till they meet) he might have found that 
the Portions of the Spaces A  £ C M , B H  C N , (fuppofing M C N  parallel to 
A  B j  are Quadrablc as well as thoíé of Hippocrates*  ̂Lmulâ  ̂and that E  A  y  be-

( *9 )
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inga ñreiglit Line, the Portion A  E D of Hippocrates*  ̂Lunula  ̂ is to A  g ^(the 
Correfpondent of A  s C M) in duplicate Proportion of C s to A  s j for E  R a 
(at R the Center of the lelfer Circle) is, in this Cafe, a Right Angle.

Moreover, If you take any Point t, in the Semicircle A  C B, and proceed 
according to Mr. Perks^s Conftrudion univerializ’d, as abovefaid, you will 
find, on the one fide, the Trilineum A  e í  (c®ntain’d by the Arcs A  e, A  
and the ftrcight Line tí) equal to tlie Re^lilineal Triangle A  f <p •, and on the 
other fide, the Trilineum contained by the Arc B e (the Complement of s A  to 
the Semicircumference) and the Arc B d (the Complement of A  J to the fourth 
Part of the Circumference) and the ilreight Line td , (chat is the Trilineum 
B H  C ¿3? diminiihed by the Segment C f) to be equal to the Redlilineal 1  ri- 
angle B g/; and that thole two Spaces Ae¿y  and the Difference of B H C<¿ 
from the Segment C e (Parts of the Lunula A  C B y A ) taken together, are 
equal to tlie T  riangle A  C B, as well as to the two Spaces A  E  D and B E D ,  
Parts of the Lunula o f Hippocrates.

So that upon the whole it appears, that the two Circles (containing the 
Lti/tula o f  Hippocrates) being compleated, this Lunula  ̂ A  E B G A ,  and the 
other, A  CB^j^ A ,  make up one Syftem, and are conjugate Figures.

For, drawing a ftrcight Line C D E, or C e íí, or e C  at plealure, thro*
C, the Center of the greater Circle, and cutting thofe two Circles, the Space 
contained within two Arcs of thefe two Circles, and Part o f  the faid ftreight 
Line ('as A  E  D, or A  g or B H  £ is equal to the rectilineal Triangle 
A  E  F  or A  £ <p, or B g/, refpedtively.

And fo it happens, that if this Line going out from C, be on the fame fide 
o f  the Diameter M  N with the Lunula of Hippocrates  ̂ the aforeiaid Space 
(which receives a perfeft Quadrature) is Solitary ; fuch as are the Parts of 
Hippocrates'^ Lunula  ̂ and of the two Spaces, A  g C M , B H  C N  (which there
fore are Parts of the Lunula, more nearly relating to one another.)

But if that Line going out from C be on the other fide of M  N , then the 
Space which is equal to the Redilineal Triangle is the Difference of two Mix- 
tilineal Figures (the one a Trilineum, the other a Segment of the lefler Cir
cle), as is abovefaid; neither of which can be fquared feverally.

A ll thefe Particulars are plain from Mr. Perks*s Demonftration ; which, 
with a Jittle Variation (fuch as is ufual in the different Cafes of the fame Theo
rem), is applicable to them al l ; tho’ perhaps he was not aware of it.

The like was done (without any Demonftration) by M. T f̂chirnhaufe, in the 
jí¿ía Lipfia 1687, to this purpole : If  from any Point E , in the Circumference 
o f  the lefTer Circle, we let fa 1 on A  B a perpendicular Line cutting it in L, 
and draw the Line C L  j the Triangle C  A  L  is equal to the Portion of the 
Lunula A  E D  (and confequentiy the Triangle C B L  equal to the Portion 
B E D ) ;  which 1 iliall demonftrate fo as the Demonftration may alfo reach 
the Portions o f  the conjugate Space A  C B¿- y  A .

For the Triangles A  C B, A E F ,  are Like Triangles, each being the Half 
of a Square; and therefore, by 19 El. 6. the Triangle A  C B  is to the Tri
angle A  E  F  in the duplicate Proportion of B A  to A  E , that is, by 8 El. 6. 
as B A  is to A  L  ; But, by i E l  6. the Triangle A  C  B is to the Triangle

A C L
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A  C L  as B A  ¡S to A  L : Therefore, by 9 El. 5. the Triangles A C L  and 
A  E F are equal: But the Triangle A  É  F  is (by Mr. Perks) proved equal 
to the Portion A  E  D ; and therefore the Portion A  E  D is aUb equal to the 
I'riangle A C L .

3. On the Center B, Mr. Cafwell draws by A  a third Circle, which forms By M r. caf- 
another Lunula than that of Hippocrates', and he doth (very dextrcu(ly)"‘= ^ * i 4*7' 
fquare the Portions of this Lunula •, and doth hereby let us into a new Sy- 
ilem, which may be purfued in like manner as Dr. Gregory hath done that 
of Hippocrates.

4. M. Tfchtrnhatife  ̂ letting fall from E  (on A  B) a Perpendicular E  L ,  Dr. Waiiis,

25.
ibid. 

Fig.

il£D

determines the Angie A  L  C equal to the Portion A  D E  j which being ad
mitted, we may thus divide the Lunula in any given Proportion ; if we di
vide A B  at L  in fuch given Proportion, C L  will, in the fame Proportion 
(becaufe of the common Altitude) divide the Triangle A  C  B (which is equal 
to the whole Lumila)  ̂ and L E  (erected at Right Angles on.A L B) will de
termine the Point E  ; from whence if we draw to C the ftreight Line E  C, 
this will, at D E, divide the Lunula in the fame Proportion.

Mr. Perks, on E D  C drawing the Perpendicular A  F, determines the Se- F/¿.£6. 
miquadrate A  F E equal to the propofed Portion A  D E ; which Semiqua
drate is a Like Figure, and alike fituate to A  E  as is A  C B to A  B.

And therefore (becaufe Like Figures are in duplicate Proportion of their 
refpedive Sides) if we ib infcribe A  E , as that the Square of A E be to the 
Square of A  B in fuch given Proportion, the Lunula will, at D E , be fo di
vided as is required.

And this will hold (if duly applied, according as the different Cafes may 
require) though E  be taken (in the Continuation of the Semicirclej beyond A  ; 
for, ftill like Figures will be in duplicate Proportion of their refpective fides, 
and C E = C D  =  D E j  and the fame is yet improveable much further.

VIII. If  upon B C you take any two Points D, E, and draw the Perpen
diculars D H , E  M , meedng B A  in I and L , and cutting a Portion FG M H , 
of the Lunula ; the Solid generated by the Converfion of this Portion about 
the Axis B C, is equal to a Prifm, whofe Bafe is I L  M  H , and Height the 
Circumference of a Circle whofe Diameter is B C j and the Solid generated by 
the Semicircle B K  A , is equal to a Prifm or Semicylinder, whofe Bafe is the 
Semicircle B K  A , and Height the Circumference of a Circle whofe Diame
ter is B C.

Having bifeiled B A  in R, and B C in P, the Surface generated 
by the Converfion of the Arc H  M  about the Axis B C, is equal to

— X B P x H M “| - B R x D E  (fuppofmg the Ratio of the Radius to the Cir

cumference to be as r to c) and the Surface generated by the Semicircumfe- 
rcnce B K  A  is equal to a Rectangle whofe Bafe is the Sum of that Semicir
cumference and Diameter B A , and Height, the Circumference of a Circle,

whofe

Hbt Dimenjtcn c f  
Solids generated 
iiy the Cor'verjion 
of Hippocratc&’ i  
Lunula, by M .  
Ab. da Müivre, 
N . 265. p* 624» 
Tul. An. 17001 

Fig. »7 .
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whofe Diameter is B C. As for the Surface generated by the Arc G F, ’ tis 
well known that it is equal to a Reilangle, whofe Bafe is the Circumference 
o f a Circle whofe Radius is B C, and Height D E ; therefore the Surface ge
nerated by the Converfion of the Portion M  H  F  G is known.

If upon B A , you take any two Points I, L,, and draw I N, L  V , perpen
dicular to it, cutting the Quadrant in O and T ,  and the Circumference in 
N  and V j the Solid generated by the Converfion of the Portion O N  V T  
about the Axis B A , is equal to a Prifm whofe Bafe is I O  T  L ,  and Height 
the Circumference of a Circlc whofe Diameter is B A .

__  __  «

Having biíéñed B A  in R, and drawn C R meeting the Quadrant in G, 
the Surface generated by the Converfion of the Arc O T  about B A ,  is equal

t o - x C G x l L C R x O T .

Bifeél D E  in I ; thro’ the Center draw S Q^ parallel to B C, meeting the 
Circumference B K  A  in S, B K parallel to A  C in V, and the Lines D  H, 
E  M , in N  and O j the Solid generated by the Converfion of the Portion F G M  N

about the Axis A C ,  is —  x  -f M

C Y x D N O E
c

^ E  G ’ D 5 and the Solid generated by the Segment

K B S  is — X 4- VK» -f< P C x B V K S ;  therefore the Solid generated by

die Semicircle B K  A  about A C ,  is— x i ^ C x V  Q^A K - f P C x B C Q V

4-A C ’ -I- i-V K ' ■ P C x B V K S ,  which by due Reduilion, will be 
found equal to the Solid generated by the Converfion of the fame Semicircle 
about the Axis B C.

The Solid generated by the Portion O N  V  T ,  about the Axis C  P, is 

equal t o y  x^ L  V ’ — - I ±  Q^T’ +  -f P 0 ’ -}-C S x P Q J  L .

From the Points M , H , drop the two Perpendiculars M  Z ,  H  W, 
upon C A  prolonged, if  need be i the Surface generated by the Conver

fion of the Arc H  M , about the Axis C A ,  is equal t o — x P C x H M
r

-—  R A  X W Z , when the Point Z  is next to C j or— x P C xH  iVI-1-R  A x W  Z, 

when the Point W  is next to it.

Thofe that will think it worth their while to beftow fome little Pains to 
find the Demonílration of this, may folve the following Problem.

Any
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Any two Conic Sections being given  ̂ forming a Lunula by their Interfeñiony 
and a Right Line being given by Pofttion, about which, as an Jxis, this 
Lunula is imagined to turn. To find the Solid generated by the Converfton 
of any of its Parts, cut off by Lines perpendicular to that Axis, or fa-  
rallel to it, or making any given Angle with it j as alfo the Surfaces made 
by that Converfion.

IX. Suppofe D P V  to be Half of an exterior Epicycloid, V B  its
V  the Vertex, V L B  Half the generant Circle, E its Center-, D B the
C  its Center: Bifeóc the Arc of the Semicircle V B in L , and on the Center C,^'-- Caiw.n. 
thro* L ,  draw a Circle cutting the Epicycloid in P : Then, I fay, theCurvili-oa!

. C E  9̂'
near Triangle V  L  P will be =  B E  j  in i that is, the Square of the Se

midiameter of the generant Circle, will be to the Curvilinear Triangle V  L P ,  
as C B, the Semidiameter of the Bafe, to C  E ; which C  E  in the exterior E- 
picycloid is the Sum of the Semidiameters of the Bafe and Generant •, but in 
the interior Epicycloid D p u, it is the Difference of the faid Semidiameters.

COROLL. L ]  In the interior Epicycloid, if C  E  is |  C B, the Epicy
cloid then degenerating into a Right Line, the Quadrature o f the Triangle 
Ip  u, will be in efFed: the fame with the Quadrature of Hippocrates Chius.

COROLL, II.] If the Semidiameter of the Bafe is fuppofed infinite, the 
Epicycloid then being the common Cycloid, the Area of the faid Triangle 
will be equal to the Square of the Radius of the Generant; and fo it falls in 
with that Theorem which Lalovera found, and calls Mirabile.

The general Propofition from whence I deduced the abovefaid Quadrature, 
is this, The Segments of the generant Circle are to the correfpondent 
Segments of the Epicycloid, as C B to 2 C E  +  C B. For Example; Sup- 
poie F m G, the Pofition of Part of the Generant, when the Point F  of the 
exterior Epicycloid was defigned, then the Segment F G » is to the Seg
ment D F » G ,  a s C B  to 2 C E  +  C B ;  and confequently the whole Epicy- 
cloid to the whole Generant in the fame Proportion *, which is the only Cafe "  '
demon flrated by M. de la Hire.

It follows alfo, that in the Vulgar Cycloid its Segments are triple of the 
correfpondent Seflors of the Generant j which was firil ihewn by Dr. Wallis.

X. The Area of the Cycloid or Epicycloid, whether it be primitive, or contrast-̂ gtmroiProfn-
ed, or dilated, is to the Area of the generating Circle ; and alfo the Areasf¡'̂ f̂l̂ í̂¡[¡ĵ  
of the generated Parts in the fame Curves, to the Areas of the analogous Epiry<io<Js,
Segments of the Circle ; as the Sum of the double Velocity of the Center% x̂l^ t̂̂ h%. 
and the Velocity of the Circular Motion, to the Velocity of the CircularP' 2̂5* 
Motion.

Bemonjlration. Let any Epicycloid Y P S Q V  B be defcribed, by the Re- Fig. t?-; 
volution of the Circle V L B ,  upon the Circular Bafe Y M N B .  Let  the

V o l . I. F  Center

( 33 )
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Center of the generating Circle be c, and drawing í  M  K, let the Circle Infift 
upon the Bafe in the Point M , and let S be the delineating Point. Now di- 
viding the Motions, by the Circular Motion firft let the Point S be tranf- 
ferred to R , that the Arch S M  may be increafed by the indivifible Particle 
R S j then let the Center c go forward to C. By this Motion the Segment 
R  S M  being tranHated to the Situation Q T  N , the Point Q  will reach the 
Curve. It is plain that the Triangle R S M  is the Moment or Fluxion of the 
Area of the Circular Segment: But the Trapezium Q.S M  N  is the Fluxion 
of the Area of the Curvilinear Space generated at the fame Time. Now fince 
S M, R M, Q_M, are fuppofed to diifer from one another only by a Point, 
conceive the little Area QjS M N  to confift of three Sedors R M S ,  
R  M Q, M Q_N j and therefore the little Area R M S  is to the litde 
Area Q  S M N , as the Angle R  M  S to the Sum of the three Angles 
R  M  S +  R  M M  Q^N. But the Angles R  M  Q^-1-  M  C^N 
are equal to the Angles M  C N  M  K  N, or to the Angle t M C •, 
becaufe of the Lines R M , QJN inclined to one another in an Angle equal to 
M  K N , and becaufe o f  the Angle M QJST being half M C N , by £uc/. 20.
III. Therefore the Angle R M  S is to the Angles R  M  S - j- f  M C, that is, 
(by the fame) the Arch j  R S to the two Arches C +  ¿ R S , or R  S to 2 
C  c -|-R  S, as the little Area R S M to the little Area Q S  M N ; or as the 
Moment of the Circular Segment QJT N , to the Moment QJS Y  M N of 
the Epicycloid generated at the fame Time. And as thefe Moments are al
ways in the fame Ratio, wherever the Point Q^is taken, it is plain that the 
Areas themfelves QJI' N , QJS Y  M  N , generated by thefe Moments, h;ive 
the fame conftant Ratio, or that of the Velocity of the Circular Motion 
R  S, to the double Velocity of the Center adding the Circular Motion, or 2 
C i - ^ R  S ; alfo as the Area V  B Z  to the Area QJVB N , and therefore the 
Semicircle V  L  B to the Curvilinear Space V  Q_Y N  B. So that the Propo- 
fition is manifeft. Now there is no other Difference in the Manner of de- 
monftrating, if the generating Circle moves upon an Arch o f a concave 
Bafe, except that the Angle f M C in this Cafe is the Difference of the An
gles M  C N  and M K  N. But i f  the Bafe be a Right Line, then M  K N 
vaniihing, and becaufe of the Parallels R  M , QJSí, the Proof becomes ea- 
fier. Now in all thefe Curves there are quadrable Portions, analogous to 
thofe Portions in the primary Cycloid, which the learned Dr. Wallis has 
found to be capable of perfed C^adrature: Which eafily follows from the 
Premifes.

With Center K  through the Point Q^draw the Circular Arch Q_Z,, and
draw Z  B cutting off a Segment Z  L  B, equal to the Segment Q^T N ; then
bifed the Semicircle V  B in L ,  and through the Point L ,  with the fame
Center K  defcribe the Arch P L , cutting the Epicycloid in P , the generating
Circle in T ,  and the Chords Q^N, Z  B, in jy and X, Now let the Arch
V  Z  =  <3, and its Sine =  the generating Radius =  r, and the Radius of
the Bafe =  R. And make the Arch C E, or the Motion of the Center, =
m. It is plain tiiat the Sedor C K  E  has the fame Ratio to theSpace Xji»
N  B, as the Square of K  E  lias to the Difference of the Squares o fK  L  and
K B ;  0r a s R R - l - 2 R r  +  r r t 0 2 R r - 4- 2 r r ;  that is, as R - f - t o  2 r,

or

( 34 )
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or K  E  to B V  i and therefore the Rectangle B E  x  C E, or r is equal to 
the Space X ; ’ N  B. But the Space V  Z  B is equal to the Reftangle ¿  ̂r -h
i. j  r ; and therefore according to our Propofition it will be, as « to 2 my fo

•g  ̂ to ms r  ̂ which is equal to the Curvilinear Space

Q Y  Z  L  B N Q i  From this fubftraa: the Space X  j  N B =  r and there
fn VS

will remain the Space Q V  Z  X  jy =  — ' And fince thp Spaces Z  X  L ,  Q j  T

mrs
aare equal to each other, the Space QJV" L  T  Q^will alfo be equal to

Therefore whenever a to or the Circular Motion to the progreffive Mo
tion of the Center, ihall be in a given Ratio •, the perfed Quadrature of the 
Curvilinear Spaces Q_V L  T  will be given alfo. Alfo the whole Space
V P L ,  to the Square of the Radius B E, will be in the fame Ratio of the 
Motions m to ¿7, that is, in every primary Epicycloid in the Ratio o f  tl’.e 
Radii K E  to K  B ; which is the Propofition of Mr. Cafwell. But the leiTer 
Spaces QJV L  T  Q^will be to one another as the Sines of the Arches V Z  ; 
and the Triangular Spaces Q^T P, by the fame way of arguing, will be as 
the verfed Sines of the Arches QJT or Z  L ,  and are therefore quadrable.
In like manner it may be proved, that the Spaces P A T ,  p'L.u^ a r ,  are 
always to the Square o f  the Radius B E  (in all thefe Figures) in the aforefaid 
Ratio of m to a ; and their Portions p (it zs the verfed Sines of the inter
cepted Arches^/. But the remaining Segments, as j i T A ,  Cfff.
wiillbe as the Right Sines of the Complements of the fame Arches q t.

Now the Ratio of the Velocities mto a\s compounded of the Ratio of the 
Radii K E ,  B E ,  and the Ratio of the Angles that are equably defcribed at 
the fame Time C  K  E, V E Z ;  and therefore that Ratio of the Angles be
ing given, all the forelkid Epicycloidal Spaces will alfo be fquared.

XI. I . A  Curve is required with this Property  ̂ that the two Segments (of a ̂  Préim tn- 
Right Line drawn from a given Point through the Curve,) being raifed̂ ^̂ ¿̂ ^̂ ^̂ ^̂ '̂ 
to any given Power, and taken together, may every where make the -̂^^ -̂p-1̂ 7' 
fame Sum. We leave it to Analyfis to exhibit a general Solution.

2. The Problem (if I rightly underftand it) may be thus propofed. ASohed i>y li.n. 
Curve K I L  is required with this Conditioji, that if a Right Line P K L  
any how drawn from fome given Point or Pole P , meeting the fame Curve 
in two Points K  and L  j the Powers of its two Segments P  K  and P L , 
drawn from the given Point P to thofe Points of meeting, if they are raifed 
to an equal Height, (that is, either Squares, or Cubes, or Biquadrates, & ’c.) 
in every Pofition of that Right Line they may make the fame Sum, P K j  
- h P L q ,  or P +  P L̂ ""̂  ^ c.

Solution. Through any given Point A  let an infinite R^gh^Line be drawn 
A D B  given in Pofition, meeting the moveable Right Line P K L  in the 
Point D ; and call A  D, a: ; and P K or P L ,  ̂ ; and let Q^and R be Quan
tities any how compofed of any given Qiiantities and the Quantity a ; and 
et the Relation between x and y be denoted by this Equation, yy -^ Q.J 4"

 ̂ F  2 R  =: o*
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R  =  0. And if R  be a given Quantity, the Reftangle o f  the Segments 
P K  and P L  will be given. If Q^be a given Quantity, the Sum of thofe 
Segmenfs (conjoined by their proper Signs) will be given. If  Q_Q^—  2 R 
is given, the Sum of the Squares ( P K y H - P  L j )  will be given. If Q^— .
3 ^ R  is a given Quantity, the Sum of the Cubes (P K '“  ̂ + P ) will
alfo be given. If Q;^_4 Q^ R -|- 2 R  ̂ be a given Quantity, then the Sum
of the Biquadrates ( P K ^ y - ^ P  will alfo be given. And fo on ad 

I infitiitum. Therefore let it be provided, that R, Q , Q^—  2 R, Q, Q*—  2 R,
C K — 3 Q R ,6?f. may be given Quantities, and the Problem will be refolved.

li In the fame manner Curves may be found, which ihall cut off three or more
Segments having the like Properties. Let there be an Equation jy> Q^*’ -|- 

I- R jy-j-S  = = o ’, where Q , R , S, denote ^lantities compofed of any given
I Quantities whatever, and of the Quantity x any how involved ; in which

Caie the Curve will cut off three Segments. Now if S be a given Quantity, 
the Solid contained by thofe three will be given. If  Q_̂ be a given Quantity, 
the Sum of three fuch will be given. If Q J ^ — 2 R  be a given Quantity, 
the Sum of the Squares of three fuch will be given.

rteUfic/Fia- XII. Here you have a Method for the Quadratures o f  Curvilinear Fi- 
xions in tbt So- gures ; for the Dimenfion of Solids generated by the Rotation of a Plain, 
^̂‘,‘kkPrMZ‘l  and of their Superficies; for the Reélification of Curves *, and for the Calcu- 
h  M r. A b r .  de lation of their Centers of Gravity. But before I go any farther, I would have 
Mome, n. zi6. undcrftand, that I make ufe of what the great has demonftrated,
Mar. An. 1695. in Pag. 251, 252, and 253 of his Philofophical Principles, about the mo

mentary Increments or Decrements of Quantities, which either increafe or 
decreafe by perpetual Flux j and cfpecialiy that the Moment of any Power

. tl n
Am ) is — ¿I A  xn 

ra

I: n

!

Therefore the Fluxion —  ah:" ' being given, on the contrary we may
n

find the flowing Quantity A ~ , firil by removing a from the Fluxion. Se
condly by increafing the Index of the Fluxion by Unity. And thirdly, by di
viding the Fluxion by the Index fo increafed by Unity.

%

The Abfciis of the Curve in what follows ihall be denoted by iCy its Flux
ion by X j the Ordinate by j ,  and its Fluxion by j?.

This fuppofed, to proceed now to Quadratures, firft let the Value of the 
Ordinate be obtained, by means of the Equation expreffing the Nature of 
the Curve. Secondly, let this Value be multiplied by the Fluxion of the 
Abfcifs, and the Reétangle hence arifing will be the Fluxion of the Area. 
Laftly, from this Fluxion of the Area let its Fluent be found, and we fliall 
have the Area required.

Let
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Let the Equation íí® be propofed, expreffing the Nature o f  any Pa

raboloid in which the Value of the Ordinate will be;» =  íí which if mul-
 ̂ m

tiplied by the Reftangle  ̂ will be the Fluxion of the Area. There

fore the Area required will be
m I JH . .

X ñ+ '; or putting^ for n> it will be

n
m-hn

xy,

n £ D

Again, let a Curve be propofed whofe Equation is x* +  a* =T"> (which
is the firft among Mr. Craig's Examples) then affumingx \ / x x  +  a a = y y
the Fluxion of the Area will be x j  \/~x^ +  a a. Now as it is involved in a
Radical Sign, let us fuppofe x x - h  a a = i z  i whence y y +  g <? =  2% and
therefore X ¿ =  2: * j and putting z ¿  and z  for x x  and sj xx-\~ aa  ̂ the 
Fluxion freed from Surds will be z .  This if we bring back to its Qrigi-
nal z \  and reftore x x-\-a  a for 2, we ihall have ~ X x x - ^ a a \ / x x ' \ ' a a  
for the Area required.

But that it may farther appear with what Eafe thefe Quadratures may be 
obtained, I will ftill add one Example more. Let the Equation of the Curve

b e t h e r e f o r e  y = -77= : > and then-7===“ will be the Fluxion of 
x~i~a 'yx-ra

the Area. Let us fuppofe V  íí 4- a =  z , whence x = z z z  —  a, and¿ =  2 Z ¿ ,

Therefore -------=  22» a — and therefore f  ẑ  2 a z,  or — 4 a
Vx-ha

V57+ S  will be the Area required.

But it often happens that fome Curves, fuch as the Circle, Ellipfis, or 
Hyperbola, are of fuch a Nature, that it would be in vain to endeavour to 
free their Fluxions from Surds ; and then the Value of the Ordinate muft be 
reduced to an infinite Series j then every Term of this Series being multi
plied by the Fluxion of the Abfcils, as above, the Fluent of every Term 
mull; be feparately found, and the new Series thus arifing will exhibit the 
Quadrature of the Curve propofed.

"With the fame Eafe this Method may be accommodated to the Dimen- 
fion of Solids form’d by the Rotation of a Plain, by affuming for their 
Fluxion the Produd of the Circular Bafe into the Fluxion of the Abfcifs.

fl
Let the Ratio of the Square to the infcribed Circle be called the Equa-

doc ̂
tion belonging to the Circle isyy and therefore 4 X------

X
n
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is the Fluxion of a Portion of the Sphere, and confequently 4 x -------- ¡7 ——̂ ■

d X X
is the Portion itfelf. The Cyh’nder circumfcribed about this is 4 X—— -̂--- >

and therefore the Ratio of the Portion of the Sphere to tha circumfcribed Cy  ̂
linder is as i  ¿  —  j  x to d —  x.

j; The Reflification of Curves will be obtained, i f  the Hypothenufe o f the
Right-angled Triangle, whofe Sides are the Fluxions of the Abfcifs and Or
dinate, is confidered as the Fluxion of the Curve. But Care muft be taken 
in the Exprefiion of that Hypothenufe, that one of the Fluxions only may 
remain, and only one of the Indeterminate Quantiries, which muft be that 
whofe Fluxion is retained. This will be plain from the Examples.

Fig. 3*. From the given Right Sine C B. to find the Arch A  C, making A  B =  ;c, 
C  B =  jy, O A  =  r ; let C E  be the Fluxion of the Abfcifs, E D the Fluxion 
o f the Ordinate, and' C D the Fluxion of the Arch C A. The Property of 
the Circle is i r  x —  x x  = yyy  whence z r  x —  2 x xz=z2 j i ,  and therefore

yy « .......................... . . , yyyyX ---------- But C  D ¿7 —  yy +  AT  ̂— yy + ------------ ¡---- =̂:iy y -4- ---------- - ̂ r— x ^  2 — rr— i r x + x x  ■' r r  yy
f  T y y y  ̂y

= ----------• Therefore C D =  . -  ■ • But “ 7 = = = =  is the Produót
I r r — yy » J r r — yy sJ r r — yy
i; r I

\

I

of ——   ̂—• into r j ,  or of r r — y ̂  into r jJ; fo that if r r — yy\ i  be
V r r — yy

reduced to an infinite Series, and all its Terms multiplied by ry ; and if  we 
find the Fluent of every Term, we ihall have the Length of the Arch A  C.

In a like manner the Arch may be found from the verfed Sine being gi
ven. Let us refume the Equation found above 2 r  x ^ 2  x 'x =■'2.yj^ which

r ' x ^ x ' x  „  . .  ,rrxx-^2rxxx'^xxxx
becomes y = ------------ • But q=z x « +yy = z x x  H------------------------- -

.. y .. .. yy
I  =  V ¿ ~̂ xX),x̂  reducing all to the fame Denominator,

2rx— XX
TTxx

and expunging thofe which deftroy one another, *tis C D j  = ----------J or

Tx
C  D =  ■ ■ :« Therefore the Length of the Arch A  C will eafily be

V 2rx— XX
obtained, by what has been above delivered.

Sometimes the Fluxion of the Curve is found more eafily by a Comparifon- 
between the fimilar Tnangles C E D  and C B O .  For we ihall have this
Proportion, C B . C O :: C E . C D. That is, for the Circle, \/irx— xx . r : : x  

r X

4

i:
i

•I ■ M

2 r x — XX
The
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The Curve-line of the Cycloid may be known in the fame manner. Let 
A  L  K  be a Semicyloid, whofe generating Circle is A  D L. Any Point B 
being affumcd in the Diameter A  L ,  let B I  be drawn parallel to the Bafe 
L  K, meeting the Periphery of the Circle in the Point D. Let the Reftan- 
gle A  E I  B be compleated, and draw F  H  parallel to E  I, and infinitely 
near it, cutting B I produced in G, and the Curve A  K  in H. Make 
A  L  =  A  B =  E  I =: AT, G H  =  x. It is known that the Right Line 
B G is every where the Aggregate of the Arch A D ,  and of the Right Sine 
B D ; hence it is manifeft that the Fluxion I G is the Aggregate of the Flu
xions of the Arch A  D, and o f the Right Sine B D. Now the Fluxion of

I
the Arch A  D is found to be =  ■ —7 ..-- = ^^ and the Fluxion of the Right

XX

Sine B D is
d x ---'2.x X And therefore I G

d l — Xx

X X dx X X
and I H  £

= : I G í  +  G H 2

>c\/ d _ '
*s/ X

dd X  X dx X  X

dx XX
Therefore I H

sj d d —  dx

d x X X

X fci and therefore A I 2 d̂ X

This Conclufion may be deduced with very little Trouble from the known 
Property of the Tangent. For fince its Particle I H  is always parallel to the 
Chord A  D, it caufes the Trangles I G H  and A  B D to befimilar. Whence

A B . A D : : G H . I H .  That is, . V  i f : :  I H  =

Tig. 33-

Now by the Affiftance of the Fluxion I H  we may find the Area of the

Cycloid. The Fluxion of the Area A  E I  is the Redlangle E I  G =
dXx- ■x'-x

*^dx—■XX

*J~Tx X X . But the Fluxion of the Portion A  B D does not differ 
from this; therefore the Area A  E I  and the correfpondent Portion o f the 
Circle A  B D are always equal.

Let A  B be the Curve of a Parabola, whofe Axis is A  F, Parameter a. 
Make A E  =  x, EB=rjy, A B = 2 : ,  B D = a ; ,  D C  = > ,  B C =  a i and af- 
fuming an Equation cxprtfiing the Nature of the Parabola, fuppofe ax=zyy^

it will be ax  =  2yy,  whence x =  — But  B C j  =  B Dí ^  +  C D j ,
a

that is, z z X  X y y a a

• ^^ yy Ofúr 1 * I * ny —LLili-------j or which IS all one x.
a

and there-

If therefore

ED
this

Fig. 34.
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this Quantity is reduced to an infinite Series, the Curve A  B may thence be 
iinowii.

Now it eafily appears, that if the Hyperbolical Space were given, this 
would be given alfo, and vice verfd. For ax — there
fore L a z  will be equal to the Space whofe Fluxion \sy a a. But
this Space is nothing elfe but the exterior equilateral Hyperbola, whofe Se
miaxis A  B =  1  tf, the AbfciiTa A  E  =  j)», and the Ordinate E G =  at.

P'or the Menfuration of the Superficies produced by the Converfion of a 
Curve about its Axis, there muft be aíTumed for its Fluxion a Cylindrical 
Superficies, whofe Altitude is the Fluxion of the Curve itfclf, and whofe 
Diliance from the Axis is the Ordinate belonging to this Fluxion.

For Example, Jet A  C be the Arch of a Circle, which by revolving about 
the Axis A  B may generate a Spherical Superficies, which we undertake to

T X
meafure. The Fluxion o f the Arch D C is already found to be ■. ■ ---- *

^  2 r x —. x x
I f  we multiply this by the Circumference belonging to the Radius, B C, that

c _____ _
is by —V i r x  —  xxi  (fuppofing the Ratio o f  the Circumference to the Ra

dius to be =  — ) we fhall have the Fluxion of the Spherical Surface

and therefore the Surface itfclf is c x.

As to what belongs to Centers of Gravity, having found the Fluxion of 
the Superficies or Solid, and multiplying this into its Diftance from the Ver
tex, we muft then return back to the Fluent. This divided by the Superfi
cies or Solid itfelf, will give the Diftance of the Center o f  Gravity from the 
Vertex.

Let the Center of Gravity of all the Paraboloids be to be found. Their
m

Fluxion is thus exprefled in a general Manner xüx, which multiplied by »be-
0 )

comes whofe flowing Quantity

n
X ■> i"' will giveParaboloids Area

m + n
Center of Gravity from the Vertex.

w + 2 « 
w +  «

m +  2n

A? n being divided by the 

X for the Diftance o f the

The Center of Gravity in a Portion of a Sphere is found much in the
dx X —  XXX . j

fame Manner. For its Fluxion 4 --------------- being drawn mto a; becomes 4

dx^x
n

x̂  X ^ dx^
----- j o f  which the Fluent is 4 ------- u

) which divided by the

’ Solidity

t

$

n E D
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Solidity of the Portion, that is, by 4

4 d -
n

> produces^
I d

V

—
\

y, or

________

bd —
Xy for the Diftance of the Center of Gravity from the Vertex.

XIII. I .  Prop. I. Prob.] To fifid the Relation between the Fluxion of ther h c c a te n a h y  

Axis  ̂ and the Fluxion of the Ordinate, in the Curve called Catenaria.
 ̂ ry. N .  2 51./^ .

6 3 7 .  A u g .  A m

Let F A  D be a Chain hanging by its Ends F and D, whofe lowefl; Point, 
or Vertex of the Curve, is A , its Axis A  B perpendicular to the Horizon, ’ ■* ’ 
and its Ordinate B D parallel to the fame. W e are to find the Relation be
tween Bby or D and d S fuppofing the Point b to be infinitely near B, 
and bd to be parallel to B D, as alfo D ¿ parallel to B A.

It appears from Mechanicks, that three Powers coniliruted in Equilibrio 
have the fame Ratio as three Right Lines that are parallel to their Direélions, 
or which are inclined to them in a given Angle, being terminated by their 
mutual Concourfe. So that \ÍD d denotes the abiblute Gravity of t|ie Parti
cle D dy (as would neceíTarily be in a Chain every where equally thick) then 
dS  will reprefent that Part of the Gravity that acfts perpendicularly upon 
by which it is brought about, (becaufe of the Flexibility of the Chain moving 
about d) that dT) endeavours to reduce itfelf to a vertical Situation. There
fore if id ,  or the Fluxion of the Ordinate B D, be fuppofed conftanr, the 
Aftion of Gravity exerted perpendicularly upon the correfpondent Parts of 
the Chain d D, will alfo be conftant, or every where the fame. Let this be 
expounded by the Right Line a. Again, by the Mechanicks before cited,
D the Fluxion of the Axis A  B, will denote the Force, which is exerted ac
cording to the Direflion of d  D, which is equivalent to the aforefaid Endea
vour 0Í the heavy Line D to reduce itfe f  into a Vertical Situation, and 
which prevents its doing fo. Now this Force arifes from the heavy Line 
D A  drawing according to the Diredion ¿/D, and therefore (cateris paribus) 
is proportional to the Line D A. Therefore i  d, the Fluxion of the Ordi
nate, is to D, the Fluxion of the Abfcifs, as the conftant Right Line a is 
to the Curve D A .  ^ E ,  F.

COROL.'\ I f  the Right Line T  D touches the Catenaria, and meets the 
Axis B A  produced in T ,  it will be B D ; B T  {d ¿ \ $ D \ :) a. Curve D A .

Prop. II. Theor.] I f  to the Perpendicular A  B as an AxiSy with Vertex Ay 
an Equilateral Hyperbola A H  be defcribedy whofe Semiaxis A C  is equal to a •, 
and to the fame Axis and Vertex  ̂ a Parabola A  P  be drauin, whofe Parameter 
is equal to four Times the Axis of the Hyperbola ; and i f  the Ordinate H B  of 
the Hyperbola be continually producedy till H F  is equal to the Curve A  P  I  
fay the Curve F  A  D , in which the Points F  and D  are foundy (fuppofing B D  
^  B F) will be the Catenaria,

HED
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Make AB=ix, then and B H = = V 2 ú H ^ . Whence by the Me-
¿Ix

thod of Fluxions, the Fluxion of BH =: = m h .  Again, becaufe
•vzax+xx

the Parameter of the Parabola A  P  is =  8 ’ tis B P =  ^8ax. Whence np

the Fluxion of B P will be
2 ax 

•^lax
So that the Fluxion of the Curve A  P

«
z a  X

V +  X jf
X

which by

multiplying borh Numerator and Denominator into V  2 <* +  iv becomes
•  ̂I

And fince H  E  is every where equal to A  P, the Fluxion of
^2 ax +  xx

2 a a X But it
2 a x-\-x X

the Right Line H  F, that is mb -i- s/, will be equal to ^  

is already found that w h =  ■, ■■== ' Whence j /  =  ~7= ^ - x '  ~
 ̂ V2tiX+X,V '^J'laX'TXX

which is the Fluxion ol B F the Ordinate to the Axis of the Catenaria. 
Therefore the Fluxion of the Curve A  F, or F /  =  V  +  h /  =

4*A  ̂ — —p . = = = ’ of which the Fluent is 2 a x' i-x x̂  as
2 a x + x x  V 2 a x + x x
juil now found. Therefore A  F r= 2 a x +  xx .  And it appears that the

:> is to X the Fluxion of theFluxion of the Ordinate B F, or —______ -
^2ax~hx X

Abfcifs A B, as the given Line a to the Curve A  F ; which is the Property 
o f  the Catenaria found above. Therefore the Points of the Catenaria are 
rightly determined by the foregoing Conftrudtion. ^  E. D.

COROL. I . ]  From the Conilrudion it appears, that B F ,  the Ordinate of 
the Catenaria, is equal to the Parabolical Curve A  P, taking away B H  the 
torrefpondent Ordinate o f  the conterminate Hyperbola A  H.

2. From the Demonilration it appears, that the Curve o f the Catenaria 
A  F  is equal to B H the correfpondent Ordinate of the conterminate equila
teral Hyperbola. For fince the Fluxions of thefe Lines are equal, and the 
Lines themfelvcs are nalcent at the fame Time, it is plain they muft be al
ways equal. Whence the Chain being given, A  C or « will be given alfo, 
as being equal to the Semiaxis of the Equilateral Hyperbola whofc Vertex i& 
A ,  and Ordinate equal to the Abfcifs A  B of the Chain A  D.

3. All Catenaria are fimilar to one another, fince they are generated by a 
hke Conftruélion of like Figures fimilarly pofited. Whence two Right Lines 
alike inclined to the Horizon, drawn through the Vertices of the Chains,

will

iflfe
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Vílll cut off fimilar Figures, and Portions of the Chains which are proporiio' 
nai to the Right Lines fo cutting them ofF.

4. If the Chain Q_A D is fufpended at the Points C^and D, which are a: 
unequal Heights, the Part of the Curve F A  D continues the fame as if it 
had been fufpended at the Points F and D , which are equally high j becaufe 
it is all one whether the Point F  be fixt to the Horizontal Plain or not.

5. If the Force of the Chain, drawing according to the Direftion d D, be 
denoted by D d ■, let it be divided (as is commonly known) into the Force 
d ¿y according to a Horizontal Dire¿l:ion, and a Force 0 D, according to a 
Vertical Diredlion. Therefore in the Extremity of the Chain, the Force of 
approaching diredly to the Axis, is to the Floree of perpendicular Dcfcent in 
the fame-, or the Part of the fuftaining Force afting according to the Dire- 
élion B D, is to a Part of the fame aiting according to the Diredion D <i, a.s 
the Semiaxis of the conterminate Hyperbola A H, is to D A  the Length of 
the Chain to the Vertex of the Curve. Vv hence when the Chain is given, 
this Ratio is given. And in the fame Chain fufpended more or lefs loofely, 
that Horizoatal Force is as the Axis of the conterminate Hyperbola, fince 
D A  remains the fame, when the Extremes of the Chain are equally high.

6. In a Vertical Plarin, but in an inverted Situation, the Chain will pre- 
ferve its F’igure without falling, and therefore will conftitute a very thin 
Arch or F'ornix : That is, infinitely fmall, rigid, and poliih’d Spheres, dil- 
pofed in an inverted Curve of a Catenaria, will form an Arch, no Part of 
which will be thruil outwards or inwards by other Parts, but the loweft Parts 
remaining firm, it will fupport itfelf by means of its Figure. For fince the 
Situation of the Points of the Catenaria is the fame, and the Inclination of 
the Parts to the Horizon, whether in the Situation F  A  D, or in an inverted 
Situation, fo that the Curve may be in a Plain which is perpendicular to the 
Horizon *, it is plain that it muft keep its Figure unchanged as well in one 
Situation as the other. And on the contrary, none but the Catenaria is the 
Figure of a true and legitimate Arch or Fornix. And when Arches of other 
Figures are fupported, it is becaufe in their Thicknefs fome Catenaria is in
cluded. Neither would it be fuftained, if  it were very thin, and conipofed 
of (lippery Parts. From Corol. 5. before, it may be collefted, by what Force 
an Arch or Buttrefs preiTes a Wall outwardly to which it is applied. For 
this is the fame with that Part of the Force fuftaining the Chain, which 
draws according to a Horizontal Direftion. For the Force whicli in the 
Chain draws inwards, in an Arch equal to the Chain drives outwards. All 
other Circumftances, concerning the Strength of Walls to which Arches are 
applied, may be geometrically determined from this Theory, which are the 
chief Things in the Conftruction of Edifices.

7. Inftead of Gravity, if any other Power exerts its Force, ailing in like 
nianner upon % flexible Line, the fafne Curve will be produced. For Ex-

G 2 ample,
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ample, if the Wind be fuppofcd equable, and ihould blow according to 
Right Lines parallel to a given L in e; the Line thus inflated by the Wind . 
would be the fame as the Catenaria. For fince all Things obtain in this 
other Force, as we have fuppofed in Gravity, it is evident the fame Line 
muft be produced.

Prop, 3. Theor.] The Hyperbola aforefaid A H  remaininĝ  if  through A  a 
Right Line G AL.be drawn perpendicular to the Axis A  B, and a Curve K  R  
be defcribed of fuch a Nature  ̂ that B K  tnay be a third Proportional to the 
Right Lines B A  and A C, and to A C  be applied a Re£fangle A  V  equal to the 
interminate Space A B K R L  A \ the Concourfe F  of the Right Lines H  By 
y  G, «.;// be at a Catenaria.

F it '  J

For by Conílruélion *tis B K
aa

V  2 ax +  xx
= .  Therefore the Fluxion of

the Space A B K R L A i s  U K  kb  

A  B K  R L  A

B K x B i
a a

i a x - ¥ x x
And fince BF

A C > and A  C is given ; its Fluxion will be B F'
ax

V  2ax +  xx
But in the Conílru¿lion of the foregoing Propofition, the Fluxion of the Or-

^  X
dinate B F  =■, ----- Wherefore this Conftrudion comes to the fame

^2 ax +  XX
as the Conftrudion of the foregoing Propofition, and confequently the Point 
F  is at a Catenaria. E. D.

I «

COROL.'] As in the foregoing Propofition the Catenaria is defcribed from 
the given Length of the Parabolical Curve; fo in this its Defcription depends 
on the Quadrature of the Space, in which x xyy z=z —  2 a xyy. For B K

a a
o r j  =  - 7 = .

,_'^2ax' txx

Prop. 4. Theor.] The Space A G  Fcontained ly the Catenaria AF^ and tht 
Right Lines FG^ A G , parallel to A  B, B  F, is equal to the ReStangle under 
the Semiaxis A  C, and D  H  the Diflance of the Ordinates in the Hyperbola and 
Catenaria.

a  'x-\-x X ax

2 a x - h x x  V20X +  XX
X x

^ J 2 a x + x x
Wherefore the Fluxion of the Reftangle under the given

Line A  C and H  D  is
ax X

x%
ax

V2 ax~^xX'
Fluxion of the Space A  G  F. And fince thefe Figures are nafcent together

M B
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it follows that the Rectangle under A  C and D H  is equal to the Space A G F ,
^ E .  D.

COROLL.]  Hence it follows that the Space F A D ,  comprehended by 
the Chain F A  D and the Horizontal Right Line F D, is equal to the Reft- 
angle under F  D and B A , fubftrailing the Reftangle under either Axis of 
the Hyperbola A  H, and D H  the Excels of the Right Line B H, or of the 
Curve A  D, above the Ordinate B D.

Prop. 5. Theor.] I f  the Re^angle L  £ , e<iual to the Hyperbolic Space _ 
yi L  lU be applied to the Right Line A  L , the Point E  will be the Center of 
Eqiiilibrium of the Catenarian Curve A F D ,

Let a heavy Curve F A  be conceived to be poifed upon the Axis G L .
From the Doótrine of the Center of Gravity it follows, that the Moment of 
the Weight F A  is expounded by the Surface of an upright Cylinder eredled 
upon F A , and cut off by a Plain pafling through G L ,  making half a Right 
Angle with the Plain of the Curve. And the Fluxion of this Surface, or
F  A  X F  G, is equal to the Fluxion of the Space A L H ,  o r B H x H L ;
becauíTF A  and B H , as alfo F  G and H  L ,  are equal. And therefore, fince 
they are nafcent at the fame Time, the faid Superficies of the ereót Cylinder 
is equal to the Hyperbolical Space A  L  H . Therefore this applied to the 
heavy Line itfelf A  F, or to the Right Line A  L  which is equal to it, it 
produces a Breadth A  E equal to the Diftance of the Center of Gravity from 
the Axis of Libration G L. Hence E  will be the Center of Equilibrium of 
the Curve F A D ,  lying equally on each Side of the Axis A  B. ^ E .  D.

CO ROL. I.] The Spaces A  B H  L ,  B A  H , and A  G F, are in Arithme-
. . a x + X x

tical Proportion. For the Fluxion of the Space A  L  H  =  ~  X  ̂=
s i a x- Tx x

a x + x x X x  2 a x  +  x x  —  a x X x  ,------- :------  axx
—f = = —---  ̂ :=  ------ / ----= r ---  —  x'^ 2 <2 XX—m—j  ■—
*>'2ax +  x x  ' V2ÜX +  XX *>/2ax-rxx
xion of the Space B A H ,  leiTened by the Fluxion of the Space A  G F, by
Prop. 4. of this. And as thefe three Figures are nafcent at the fame Time,
i t  will b e B A H  — A G F  =  ( A L H = ) B L  — B A H .  S o  t h a t  2 B A H
^ B L  +  A G F .  Whence it follows that the Spaces B L ,  B A H ,  and
A  G F, are in Arithmetical Proportion.

2. The Center of Gravity of the Catenaria defcends lower, than that of 
any other Line of the fame Length, and having the fame Extremities. For 
every heavy Body defcends as low as it may. And fince a Figure defcends 
juft fo much as its Center of Gravity defcends, a heavy flexible Line will fo 
difpofe itfelf, as that its Center of Gravity will be lower than if it aíTumes any 
other Figure. And from this Property of a heavy flexible Line, all its other
Properties might be eafily deducec

3. If
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3. Tf upon any Curves having the fame Length, and the fame Limits D 
and F as the Catenaria F A D ,  upright Cylinders were cut by a Plain paiTing 
through D F i  of the Cylindrical Superficies fo cut ofif, the greateft is that 
which infills upon the Catenaria. For thefe Superficies, if the Angle made 
by the Plains is half a Right Angle, applied to the Curves themfelves, which 
in the prefeut Cafe are of the fame Length, produce Breadths equal to the 
Diftances of the Centers of Gravity of the Curves from the Right Line D F. 
Now as in the Catenaria this Diftance is the greateft, becaufe of the greateft 
Defcent of the Center of Gravity, the Cylindric Surface to be applied will 
alfo be the greateft. And becaufe there is the fame Ratio of Cylindrical 
Surfaces cut off by a Plain, containing any Angle with the Plain of the Bafe, 
as when the faid Angle is half a Right Angle, the Propofition obtains uni* 
verfaily.

L E M M A .]  I f  upon any Ordinate F  B perpendicular to the ^xis A  B of 
a?:y Curve A  F  ̂  that is deferibed by the Evolution of another Curve K  V\ 

from the correfpondent Point V  in K V  a perpendicular V  R  is let fall^ meeting 
the Ordinate in R \ i f  the Flitxion of the Axis A  B remains the famê  the Flu
xion of the Fluxion of the Ordinate B F, the Fluxion of the Curve and 
the Right Line FR^ ‘witl be continual Proportionals.

Let the Jittle Right Line F / b e  produced, til! it meets the next Ordinate 
W  ip in 0. And becaufe by the Hypothefis F s —, f W ,  it will be o f = z ¥ f ,  
and therefore o <p will be the Fluxion o f/ / , that is, the Fluxion of the Flu
xion of the Ordinate. Moreover the Triangles 0 (pf  and / F  R  are equian
gular, becaufe 0(pf  is equal to the Alternate ip/r, and/o $ =  ( F / r  = )  
F" / R ,  becaufe their Difference R f r  vanilhes in Refpedl of either of them, 
fince R r  is nothing in Comparifon o f/ r .  Therefore it is <7 <p . (f> /::/F .F R . 
But (p /an d/F  are equal, fince they only differ by the Fluxion of each. 
Therefore »i!p . / F : : / F . F R .  ^  E. D.

Prop. 6. ProbI,] ‘To find the Curve hy thu Evolution of which the Ca~ 
tenaria A F ^ i s  defcribed,

=_y, as before. Then by Prop. 2. of this, ’ tisMake A  B =  a?, and B F
a x

y =  -~sLi^L:j=rJ or 2 a xj ’y X xJy a a x x. Then by Newton's Me-
2 a  Ar-|-x X

r h o d now in common ufe, ’ tis 2 a xS" 4.a xy'y +  2 x xy - ^ 2  x^yy= 2 a* 
rx: o ; (for ¿ =  o, becaufe a- is a conftant Quantity.) Therefore }

2 a x  +  x x

X i y a-'r xy(,a x~
1*1,1 II»

2 a x  +  x 1 üx-\- X X
by fubftituting inftead o f i  its

a X
Value -pr .— "--rnrr i (for the Sign —  prefixt to the Quantity oiily /hews,

^  *2» Cl X  H  X  X

that the Place o f the Point R  in refped of F , is oppofite to the Place of the
Point



Point F in refped of B, fince the Curve A  F  Q^is dtmcavc towards thfc Axis 

A  B.) And by the fecond Prop, o f this, F / =  - p = : = = : *  Wherefore by
^  ̂d X X X

. T XÁr* 2/Z  ̂+  ííXX X X
the foregoing F  R =  - y -  =  -------- = = = r -— --------

___  _____ y a - r x X a x
<? +  x X  v'TtfJf +  Jf Jf A • , ^

= -------- —  ̂ * -Again, becaiife o f  the Right-angled Triangles

F  J/and F R V, having equal Angles/ F  j  and V F  R, becaufe V  F  j  is the 
Complement of each to a Right A ngle, it is F  j  : j / ; : F  R  : V  R, or x \ 

a x a-\-xy.'^ 1 ax-\-x X ^
-  ,^=  • • ------------  ̂ » Rj which therefore is equal toa +  x.

1  a  X’ "
Therefore this is the Nature of the Curve K  V , that if A  B be called Xy it

a-  ̂x \ » J  f. a X ,  ^  _

w i l l b e F R  = ------------------------ , a n d V R  =  a +  x, ^  E. I.
0

COROL. I.] A C : C B : : B H : F R .  For this is the Property of the 
Right Line F  R  found above.

2. The Right l in e  C B is equal to B I or V  R ; for each of them is equal 
to a-{-x.

3. The evolving Right Line V  F  is a third Proportional to the Lines A  C 
and C B. For becaufe of equiangled Triangles / F  s and V  F  R , it is í  F  r

y. -r-T̂  -«TT- ^  - a^-\-Xx a-\-xy^\/z ax +  x x  ,
F / ; : F  R  : V  F. Or ;e: : : ------------------------ - V F , which there-

*v2ax+xx ^
¿T+P,*

fore is equal to — -— * Whence l t h a : a ’\-x:ia'\-x,  VF^ which al'fo is 

the Radius of a Circle which is equicurved to the Catenaria in the Point F.

4. When the Point F  fails in A ,  or when the Vertex is deicribed by Evo
lution, that is, when a; = 0 ,  the Value of the evolving Right Line V F,,

which in this Cafe is K A , becomes — =  a. That is, the Point K, where
úf

the Curve V  K  meets the Axis, is as much above the Vertex A  of the Chain, 
as C is depreffed below the fame. Whence the Diameter of a Circle^ equi
curved to the Chain at its Vertex^ is equal to the Axis of the conterminate 
Hyperbola A  H. Therefore the Chain A  D and the Hyperbola A  H  have 
the fame Degree of Curvature at the Vertex A  : For it is generally known 
that the aforefaid Circle is equicurved to the Equilateral Hyperbola A  H  in 
the Vertex A. Alfo this appears from the Nature of the Chain itfelf, by 
what is demonftrated Prop. 2. o f this. For the nafcent Line F  H  =  A P  =
the nafcent B P = ; V   ̂ a x  is double to the nafcent Line B H  or ^  2 a x + x »

=  (when

( 47 )
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s= (when n vanillaes) ^  2 ax. And therefore the fame Point is both in the 
nafcent Hyperbola and the nafcent Catenaria, That is, the nafcent Hyper
bola A  H  coincides with the nafcent Catenaria A  D, and therefore thefe 
Lines are equicurved at the Vertex A.

5. The Curve K  V  is a third Proportional to the Right Line A  C, and 
the Curve A  F, or the Right Line A  L. For from the Nature of Evolution

■^jTx  ̂ ^  2 a x  X*
- K  A = V F -  ”  ‘K V = V K A K  A a

a
1 a x- \ -x  X „ , ,  - ,------
--------------* And therefore a \ \  2 ax

a
■ X X w \! 2 ax-\-XX.  K V .

But V 2 a x - \ - x x  =: A F ,  by Cor. 2. Prop. 2. Whence A  C ; A  F  :: A F .  
K  V.

6, The Right Line K T is double to A  B. For fince B I  =  B C  =  C A  
-  -  A  B, it vî ili b e A I = C A - | - 2 A B .  But A  K  =  C A ,  by Corol. 4. of 
this. Whence K  I z= 2 A  B,

7. The Re<5langle o f A  C and B R is equal to twice the Hyperbolical
y-, ^ ^ a -^  x x * ^  '2. ax
Space B A H . -  F o r F R x A C  =  - ^ —

X X

a X  a a X X

^  2 ax XX —  x X ^  2 ax X X ay, V  2 a x x x =  A  B x  B H  
A C x B H  =  A B x B H - | - A C x B D - | - A C x F ) H .  Therefore F R x 
A C  — B D x A C  =  B R x A C  =  A B x B H - f A C x D H .  But by 
Prop. 4, of this, ’ tis A  C X D H  =  Space A  G F. And therefore B R  x 
A C  =  A B H L - | - A G F = = : 2 B A H ,  by Cor. 1 . Prop. 5.

Prop. 7. Theor.] I f  in the Logarithmic Curve L A G ,  whofe given Sub
tangent H  S is equal to the Right Line a, (determined Cor. 2. Prop. 2. of this) 
a Point A  be taken, whofe Difiance A  C from the Afymptote H  P  is equal to 
the Sub tangent H S  \ and from the Points H  and P, any how taken in the 
Afymptote, equally difiajit from the Point C, i f  Ordinates H  L , P  G are erected 
to the Logarithmic Curve, to half the Sum of which H D  or P  F  are made 
equal; the Points D  and F  will he in the Catenaria correfponding to the Right 
Line A  C.

Make A  B =  and therefore C B or D H, the half Sum of the Ordinates 
H  L , P G ,  will be ; êt the half Difference of the fame be called j)’.

y. And fince from theThen H  L  = z a -\- x y, and P G =   ̂ x — y. And lince irom i ic 
Nature of the Logarithmic Curve C A  is a mean Proportional between thefe,
It will hQ a a
So that H  L

2 a x  XX — yy —  a a, and therefore y
1 a X -\- X X, and P G =  xa -~  X-

Therefore the Fluxion of H  L ,  or / m, is X X ~\~

V  2 ax-\-xX

2 a X -  -  XX

And



And becaufe of fimílar Triangles / ;;z L  and L  H  S, it is L  H  : H S :: lm\
¿ I  X

)»L.  Whence ;;;L or the Fluxion of B D , is equal to

( 49  )

XX^  2 ax
That is, the Curve A  D derived from the Logarithmic Curve in the forego
ing Manner, is of fuch a Nature, that it its Axis is called x and its Fluxion

a X
the Fluxion of the Ordinate B D will be But this is the very

2 ax-\-xx
Property of the Catenaria to which a belongs, as demonftrated in Prop. i. of 
this. Therefore the Curve F A D  above defcribed is no other but the Cate
naria. ^  E. D.

COROL. I ,]  As by the Help of the Logarithms the Catenaria may be de
fcribed, fo on the contrary by means of the Catenaria, which is conitrufted 
by Nature herfelf, the Logarithm of a given Number, or rather o f a given 
Ratio, may be found. As fuppofing C  A  to be Unity, whofe Logarithm is 
equal to o, let us find the Logarithm of the Number C Q, or o f  the Ratio 
between C A  and C Q. T o  the Right Lines CQ^and C A let the third 
Proportional be C V , and let half the Sum of C Q^and C V  be C B. The 
Ordinate to the Catenaria from B, that is B D , is the Logarithm required. 
The Reafon is plain from the Propofition.

2. On the contrary, if from the Logarithm given C H  or C P the corref- 
pondent Number H L  or P G were required, or the Ratio H  L  to C A ,  or 
P G to C A  •, from H  or P let a Perpendicular be raifed, meeting the Cate
naria in D or F ; and let C R  be made equal to H  D  or P F , that is to C B, 
and let it be terminated at the Horizontal Line A  R. Then will A R  be the 
Semidifierence of the Lines required L  H , G P, as H  D or C  R is their Se- 
mifum, by what is demonftrated above about the Nature of the Catenaria. 
(For in three Quantities that are Geometrically proportional, fuch as H L ,  
C A , P G, the Square of the half-fum of the Extreams leficned by the Square 
of the Mean, is equal to the Square o f the half-Difierence o f the Extreams.) 
And therefore C R  +  A  R and C R —  A  R  are the Numbers H  L  or G P, 
belonging to the given Logiritlim C H  or C P .

3. From the Demonilration it is evident, that as H  D the half Sum of the 
Ordinates H  L ,  P G, of the Logarithmick Curve, applied perpendicularly 
to C H  in H , is the Ordinate of the Catenaria; To the half Difference of the 
fime H L ,  P G, applied perpendicularly to C A  in B, is the Ordinate of 
the equilateral Hyperbola defcribed with Center C and Vertex A ;  and there- 
fpre, by Cor. 1. Prop. 2. of this, is equal to the Catenaria A D :  Forjy =
y/ l a x  +  xx. And fince it is fliewn in the foregoing Corollary, that A R 
alfo is the half Difference of the Right Lines H  L , P G, it is plain that A R 
is equal to the Portion of the Catenaria A  D. Whence by the Way a Me
thod is difcovered, from the Chain A  D being given to find C the Center of 
the conterminate Hyperbola, or that Point in the Afymptote of the Loga-

■VoL. I, H  rithmick

j n
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rithmick Curve G L ,  For if A  R is taken equal to the Chain A  D, and 
from the middle Point of the Right Line B R a Perpendicular to it is raifed, 
this will meet B A  the Axis of the Chain in the Point required C, as very 
plainly appears. For thus C R will be equal to C B.

4. Hence alfo it follows, that if the Angle B D T  be made equal to 
A  C R, the Right Line D T  will touch the Catenaria in D. For thus in 
the fimilar Triangles D B T  and C A R ,  it will b e D B :  B T  : ; C A : A R ,  
or the Curve A  D which is equal to it. And therefore by Corol. Prop. i .  of 
this, D  T  touches the Catenaria.

5. It alfo follows, that the Space A C H  D is equal to the Rediangle of 
C  A  and A  R. For becaufe A  Y  D, by Prop. 4. is equal to the Triangle 
under C  A  and A  D — B D =  (by Coro/. 3. o f this Prop.) A  R — A  Y  =  Y R ,  
the Propofition is plain. And becaufe C A  is given, it is evident that the 
Space A  C H  D is as the Curve A  D, or its Fluxion H  is as the Fluxion of 
this D

6. I f  through the Point K, where C R meets H  D, a Line K  Z  is drawn 
parallel to P H , meeting the Right Line A  C in Z , and C E  be taken equal 
to half the Sum of B C, C  Z  i the Point E  will be the Center of Equili
brium of the Curve F A  D.

Upon F A D  let it be conceived, that the upright Superficies of a Cylinder 
is erefted, and cut by a Plain through P H , at half a Right Angle with the 
Plain of the Curve F A  D, This Superficies will expound the Moment of 
the Curve F A  D , when librated upon the Axis P H  j and its Fluxion is

D H x D ^ - f  P F x F / =  2 B C x A D  =  2 x «

2 aa  ^ -f-4  a x a-4-2 x x  x

-X X

2 a x J_ X X V

É •/̂J VX «  X  X

^  2 a x  
Z a x x -

X X

2 ax- ■X X

of which the Fluent is  ̂x  B D  -L  n/ 2  ̂ a- 

C A  X B D C B X A  D. Wherefon

* ^  l a x - -  A-
2 a X ^~  X  X  - | -

2 X X X
2 a -v-l- A’ X

y

2 ax X  X

C B X A  D  is equal 
to the aforeiaid Cylindrical Superficies, (for they are nafcent together) which 
is equal to the Moment of the Curve F A D ,  when poifed upon the Axis 
P H. Whence the Diftance o f  the Center of Gravity of the Curve F A D

from the Point C is
C A  X B D C B x A D  C A x B D

or I 1-  CB.2 A D  '  ̂ A D
Moreover becaufe of Z  K parallel to A  R , it is A  D  : B D :: A  R : Z  K  ::

C  ^ y  B D
C A  : C  Z ,  whence C Z  = ---- — > and therefore C E , which by Con-

A D

llrudion is equal to g B C i B CI  r  7  11 V, 1 , C A x B D■ C Z , will be equal to i  — -----

'i ’hat is, the Center of Gravity o f  the Curve F  A  D, and the Point E deter
mined
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mined by the Conilruilion, will be cqualJy dlftant from C j  bat being In 
the fame Right Line, and fituare the fame Way, they muft necelfarily co-
incide.

The Cciincidence of the Point E, as above determined, with the Center of 
Equilibrium determined Prop. 5. of this, may be thus fiiewn fynthetically. 
By CoroL x. Prop. 5. *tis 2 B A X  =  A Y D - | - B A x A R .  Whence A  H 
►)- 2 B A  X  =  A  C H D -j- B A  X A  R =  (by the foregoinp; Carol.) A  R x  
C A  +  B A x A R .  That is, B D x  A C - f  2 B A  X  =:  A R x  C B, o r B D x  
A C  =  A R x C B  —  2 B A X .  Whence B D x  A C - j ' A D x B C = A D  
x B C - | - A R x C B  —  2 B A X  =  2 A D x B C — 2 B A X  =  2 A D x  
A C -{-2 A D x A B - 2 B A  X. And by applying to 2 A  D, it will be ^

A D  
A  R X

A  C
A B x  A D — B A X

Á T ) C A
A  R X

A R

But - ^  is the Diftance of the Center of Equilibrium of the Chain from

A R X
the Vertex A ,  by Prop. 5. and therefore by the fame C A  +  is the

Diftance of the Point E  from C, and i  — — “̂ -rB C is the Diftance of

the fame E  from tlie iame C, by this Carol. WHience it appears that thefe 
two Determinations of the Point E  come to the fame, becaufe C A  +  
A R X

A R
, B D x A C  ,

+  * B C .

7. The Center o f  Gravity of the Space P F A  D H  is in I, the middle 
Point of the Right Line C E, For fince the Center of Gravity of the Flu
xion of A  D, or D J and F / ,  is diftant as far again from P H , as the Cen
ter of Gravity of the Fluxion of A C  H D ,  or Y ) W h d  and F P ^ / ,  and
D d +  f J x  a  C is given, equal to Ti d h H  +  ¥ f  p ?  it is plain that the 
Center of Gravity E of the Fluent F A  D is as far again diftant from P H, 
as the Center 1 o f the Fluent P F A  D H. But I ihall prove this otherwife, 
after the manner of the foregoing.

L.et an eredl Cylinder be fuppofed to be raifed upon the Figure P F  A D  H , 
and cut off by a Plain pafTing through P H , making halt a Right Angle 
with the Plain of the Bafe; that Solid will reprefent the iVIoment of the Fi
gure P F A D  H , when poifed upon the Axis P H. The Fluxion of this 
Solid or of the afbrefaid Moment, (chatis, the Solids erected upon PF"/^ 
and dh)  is produced, if the Moment of the Fluxion, or the Fluxion of 
the Moment of A  D, is drawn into the given Line ¿ A  C. For by Cere/.
5. of this Propoficion, H D =  D ¿ X  A  C. Wherefore the flowing Mo
ment itfelf is produced by multiplying the Moment of the Curve F  A D  in 
refped: of the Axis P H, determined by the foregoing Corollary., that is,
C A x B D  +  C B x A D  into i- A  C ; and therefo.-e it will be 4 A  C X A  C x

H  2 B D 4 -
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B D  +  í A C x C B x A D .  N ow if this be applied to the librated Figure 
P F A  b  H , or 2 C A  X A  D, by Cor. 5. of this Prop, there will arife the 
Diftance of the Center of Gravity of the Figure P F  A  D H  from the Axis

C  A  y  B D
P  H , equal to i  — j  C B, which is equal to half the Right Line 

C  E, as above determined.

8. If through the Point N, where D T  the Tangent to the Catenaria in 
D meets the Line A  R, a Right Line be drawn parallel to B C, meeting a 
Right Line through E parallel to A  R in the Point O ; this Point O will be 
the Center of Gravity of the Curve A  D. For by Cord. 6. the Center of 
Gravity of the Curve A D  is in the Right Line E  O. But it will be alfo de- 
monftrated, that it is in the Right Line N O, and therefore will be in the 
Point O. Let D A  be conceived to be librated about the Axis H  L  ; the 
Moment of this is the Curve D A ,  drawn into the Diftance of the Center of 
Gravity from H  L ,  and therefore its Fluxion is D  A  x  H  (H  ̂ is the 
Fluxion of the Diftance of the Axis of Libration from the Center of Gra

( J 2  )

vity) which is equal t o ^  2 a x  +  x x x ~ 7
ax 0k

=  ==ax.  And therefore the
2 ax +  XX

Moment of the weighty Curve D  A , librated about the Axis H  L ,  h a x. 
Therefore the Diftance o f  the Center of Gravity from the fame Axis h ax

A  c  V D Y
applied to A  D, o r ---- ---------• But becaufe D T  touches the Catenaria,

A  I V

by Cor. 4. of this Prop, the Angle B D T  or D N  Y  will be equal to A  C R . 
And the Angles at A  and Y  are right; therefore in the equiangular Trian
gles R A C  and D Y  N, ’ tis R  A  : A  C :: D  Y Y  N. Whence Y  N  =  
A  C X D Y

R A   ̂ that is, Y  N  is the Diftance of the Center of Gravity of the 

Chain A  D  from the Axis H  L  j or the faid Center is in the Right Line N  O.

9. I f  upon I a Right Line be drawn parallel to A  R, meeting O N  pro
duced in W ; the Point W  will be the Center of Gravity of the Space 
A  C  H D. For by CoroL 7. this Center is in the Right Line I W  ; and it 
will be ihewn prefently, that it is in N  W , and therefore is the very Point 
W .  For in the fame manner as in the foregoing, the Fluxion of the Mo
ment of the Space A  C H  D, librated about H L ,  is (hewn to be A  C H D x

_________ ^ .V
H ^  =  A C x A D x  H  ==: a x ^ 2  ax +  x X X ...=^ 2 a x - t x x a a X-' And

therefore the Moment of the Space A  C H  D, librated about H L ,  is eoual 
to the Fluent of the Fluxion aax^ that is to a a x. This therefore app ied
to the Space itfelf A C H D ,  or a 2  a x +  xx,  gives the Diftance of the

a  X
Center o f  Gravity of the Space A C H D  from H  L , that is — =

V 2 a x - h x x
A C x D Y
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A C x P Y .  g y j  jjjg foregoing Corollary it is ihewn, that Y N  =  
R A

A r  v D  Y
— ---- • Therefore the Center o f  Gravity of the Space A  C H  D  is in

R  A  ~
N W . And by thefe two lafl: Corollaries the Center o f  Gravity is found, of 
any Portion of a Catena that does not reach to the Vertex A ,  or of any Space 
of a Catenaria, comprehended by any Portion together with Right Lines.

I D .  Hence are meafured the Superficies and Solids produced by the Rota
tion of a Catenaria, or o f any Space comprehended by that and Right Lines, 
revolving about a given Axis. For the Figure generated by Rotation, as is 
commonly known, is equal to the revolving Figure drawn into the Periphery 
that is defcribed by the Center of Gravity in the Rotation •, which Periphery 
is given, fince its Radius is given, or the Diftance of the Center of Gravity 
from the given Axis. Thus if the Catenaria A  D revolves about the Axis

A B, the Periphery defcribed by the Center of Gravity O will be —  A  N¡, if

—  denotes the Ratio of the Periphery of a Circle to its Semidiameter j and 

erefore the Superficies produced by the Rotation of the Catena A  D , v/iJI

be _  X A  N x  A D =  — x  A  N x  A  R. That is, a Circle whofe Radius is

equal in Power to the double of the Reflangle R  A  N, will be equal to the 
Superficies produced by the Rotation o f the Chain A  D about the Axis A  B,
In like manner it may be fhewn, that a Solid generated by the Rotation of 
the Space A  C H  D about A  C, is equal to a Cylinder whofe Bafe is the 
aforefaid Circle, and its Height equal to A C .  And fo may the Superficies 
and Solids be meafured, that are produced by the Rotation of thefe Figures 
about any other given Axis. For when the Centers o f  Gravity are known, 
the reft will eafily follow.

2. What has been objeiled by an Anonymous Author, in his Animad- 
verfions upon our Demonftrations concerning the Catenaria, is this.
Lipf. M. Feb. An. 1699. That I have undertaken to demonftrate, after my gory. N. ^59./«. 

Manner, a Matter found out and publifli’d by others feven Years ago. This+*9̂ ‘̂̂ ‘̂ ’ 
is true, and I cannot find any thing in this that is Blame-worthy. Thofe 
great Men Huygens  ̂ Leibnitz^ and Bernouillu have difcovered and communi- 
catcd many Properties of the Catenaria, but without Demonftration. I have 
contrived Demonftrations, which was the Thing I undertook to do.

But was this Matter (that is, the Nature and primary Properties of the 
Catenaria) found out and publiihed by others Surely that Property of the 
Catenaria, in Cor. 6. Prop. 2. was not at all mentioned by others before the 
Publication of thefe Demonftrations ; although, if I am not miftaken, it may 
be reckoned among its primary Properties, is the moft ufeful of all, and moil 
eafily reduced to the common Purpofes o f  Life. From all Ages Architedls

have
n £ D
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h.ive made ufe of Arches in publick Buildings, as well for Strength aa 
IVj.iuty. Yet what was the true Geometrical Figure of an Arch, was not 
vuown betore my Demonflrations came out.

H'hc firft Thing he finds Fault with is, that I affirm fome Things arc plain 
from Mechanicks, which lie thinks iliould have been explained and applied 
n)t)re dillindly. As I undertook to denionftrate fome Theorems to Geome- 
liicians, I did not think it neceffary to purfue every Thing very minutely. 
Hut that I may oblige the Animadverter, I will now demonftrate tliat Lem- 

Prop. I. becaule 1 cannot expreis it more fully than I have already done, 
ia the following Words :

“  'I’hrce Towers conftituted in Equilibrio have the fame Ratio as three 
“  Right Lines, which are parallel to the Diredions of the Powers, or are 

inclined in a given Angle, and terminated by their mutual Concourfe.”  
As fuppoie three Powers are in ^Equilibrio, that either draw, prefs, or 

anyhow asfc ajcoording to three Right Lines P A ,  P B, P C ;  and let the 
three Right Lines E  F, F  D, D E, be inclined to thefe Dirediions in any 
given A n gle; that is, let the Angles E  A  P, F B P, D C  P, be equal; Í 
iav the Powers A ,  B, C, are to one another as the Right Lines F  E, F D, 
1) E .

Lee the Right Lines A  P, B P, C P, be produced to G, H, K. 
in the Quadrilaterum F A  B P, becaufe by Hypothefis the external Angle 

E  A  P is equal to the internal and oppofite Angle P B F, the two interna! 
oppoi'ite Angles F A  P and F B  P wil be equal to two Right Angles ; and 
i-nce all the four internal Angles are equal to four Right Angles, the other 
two Angles F and A  B P oppofite in the fame Quadrilaterum, will alfo be 
equal to two Right Angles. But A P B  and B P G make two Right Ones; 
therefore the Angle F  is equal to B P G. in like manner D and E  may be 
ihewn equal to B P K  and A  P K.

Now becauie the three Powers are in Equilibrio, they are immoveable, 
and therefore any one of them in refpeil of the two others that remain in 
Equilibrio, may be confidered as a F'ulcrum. It B is the Fulcrum, by a mott 
known Theorem in Mechanicks, the Power A  is to the Power C, as the 
Sine of the Angle B P K to the Sine of the Angle B P G, that is, as the 
Sine of the Angle D to the Sine of the Angle F  *, that is, as the Right Line 
F  E  to the Right Line D E . Again, fupponng C the Fulcrum, the Power 
A  is to the Power B, as the Sine of the Angle C P H  to the Sine of the An
gle C P  G, or the Sine of the Angle B P K  to the Sine of the Angle A  P K ; 
that is, the Sine of the Angle D to the Sine of the Angle E, or as the Right 
L,ine F  E to F  D. Therefore the three Powers A ,  B, and C, are as the 
Right Lines F  E, F  D, and D  E. ^  E. D.

We muft now lay fomething about the Application of this Mechanical 
Lemma. If the abfolute Gravity of the little Line ¿/D, expounded by dD, 
as faid above in Prop, i .  is conceived to be colleciled in its Center of Gravity 
M , and this heavy Line, by Virtue of its Gravity, endeavours to defcend 
a .cording to the Dire6lion M F" perpendicular tOi/D;  the Power drawing 
according to M  D, which is in Équilibrio with the faid heavy Line, by the

forego-

H

ijl
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Foregoing Lemma is to its Momentum or Power drawing according to M  F, 
a s  J D is to J d. For the Angle SDd^  in which D is inclined to M D, is 
equal to the Angle ¿íe F, in which d $ is inclined to M F, for each is the 
Complement of the Angle d to a Right Angle. And this will obtain, as the 
Animadverter acknowledges, if  the aforefaid Weight (as in the vulgar Me- 
chanicks) incumbing upon the Plain M  F, is drawn by Help of a Pulley at 
M , by another Weight incumbing upon M  D : Then this will be to that
o&T) Í  to dS .

Other Things remaining as before, if the Manner o f Application o f thefe 
Powers is changed, fo that to the middle Point M  of the flexible Line ¿/D, 
whofe Extremity d fs fixt, a Weight be applied exerting its Force according 
to M F  ; (for in defcending it would defcribe an Arch with Center d and Ra
dius d M)  the Force of this Weight to bend the flexible Right Line at M,. 
would be infinite in refped of the Force of its abfolute Gravity. And the 
Force drawing according to M D, which is required in order to prevent 
the aforefaid bending, would alfo be infinite in refpeft ot that which was be
fore required, to fupport the Weight M in the Plain M  F. So that the 
Powers which in the former Manner of Application were expounded by dS 
and $ D, muft now be expounded by infinitely greater Lines, which are ftill 
proportional to the former. For as before, the Weight M  draws according 
to t le Direólion M  F, and the Power fuftaining it according to M D ; and 
that thefe two are in ^Equilibrio appears from the Parts of the Chain being, 
at reil. Therefore the Ratio of thefe remains the fame as before. But the 
Caufe which extends into a Right Line the flexible Line d D, (whofe Extre
mity d is immoveable, and to whofe middle Point M  a Weight is applied, 
which is indeed infinitely little, but whofe Force by this Manner of Appli
cation is made infinitely greater, and therefore in the Language of the Ani
madverter becomes affignable) is the Weight of the Chain D  A , which is 
proportional to its Length. This therefore to the conftant and aíTignable 
Qiiantity a, (proportional to the conftant but not afllgnable Quantity d ¿) is 
as D tí to ¿ d. And thus I hope it will appear to the Animadverter, that I 
have proved the Conclufion to be true, without making any erroneous Po- 
ficions.

t

I

XIV. Let A  C F be a Semicircle, whofe Diameter is A  F  *, A D  E  is a 7Í&Í ^̂ airaturt 
Curve Geometrically irrational, whofe Ordinate B D  cuts the Semicircle in 
C. Now let the Quantities be thus reprelented. The Diameter A  F  =  2 f tonal, by M r,

the Abfcifs A  B = y ,  the Arch A C  =z v ,  and the Ordinate B D  =  z. Let 
z ~  r vy^ be a general Equation, exprelTing the Natures of the Geometri- Sept. An. ligj- 
cally irrational Curves A D  E, in which r  denotes any given and determinate 
Quantity, and n the indefinite Exponent of the indeterminate Quantity jy. I 
íáy the Area of the Curve will be

A B D
r V

w V  r'\ —
71 -

r a . 2. n r a'̂  r a~
n X n
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n . . .

__ « D x 2 «  --- 7 _ ¿7 E X 2  « --- 9
~n—4 4 _ ---------------------------------------------------i y" > J_ - ---y"- tSTf.

”  n —  4 ^ ”  —  5

Concerning this infinite Series the following Things are to be obferved. 
(i.) That the Capitals A , B, C, D , E, &c.  denote the Coefficients of the

ra^y-2n-\~i a K y - m — i
Terms immediately preceding. Thus A  = ------ — ^ ~ ---------- ;— »ft ^

 ̂ ^ JL----- i ,  and fo on. (2.) That if the Exponent n reprefents
n

any integer affirmative Number, or is =  o ; or if 2 » be an odd Number, 
then the Quadrature of the Space A  B D is exhibited by a finite Quantity, 
becaufe of the Series breaking oil in thefe Cafts. (3.) That q reprefents the 
laft Term fo breaking off. (4O That all thofe Figures in which the Series 
breaks off have a Portion Geometrically quadrable, which is eafily affigned

by the Series itfelf. For if the Abfcifs^ is taken equal to r«+ i x n  q -\-q ^ r.-\-1, 

the Area belonging to this Abfcifs will be Geometrically quadrable. (5,) That
only the irrational Term V  2 ^ j  —^ y  is to be multiplied into the Terms
that follow it.

Example i.] Let % = . v .  Now becaufe in this Cafe ’ tis r =  i ,  » =  o, 

therefore ____is the laft Term breaking off. Therefore  ̂=r ¿7, and

A B D  =  'y ^ _a v  a V  z ay  —  y y. Therefore by Note 4, if there
be taken the Abfciffajy that is, if the Ordinate paffcs through the
Center of the Circle, the Portion belonging to it will be Geometrically qua
drable : For then Area =  a a, or the Square of the Radius,

Example 2.] Let z  1= Becaufe in this Cafe r —  — ’  » =  i ,  there

fore  ̂ n r a a r a Term breaking off, fo that q = . — J

V  0. a  V  y -I- 3  ̂ _______
---- —  ------|------------ > \  2 ay —  yy  ̂ wherefore by Note

n y.n

4, if we take y =  — Geometrical ly quadrable Area belonging to

Exampli

a
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E x M p h  30 Let z  =  —  ’ in this Cafe r =  -— ’ Ha a a a 2, and thereforii

n
* is the lail Term breaking off. Therefore q =  ^

fo that by the infinite Series it will be___________ ________
6 -y;-’ —  i a y ^ y y ^

A B D

therefore by Note 4, if we take yz=z\/

18
5 5 «'

And

fcifswill be Geometrically qiiadrable i that is, the Area 

X ^ 2 ay —  yy>

the Area belonging to this Ab-

l a y z J ^ ^ a y ^  15 
18 a

Secondly, let A  C F be a Parabola, whofe Axis is A  E , Vertex A , and 
Parameter B A. And let A  D  G  be a Curve Geometrically irrational; whofe 
Ordinate B D cuts the Parabola in C. Make the Abfcifs A  B =y^  the Or
dinate B D =  z, and the Arch o f the Parabola A  C =  v. And let the ge
neral Equation, cxprefling the Natures of an Infinity of irrational Curves, be 
z  =  7'vy"i in which r denotes a given determinate Quantity, and n the in
definite Exponent of the indeterminate Quantity I fay the Area

A B D
r  X V

n
q v  ' \ - s / 2 a y - \ - y y  into n +  I

r a

n /  +
r a n  y. a A y  2 n

2 X ?7 -|- i]* » X » -|-2 n
I _

+ n n
n' &c.

Fig. 4.»-

Concerning this Series thefe Things are to be obferved. ( i.)  That the 
great Letters A , B, C , £s?f. reprefent the Coefficients of the preceding Terms 
refpeftively. (2.) That if the Exponent n is an affirmative Integer, or equal 
to nothing, or likewife if 2 « be an odd Number, then the Quadrature may 
be exhibited by a finite Number of Terms, the Series breaking off of itfelf. 
(3.) Then is j  equal to the lafl: Term breaking off. (4.) That of the Terms
multiplying the Quantity ^  2 ay -\-yy-> the laft breaking off is to be doubled. 
(5.) That all thofe Figures in which n is an Integer pofitive and odd Num
ber, or more generally, all the Figures in which the final Term has the 
Sign have a Portion Geometrically quadrable, which is eafily affigned 
by the Series, by taking the Abfcifs as in Not. 4. of the foregoing Series.

Example i .]  Make zz=zv. Becaufe in this Cafe r = i  

fore the Term laft breaking off is -  

V o l . I.

n
r a

— — whence q

o, there- 
a
2

by

n£jp
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by Not. 3. And becaufc in this Cafe —  is the final Term, therefore —  « 

is the laft Term to be multiplied into 2 ay-\-yy, by Net. 4. and there

f o r e  A  B  D  =  7 ;  ; r - f — + v T ^ 7 + 73 ' 5«  —  ¿

Example 2.] Let  ̂= ^ '  Bccaufc in this Cafe r n z = i ,  there-

fore the Term breaking off is
r a a - ^ i  n

— 3 and — is the laft Term to be muhiplicd into Therefore

vyy a v
A B D r r - f f  — —' la  4  

Cake^=: V  — ’

V  2 X —  ^  +  7 ' And if We

the quadrabJe Area belonging to this Abfciis will be —

/  a a a a
--- —X5 <j — v'— '

I

915*̂  7SS' ^birily.'] Let A  C F  be a Semicircle, A  D E a Curve Geometrically irra- 
tional, whofe Ordinate B D cuts the Semicircie in C . ' Let the Quantities be 
rcprefentcd as before, that is, the Diameter A  F =  2 í?, che Abfcifs A  B=^, 
the Arch A C  =  1/, the Ordinate BD  =  z. And kt the Equation cxpref- 
fmg the Natures of tlie Curves A  D E be 2 =  r  in which r denotes any 
given determinate Quantity, and ;; the indefinite Exponent o f the indeter
minate Quantity I lay the Area is

2 r a
A B D = : r i i ' ^ “ +*  —  q -}-'ü  ^  z a y    yy  into — 7 ~ »̂~ ̂  “1̂

I , a A  X 2 n —  I a B X 2 ft —  3 „ — ,
-  —̂  :y"“ ‘ +  — n— r —  /  ’n

-I- n

n
2 r  a'Í, fife, —

7/ - | -  I

2 r â  X 2 fí ^  Í _ ¿ í * A x 2 « - ^ i  _ a’ B x 2 f/ —   ̂ —

X ,7+ 7)"  ^  * ’

O f this Theorem thefe Things are to beobfervedj (i.) That it is com
pounded of two infinite Series, of which the firfl: (conneftcd by the Sign -}-) 
is multiph'ed into v  ^  2 ay  —  y y  \ but the Terms of the latter (affected 
with the Sign — ) are abfoluce. (2.) That in the former the great Letters 
A , B, C, D, denote the Coefficients of the Terras chat precede them: 
AJfoin the latter they have the fame Values as in the former. (3.) That

the
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( J9 )
tíic Quadrature ia exhibited by a finite Quantity, when h is nn Integer pofi- 
iWe Number, or equal to nothing, or when 2 w is an odd Number. For in 
tliefc Cafes both tJic Series break off. (4.) I'liac 2 f  is equal to the iaft 
Term breaking off of the former Series.

I

E'Aampk iJ] Let z =  Becaufc in this Cafe « =  o, r =  — > ihcre-

y V* ________ _
fore it will be Area A  B D =  -}- 2t ^v  2 ay  —  yy  —  2 ay.

CoroL The intire Figure A  F E  is equal to a double Square, the Side of 
which is A C F ,  taking away the Square of the Diameter.

y . r
Example 2.] Let z  r=i — Becaufc in this Cafe =  i, r =  therc-a a

y* V*" *2
fore the Area will be A  B D = ---- —  ~  ^  J_ 7, ^ / m ----- T i v —20r 4  ̂" y  — yy  X 2a
» * 3  ̂y
 ̂ 4 2

Example 3.] Let % =  — Bccaufe in this Cafe w =  2, r =  — > the

Area will be A  B D =  4 .  -J z a y — J ]  x IP'-L.i-
a 0 » j  j j  Q¿j”  Í

^  -121 _  iZ* — Í12.
2 y a 18 13

X V . Let O N F  be a Logarithmick Curve, whofe Afymptote is A  R, 
which let fuch a Point A  be taken, that its firft Ordinate A O may be e q u a l í  
to the Subrangent, or to Unity. The Curvilinear Space A O N M  is re-

comprehended by the two Ordinates A O , and M  N, by the AbfcifsSá! aÍ.̂ '̂ V: 
A  M, and by the Logarithmic Curve O N, fí¿. +3»

From O draw O E  parallel to A  M, cutting M  N in E. I fay that the 
Reiflangle of the Segments M E, E N, is equal to the Space required,

DemcnJlratiojJ] Make the Ordinate M N = a : ,  the Subtangenr A O or 
M  E =; j, and to the Axis A  R kc another Curve H  G O  be conftrufted, 
whofe Equation \s z s z ^ x x y  where its Ordinate G M =  x. I fay it is the 
Quadratrix of the Logarithmic Curve, according to the Foundation of my 
Method : That is, its Subnormal is equal to the rcípeélive Ordinate of this,
^  according to the Calculation belonging to that Method may appear.
Therefore according to what I have explained eJiewhere, if to G be drawn 
G  C perpendicular and equal to the Line G M, and allb H D  pr^alld to 
G C, meeting the Lines G M , C M , in B and D  ̂ it will be TrapHizium

I 2 G B D C



i  X X '%
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Jan» An. I700 . 
Fig. 4+.

G B D C  =  A O N M .  But G  B D  C =  G  M C  —  B M  D =  .
BM<7=::j2: —  ¿ H A ^ .  But H A  =  / s / 2 A O ^ b y  the Natare of the Curve 
H G  Q . Therefore G B D C ^ j z  — A O í = : A O x M N  — ~a U =
M E x M N - ^ M K = : M E x E N .  Theikifore alfo A O N M = : M E x  
E  N. E . D ,

A ŝ uadratix to X V I. 1. B/ thc Equablc Evolut'ion of a Circle, I mean fuch a gradual
-Approach of its Periphery to Red'icude, as that all its Parts do together, and 

fcnb'dhy hs E- equally, evolve or unbend j or fo that the fame Line becomes fucceíTively a
iind Jefs Arc of a reciprocally greater Circle.

N . 260. 445.

2. L et A  H  K  A  be the Periphery of a Circle, A  E  a Tangent to the Point 
A. Let this circular Line be fuppofed cut or divided at A ,  and then to unbend 
(like a Spring,) its upper End remaining fixed to its Tangent A E ,  whilil the 
other Parts do equally evolve or extend themfclves through all the Degrees of 
Icis Curvature (as in A  B D, A  M  C, ^ c.)  till they become ilreight in Coin
cidence with the Tangent A  E.

3. L.et A  M C be the evolving Curve in any middle Pofition between its 
firil and lail. Join the fix’d End A ,  and the moving End C, by the Chord- 
line A  C, interiec51ing the firil Circle at H ; I fay, that A  M  C is a like 
Segment to A  n PI, cut ofr in the firil Circle by the Chord A  H  : For, by the 
Suppofition, A M C  is the Arc o f a Circle, having A  E  a Tangent com
mon both to it and A  n H  *, and both Arcs are terminated in the fame Right- 
Line A  C.

4. Hence the Curve A  D  C E  (defcribed by the moving End of the Peri
phery m its Evolution) may be thus conflruiled : Let the Circle A  H K  A  
DC by Bifeilions divided into any number of equal Parts; let H  be one o f the 
Points of fuch Divifion : Then fay. As the Number o f equal Parts in the Arc 
A  n H , is to the Number ofParts in the whole Periphery A  H  K  A  •, fo is the 
Chord A  H , to a fourth I .ine, which let be A  C  in A  H  produc’d. So is C 
a Point in the Curve A  D  C E.

5. Dem. Upon A C  defcribe A M C ,  an A rc like to the A rc  A n H .  
■Whence A  H : A  C  ;; A  « H  : A  M  C. But by Conilruflion, A  H  : A  C  :: 
A  K H  : Periph. A  H  K  A  ; therefore is the Arc A M C  equal to the whole 
Periphery A  PI K  A ,  and like to the Arc A  « H : Confequently A  M  C re- 
prefcnts the evolving Periphery, in a Pofition like to the Arc A  « H ,  and 
C  is the defcribing Point.

6. After the fame manner may be found other Points, thro* which the 
Curve may be drawn : But here (as in the old ^ladratrix  o f  Dinofiratm') the 
Point E  cannot be precifely determined ; but the Curve may be brought fo 
near it, that its Flexure or Tendency will fo lead to the Point E ,  that A E  
íhall be near enough to the Truth for common Ufes.

7. Suppofing tlie Point E  found, a Tangent to any Point o f  the Curve 
may be drawn j and fupppfing a Tangent drawn, the Point E  may be deter
mined 5 the Property o f  the Tangent being this, that fuppofing R  T  aTan-

I  g e n t

( 60 )
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( )
o-ent to the Point C , anti C  A ,  C  E, drawn from C  to each End of the rcfti- 
ly'd Circle, the Angle A C T  (the leiTer Angie that A  C  makes with the 
Tangent) is equal to A  C  E, the Angle made by the two Lines drawn 
from C.

8 . Let £• be a Point in the Quadratrix indefinitely near to C  *, and draw A  c 
interfering A  H  K  A  in i?, and A  M  C in o. T o  A  c as a Chord, draw the 
Arc K m  c, iiice unto the Arc A  n h :  T o  the Point C  of the Arc A  M C 
draw the Tangent C  L  = : A  E , and join L A ;  fo is C  an indefinitely lit
tle Particle of the Arc coincident with its Tangent.
- 9. Becaufe of the like Segments A n  h A  M  A ,  A m  c A^ as Chord 

A  c to Chord A  <7, fo is Arc A  w r ( =  A  M C )  to Arc A m o :  Or, A c ' .
A o  :: A m  c {z=z A  ¡M C) ; A  M <?; and dividing, A c  —  A o  {—  c 0): A o  
A m  c —  A  M <? ( =  Qo) : A  M  <?: That is, c 0: A o  :: C  <?; A  M  i? •, and al
ternately, c 0 : Q 0 : A  0: A  bA 0. Put A  C for A  <?, and A  M  C for A  M  
(as differing infinitely little) and then ’ tis fi9 :C ( 9 : : A C : A M C .  But by 
ConJlruStion C L  =  A E = r A M C ,  whence r 0 ; C  <7 :; A  C  ; C L ; and the 
Angle L .C  A  —  C  0 {0 c being infinitely near to A  C, is therefore parallel
to if,)  and therefore C o r ,  A C L ,  are like Triangles.

I o. Becaufe o f  C  L  A  E, Angle A  C  =  L  C  A ,  ( C L  and E  A  be
ing Tangents to the two ends of the Hirne Circular Arc A  M  C, make equal 
Angles with its Chord A  C) and A  C common to both, the Triangles E  A  C , 
and A  C  L , are like and equal: therefore are all three Ci? A  C  L ,  E  A C ,  
like Triangles. Whence it follows. That the Angle A C E  (in the Triangle 
E  A  C) is equal to the Angle ¿3 c C  (in the Triangle c oC )  but ¿r C  A  C  T ,  
becaufe 0 c and A  C are parallel *, therefore the Angle A  C E  =  A  C  T .

E . D .

X V IL  In a certain E p lilleof mine, in Vol. 2. o f  my Mathematical Works,
.  ^  ,  P  r 'I \ i '  T  a Spotre aud

Timong Other M erh o d s ror Q uadratures are to be found thele tw o. One I cúVcyUníier com- 
the Method of Convolution and Evolution, the otlier the Method o f  Com-^^’¡̂ j’ ^ 
plication and Explicanon. By Help of thefe I fhew, which is the fimpleft/-. 547. An.* 
Manner of meafuring all Curve Figures, and particularly the Cycloid.

By a like Artifice may be íKewn how to compare the Sphere and Cylin
der, which Archbnedes thought fit to chufe for his Monument.

If to the Bans P, equal to the Circumference of a Circle, a Height R  be 
aíTumed equal to Radius, there will be made a Redtangular Parallelogram =
R P. This may be conceived as compoied of an infinite Number o f fmall 
Parallelograms, o f  the lame Height, according to the received Method o f  
Indivifibles.

Now if the Vertices of all thefe are conceived to he contraéled into one 
Point, fo that of thofe minute Parallelograms as many Triangles may be 
made, having the fame Bafis and an equal Height; each will be half of each 
o f  tlie others, and therefore all o f  all ; and the Bafe being bent into the Cir
cumference ol a Circle, a Circle will be made whofe Radius is R  and Center 
C , which thereforc is half the Parallelogram, or R P.

This

I7OO.
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T h k  h  ŷ rchiwedt'ŝ s Diinenfion o f a Circle, whrcli is equal therefore to a 

Right-angled Triangle, one o f  vvhofe Sides about the Right A ngle  is equal 
to the Periphery, and the other to the Radius of the propofed Circle. For 
¿ R, or half the Altitude of the Triangle, drawn into P the Bafe, exhibits- 
the Magnitude o f  that Triangle ¿ R P, which is equal to the Circle. And 
tlie fame may be. accommodated to the Circular Sector, taking the Arch A  
iiiftcad of the Periphery P.

Again, if to that Parallelogram = R P ,  as a Bafc, be taken in like man
ner an Altitude R, in order to a Hemifphere ; there will be made a Paral
lelepiped =  R R  P. This in the fame manner may be conceived as com- 
pofed o f an- infinite Number of fmall Parallelepipeds of the fame Height, in- 
jjfting upon the minute Areas o f that Plain ; ot alJ which the common- A lti
tude is R , and the Aggregate of Bafes =  R P. Now if this Parallelogram, 
rJie Magnitude R  P continuing, be fuppofed to be bent into a Cyhndrical 
Surface (whofe Bafe P  is now bent into the Periphery of a Circle, and whofe 
Altitude is R) that thofe minute Parallelepipeds may be changed into fa 
many Wedges, or Prifms with Triangular Bafes, each of which are half 
their refpeitive ParalleJepipeds, and therefore all are half o f  a l l ; having for 
their Verdees fo many Points C , or minute Lines, in the Axis of the Cylin
der, and thus filling it up ; the Cylinder will become half the Parallelepiped. 
or i  R  R P.

Or in order to come at the intire Sphere, i f  on each Side is taken the A l
titude R , fo that the whole Altitude may be D =  2 R, and if a Convolution 
be made in like manner, a Cylinder will be produced as before, confiilinsof 
Wedges cr Prifms infinite in Number, having their Points or Vertices in"the 
A xis  o f  the Cylinder, which will be equal to R  R  P ¿ R  P x 2 R, equal 
to the Produd o f  -i R  or the Circular Bafe, into the Altitude 2 R :  Or 
which is the fame Thing, it will be equal i  R x 2 R P, or equal to the Pro- 
du d  o f I  R, the half o f  the common Altitude of the Wedges, into the Agr 
gregate o f the Bafes 2 R  P.

W’hich Aggregate of the Bafes is the curved Cylindric Superficies itfelf, 
which is equal to P x 2 R , or to the Product o f  P  the Periphery o f the Cir
cular Balé drawn into the Altitude 2 R, or equal to ¿ R  P x 4, four o f  the 
great Circles of the Sphere. T o  which if we add the two oppofite Circular 
Bafes, there will be made the whole Superficies of the Cylinder circumfcribed 
to the Sphere, equal to fix great Circles, i R P x 6  =  g R P .  And the Mag
nitude of the Cylinder, = r R R P  =  i P P x 2 R ,  equal to the Produd of the 
Circular Bale 4 R  P drawn into the Altitude 2 R , as before.

N ow  if  the Vertices o f  all thefe Wedges that conñitute the Axis o f  the 
Cylinder, are conceived to be contracted into one Point, fo that thefe 
Wedges or Prifms may now become fo many Pyramids, being on the fame 
Bafes and the fame Height ; each will be o f  each, and therefore all of all, in 
a Proportion fubfefqui-tertial or as f  to 4. and the Superficies which before 
was curved Cylindrical, will now become Spherical becaufe o f  all its Points 
being equally remote from the Center, the Aggregate o f  the Bafes remaining 
as before =  2 R  P, or equal to four great Circles *, we ihall then have the

whole
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whole Superficies of the Sphere =  2 R P  =  í R P x 4 = :  four great Circles; 
and equal to the whole curved Cylindrick Surface, and the Parts refpeclively 
equal to the Parts that belong to the fame Parts o f  the Axis ; alfo the M ag
nitude of the Sphere R R P =  j  R  P  x 2 R, equal to the Product o f  f  
a third Part of the common Altitude o f all the Prifms, drawn into 2 R P  the 
Aggregate o f the Bafes, which is now become the Spherical Surface.

Therefore both the Superficies and Magnitude of the Cylinder circum.- 
fcribed to the Sphere, is fe f̂qui-alter to the Superficies and Magnitude of the 
infcribed Sphere, or as 3 to 2 : There becaufe the Proportion is as fix great 
Circles =  3 P P  to four great Circles =  2 R P  ; here becaufe the Proportion 
is as R  R  P  to y  R  R P : Which is the very Invention of Archimedes fo much 
celebrated.

The fame would be had a little ihorter, if  in the Parallelepiped upon the 
•plain Bafe 2 R P of the Altitude R, compofed of minute Parallelepipeds, all 
their Vertices were immediately fuppofed to be contraded into one Point C  :
That the Aggregate o f the Bafes continuing as before =  2 R P , thofe Pa
rallelepipeds may be reduced to fo many Pyramids, having their Vertices 
meeting at the Center of the Sphere, whoie Radius R  is the common Alti
tude of all the Pyramids, and che Spherical Superficies is the Aggregate of 
all the Bafes. For ~ R ,  a third Part o f  the common Altitude, drawn into
2 R P  the Aggregate o f  the Bafes, exhibits as before the Magnitude o f  the 
Sphere R R P , and the Surface of the Sphere =  2 R  P.

In like manner this may be accommodated to the Spherical Sedor, by 
drawing -f R» a third Part o f  the common Altitude o f  all .the Pyramids in it, 
into a Portion o f  the Spherical Surface cut off by a Plain : Which is to the 
whole Spherical Surface, as the Part cut off o f  the Diameter or Axis is to 
•the who e Diameter *, as was fhewn above.

Now the Reafon of this whole Procefs depends on thefe Principles. That 
a Figure compofed o f  Triangles is half the Figure compofed o f Parallelo
grams, upon the fame Bafes and o f  equal Height. That I call a Convolute 
Figure, and this an Evolute. And that a Figure of Pyramids is a third 
Part of a Figure o f Parallelepipeds, on the Jame Bafes and equal Height.
That I call a Complicate Figure, and this an Explicate. Thele Principles 
may be accommodated in a thouiand Manners to Curvilinear Figures, whe
ther Superficial or Solid, however perplexed and intricate.

XVIII. I .  It hath been obferved by divers of this Nation, that in any 
Equation, howfoever aíFeéled, if you give a Root, and find the abfolute^”|Ĵ "f„''ŷ ‘ 
Number or Reiblvend, (which Vieta caXh Hornogeneum Conjparatiofiis •,) and /« 
again give Roots and find more Refolvends •, tliat if thele Roots, or rather 
Rank of Roots, be aíTumed in Arithmetical ProgreíTion, the Refolvends, â -N-46-/’-9-9- 
to thfir firil, fccond, or third Difi^ereuces, ^ c .  imitate the Laws of the pure"^ '̂" "̂' 
Powers ot an Arithmetical ProgrciHon, of the fame Degree, that the Jiigheft 
iPower, or firil Term o f  the Equation is of. E ,  In this Eguacion.<?.¿3« ^
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T o  wit, the 3d Differences o f  thofe Abfolutes are equal, as in the Cubes
o f an Arithmetical Progrefiion.

2. T o  find what Habitude thofe Differences have to the Coefficient o f  the
Equation, ’ tis beft to begin from an Unit.

3>. In any Arithmetical ProgreiTion, if  you multiply Numbers by Pairs, 
you fhall create a Rank o f Numbers whofe lecond Differences are equal; and 
if by Ternaries, then the third Differences o f thofe Products fliall be equal. 
And how to find the greateft Produil of an Arithmetical Progreffion of any 
Number o f Terms having any common Difference alTigned, contained in any 
Number propofed, is fhewed by Pafcal in his T ra il  Du 'Triangle Aritbmetiqiit^ 
where he applies it to the Extraftion o f  the Roots o f  Simple Powers.

4. It appears, how this Rank may be carried eafily by Addition, till you 
have a Refolvend either equal or greater or lefs than that propofed.

5, When you have a Majus and Minus^ you may interpole as many more 
Terms in the Arithmetical Progreffion as you will, that is to fay, Subdivide 
the common Difference in the Arithmetical Progreffion, and render it lefs; 
and then renew, and find the Refolvends, which are eafily obtained out of 
the Powers anci their Coefficients, which are fuppofed known, and may be 
readily railed from a Table o f Squares and Cubes, ¿sfr, with which kind the 
Reader may be furniffied in Guildini Centrobaryca^znd Babington*s> Fireworks. 
By this means you may obtain divers Figures of the Root and then the Ge
neral Method o f Vieta and Harriot runs away more eafily, and is fo far im
proved, that after any Figure is placed in the Root, moft certain Charafters 
are given to know, by Aid of the fubfequent Dividend and Divifor, whether 
the Figure before affnmed be too great or too fm all: Or, laftly, it may 
be well concluded, that as in Logarithms, when you propofe fuch an one as 
is not abfolutely given in the Canon, you do, by proportional W ork, ufing 
the Aid of their firft Differences (when their abfolute Numbers differ by 
Unite) find the abfolute Numbers true to 5 or 6 Places farther than the Ca
non gives it (the Reafon whereof is, that the firft Differences do likewife 
agree to about the fame Number of Places) *, that, I fay, the like may be 
done in Equations, after divers o f the firft Figures o f  the Roots are found, 
provided there be the like Agreement in the firft Differences o f  the Inter
poled Refolvends.

Moreover, we ought here to take notice o f  a more fubtilekind o f  Interpo
lation, common to all Gradual Ranks or Progrcffions of Numbers, wherein 
Differences happen to be equal: O f  which kind the Reader may find Exam
ples in Briggii Arithmetica Logarithmica^ ^  Trigommetria Britannica, re
lating to Logarithms, Sines, and the Powers o f an Arithmetical P r o g r e i f i o n :

but
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But the Method there delivered may be rendered more eafy and genera!, 
•viz. by Aid of a Table of Figurate Numbers, by deriving Generating Differ
ences loughtfrom thoie given •, a Doélrine that eafily flows from Mercator'^ 
Loganthmotechniay and o f ufe in the Cafe in hand, fhould we fuppbí¿ thcfe 
Powers and their Coefficients unknown, or a Table of Squares and Cubes 
wanting, and give nothing, more than a few Refolvends belonging to equal 
Moments os Spáces. And-this may likewife be of good Ufe in Gauging, 
when having the Contents of a Solid, for every three Inches more or lefs gi
ven, without knowing the Dimenfions of the Figure, and even in moft Cafes, 
when the Differences are progreffive o f  one Kind, without knowing the 
Figure itfelf, having nothing given but its Contents at feveral equal parallel 
Diltances, each fuch Diftance may be fub-divided, and made as many as you 
pleale, and the refpedive Contents found by this general Method o f Inccr- 
polation.

After one Root is obtained, the Methods of Huddenius ax\á others will de- 
prefs the Equation fo as to obtain more, and confequently all o f  them.

6. It is eafy by a Table of Figurate Numbers to give the Sum o f any 
fuch-Rank, or any Term in it relating to a known Part of rhe Series of E- 
quals or Roots; h\il é converfo., giving the Refolvend to find the Roor, comes 
to an Equation as difficult as that propofed i as in Dr. Chapter of
Figurate Numbers. ' . . .
, 7. Some affirm, they can give good Approaches for the obtaining a Root 
o f  any pure Power, affeiled Equation, or for the finding any of the mean 
Proportionals in any Rank between the two Extremes given. .

8. Others pretend to have found out the Method (incited thereto by an 
Example in Albert ' Gerardo hwention Nouvelle en Algebre, a Amjierdam 
1629) fo much, by comparing of Equations, to increafe or diminifh the 
unknown Root of an Equation, as to render it a whole Number (oriefs differing 
therefrom than any Error affigned) and h f  Albert Gerard'  ̂ Method of A li
quot Parts to find the fame, and thereby the Root fought, altho’ it be a 
mixt Number, Fraólion, or Surd.

Probably this may fympathize with what is promifed by the learned Hud- 
dcniui in Annexis Geometries Cartefiana, where he faith he intended not then 
to publifli certain Rules he had ready •, whereof one was to find out all the 
Irrational Roots both of Literal and Numeral Equations : This muft be un- 
derftood, when fuch Roots are poifibie; for ’ tis certain there are Infinite 
Fijuations, whofe Roots are no ways explicable, either in Whole or Mixed 
Numbers, Fractions or Surds, and can be no otherwile explained, but by a 
quamproxime.

9. The Author of this Narrative confidering that the Conic Sections may 
be projected from leffcr Circles placed on the Sphere, and thence cafily (other- 
wife than hitherto hath been handled) defcribed by Points, and that by their 
Interfedtions, fome Spherick Problem is determined •, accordingly, he found 
that this following Problem, according to the various Situation o f the Eye, 
and ot the projeiting Plan, would take in all Calés,

V ol. I. K
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I'he Difiances of an unknown Star are ^/ven from two Stars o f known Decli

nation and Right Afcenjton •, the Declination and Right Afien/wn of the un-.
known Star is required.

And faith. H e hath obferved, that, admitting the Mechanifm of divi
ding the Periphery o f a Circle into any Number o f  equal Parts, or (whicli 
is equivalent) the Ufe of a Line o f Chords, that this Problem, wherever the 
Eye be placed, may be refolved by plain Geometry., and yet the Eye fiiall be 
fo placed, as to determine it by the Interfedion o f  the Conic Sedions; con- 
fequently thofe Points of Interfedion (the Species and Poluion of the Figures 
being given) may be found without defcribing any more Points than tholi? 
fought; and the Lengths and Ordinates falling from thence on the Axes of 
either Figure calculated by Mixed Trigonometry, and hence Jikewiie theRoota 
o f  all Cubick and Biquadratic Equations found by t̂rigonometry.

For giving, from the Mefolabe o f  Sluftus  ̂ the Scheme that finds thefcf 
Roots, it wiJl then be required to fit thofe Se<5tions into Cones, which have 
their Vertex either in the Center, or an afilgned Point in the Surface o f  the 
Sphere, to which they relate as projected, and proceed to die RcfoJurion of 
the Problem propofed i and how to fit in thofe Sedlions, fee the feven. Books, 
o f Apollonius., Mydorgius., the 3d Volume of Des Cart£s*s Letters, Leotaudi 
Geometria Practica., ^derfonii Exfrcitat. Geometricae.

A s to the Problem itielf, it is determined on the Sphere by the Inter-t 
fetilions o f the two JeíTér Circles o f Diftance, whofe Poles are the known 
Stars. And this Problem hath divers Geometrick Ways o f  Refolution.

1. By plain Geometry (in the Senfe before mentioned): Suppofing a Plain 
to touch the Sphere or the North Pole ; if  the Eye beat the South Pole, pro- 
jed in g  thofe Circles into the faid Plane, they are ftill Circles (by reafon of 
the fub-contrary Seftions o f the vifual Cones) whofe Centers fall in the Sides 
of the Right-lined Angle, made by the projefted Meridians, that pafs thro* 
the known Stars; and thus the Problem is eafily folved in this Manner.

2. I f  it be required to be performed by Conic Geometry ; In one Cafe it
may be done, by placing the Kye at the Center o f the Sphere, and projecting
as before; to wit, when the longer Axes o f  the Figures being produced,
concur above the V ertex: Here the Problem is determined by the Inter-
feétions o f two Conic Seétions ('whereof a Circle cannot be one, unlefs its
Center be in the Axis of the other Figure): And in this fecond Cafe, theíé
Points o f Interfediion fall in the fame Right Line or projeóled Meridian they
did before, but at a more remote Diftance from the Pole Point, to wit, in
the former Suppofition the Polar Diftance was meafured by a Right Line,
that was the double Tangent of half the Arch ; here it is the Tangent of the
whole Arch. Hence it is evident how one Prqje6lion may beget another,
yea, infinite others, altering the Scale, and how the leiTer Circles in the Ste-
reographick Projection help to defcribe the Conic Sections in the Gnomonick
Projection : But (to reduce the Matter to the common Radius) if we fuppofe
two Spheres equal, and fo placed about the fame. Axis, that the Pole Point
o f the one flial pafs thro’ the Center of the other, and the Touch-Plain to
pafs thro’ the faid Center or Pole P oin t; and that a Jcfler Circle hath the

fame



fáme Pofition in the one as in the other : then, i f  thé Eye be at the South 
Pole of the one, it is at the Center o f  the other ; and any projeéled Meridian 
drawn from the projedled Pole Point to pafs thro* both the Projections o f 
thefe leiTer Circles, the Diftances o f the Points of Interfedion are the Tan
gents of the half and the whole Arch o f the Meridian fo interfe(fted. But as 
to the Points o f  Interíéélion, which determine the Problem propofed, they 
may be found without the Aid o f the former W ay, from a Gnomenick and 
Stereographick Method of meafuring and fetting off the Sides and Ar\gles of 
Spherical Triangles in thofe Projections, which is neceíTary in wiiac follows.

3. If the Problem is to be performed by mixed Geometry, as by a Circle, 
and either a Parabola, Hyperbola, or Eliipfis, the Circle may be conceived 
to be the fub-contraiy Seélion o f a Cone projected by the Eye at the South 
Pole, and any o f the reft of the SeClions by the Eye at the Center o f  the 
Sphere.

4. I f  by any of the Conick Sections however pofited, the projecting Plane 
may remain the fame ; but the Eye mu ft be in fome other Part o f  the Sur
face of the Sphere, and not in the Axis.

X IX . I. The ConftruCtion delivered by Des Cartes  ̂ which eafily finds theT'-freCjw/rac?;»» 
Roots of all Cubic and Biquadratic Equations, wherein the fecond Term 
wanting, I may here fuppofe as known : Yet fince the following d e p e n d s a P a -  
upon it, I ihall here iubjoin the Rule taken from his Geometry, changing
few Things (as I hope) for the better. Haiky. n. iss.

3-̂ s-
Jul. An. lóS/#

When the fecond Term is wanting, all Cubic Equations may be reduced 
to this Form, * a p z \  a a q = z o .  And all Biquadratics to this, ap 2r: 
a a q z  : r =  o. Where a denotes che latus re¿lum o f any given Parabola,
which may be ufed in the ConftruCtion; or making a = .  the Equations 
will be z* 2::  ̂ o, and Z ' * p : q z  : r =  o. .

Now the Parabola F A G  being given, whofe Axis is A  C  D  K  L ,  and its 
¡aítis re¿lum a or Unity, let A  C be its hali, and let it always be placed from 
the Vertex A  within the Figure, Then take C D  =  in the Line A  C  
continued towards C, if  in the Equation it is — />, or the other W ay if it 
lliall be - y p .  Then from the Point D , or from C if/> =  o, the Perpen
dicular to the Axis D E  =  5  ̂ is to be railed, to the Right Hand if  it ftiall

( 7̂ )

be —  q̂  but on the other Side of the Axis if  it iliall be -|- q. Then a Cir
cle delcribed with Center E, and Radius A  E, if the Equation be only Cu
bic, will cut the Parabola in fo many Points F  and G, as it has true Roots, 
o f which the Affirmative, as G K , will be to the Right Side of the Axis, 
and the Negative, as F  L ,  will be on the Left Side.

But if  the Equation is Biquadratic, the Radius o f  the Circle A  E muft be 
increafed or diminiilied, by adding if it is —  r, or fubtraCting it it is
the Rectangle a r  from its Square, or the Plain contained by the latus reblum 
and the given Quantity r which is eafily done Geometrically. Now the 
InterfeCtions o f this Circle with the Parabola will exhibit all the true Roots 
OÍ the Biquadratic Equation, by letting fall Perpendiculars to the Axis \

K  2 the
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the Affirmatives to the Right Side of the -Axis, and' the Negatives'to the 
Left Side. But I leave to Des Cartes  ̂ its Inventor, the Demonitration of the 
whole. . ^

Here it is to be obferved, that I endeavour always to have the Affirmative 
Roots on the Right Side of the Axis, to avoid that Confufion that will ne- 
ceflarily arife, from a Multitude of Cautions and Exceptions, the Reafon of 
which would by no means be evident.

Thefe Things being premifed, that we may come to .the Conftrudlion of
fuch Equations alfo, where the fecond Term is preient; the Rule for taking 
away the fecond Term mufl: be confidered, and for reducing the Equation to 
another, which may be conftruñed by the foregoing Method, Now all 
the Cubic Equations of this Clafs may be reduced to this Form, : b \ 
fí p z  : q -ziz o, or to this, : b z ' : * q =  o. And the Biquadraticb
to this z^ : ¿f Z' : a p z'' : q z  : r =  o, or to this z^ : b z ' : a"" q z:

=  o, or to this, z  ̂ \ b ẑ  \ a p  ẑ  : * : r =  o, or laftly to this, zf :

( <58 )

a} r

f

b ẑ  r =  o. Our of all thefe, as they may be differently con-
neóled by the Signs -j-  and — , there arifes a vaft Variety. Whence a ge
neral Rule comprehending them all muft needs be very difficult and obfcure, 
unlefs it be treated in the following Manner, and fo delivered from its Per
plexities.

In Biquadratics the fecond Term is taken away, by making =  z-\-  ̂
i f  it be -j- ¿ in the Equation ; or x z=zz —  l̂ b̂  if  it be —  b. Hence in the 
firfl: Cafe x —  ^b  ̂ and in the fecond x ^b  ̂ is equal to 2:; and in any Equa
tion propofed inftead of % fubilituting its equal Quantity, there arifes a new 
Equation in which the fecond Term is wanting, all whofe Roots x either ex
ceed or are deficient from the Root fought z, by a given Difference -i b.

Example i . z  ̂-\-b  z? 

then X- —   ̂ b X '-z:

a pz:

I t

 ̂ ..a
16

Z’, x̂

P  X ~

q Z ’^  a-r
3 x̂  b ^xb-

64

a:+ b X
7,r b̂  x̂

~\-h x̂

t í

3

256
I

b̂  ~  z \  Hence by Subilitution

b̂  /  -I-

 ̂ - -
J 6 256 f

 ̂ b > x - ^  
lb

I
~ ^ b ^  =  -  64 -  b ẑ

I ,
 ̂ abp:>c— ¿ a pl'~ ^  a p ẑ

tí" ^ b q ^
4 ^

^  a p q z

+
I

r r

*The Sum o f  all thefe becomes a new Equation, In which the fecond Term 
is wanting, and which therefore may be conftrufted by Cartes's Rule ; putting
inftead of ^ half the Ccefficienc o f  die third Term  divided by a or the

tus
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that is, — —  p \  and inilead of —  j  half the Coeffi-

dent-óf the fourth divided by <?, oi* +  yg
«

aítcéled with the Sign - 
and thofe aíFeóted with

b
+

p h
q. The Partsa- ' 4̂  a 2

are to be placed on the Left Side of the Axis,
I on the Right Side, that the Center of the Circle 

may be had, as is requifite for the Conilruilion ; fo that the Interfeótions of 
this with the Parabola, by Perpendiculars let fall upon the Axis, may exhibit 
all the true Roots A', the Affirmatives on the Right Side o f the Axis, and
the Negatives on the Left Side. For fince x
Line parallel to the Axis, on irs Right*Side and at the Diilance  ̂ thofe 
Perpendiculars terminated at this Parallel will exhibit all the Roots z , the 
Affirmatives to the Right Hand and the Negatives to the Left. As tor the 
Radius of the Circle, it will be had by adding the negative Parts, and fub- 
trading the affirmative Parts o f  the fifth Terni divided by aa^ from the 
Square of the Line A  E  drawn from the Center E  (when found) to the Vertex 
of the Parabola A. And this may generally be done by taking inftead of 
the Line A  E  the Line A  O, which is terminated at O the Interfeélion of 
the Parabol i and the aforeíáid' Parallel. For its Square contains (as may ea- 
fily be proved) all the Parts o f  the fifth Term accruing to the new Equa
tion, by raking away the fecond T e rm : And it only remains that the Square 
o f E O m a y  be increaftd, if  there i s — r in the Equation, or diminiflied i f  
there is r, by the Addition or Subtrailion of the Re¿tangie a r ; whence 
the Square of the Radius o f  the Circle required is compofed.

This is Mr. Bakerh Method o f finding the Central Rule, but free from 
all his Cautions, and eafy enough. The only Difference arifcs from hence, 
that 1 determine the Center of the fame Circle by the Axis, and he by the 
Parallel to the A x i s ; and that I always find the affirmative Roots on the 
Right Side o f the Axis, which he places fometimes on the Right and fome- 
times on the Left,

As for what belongs to Cubic Equations, they mull be reduced to Biqua
dratics, before they can be conilruitcd by the fame general Rule. And this 
is done by multiplying the Equation propofed by its Root z, whence a Bi
quadratic Equation arifes, in which the lail Term, or r, is wanting. Where
fore taking away the fecond Term, and the Center E  being found, the Line 

> E  O is the Radius o f the Circle ; fince a r  =  and in the new Equanon 
. the whole fifth Term arifss, by only taking away the fccond Term.

Example 2,] z ' —  - I - a p z - ^ a a q  =  o. This multiplied by z
becomes z '  —  ¿> z ’ ap z  ̂ a a q z  =  o. T o  take away the fecond Term 
make x -\- ^b=^z.

Then x̂
'2

]} ^ 3  - J — ¿71 - J — —
‘ 8 ' 1

,3
8
3 X-

6

3

X -

X

256
I

64
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b
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+  a p  a b p x - \ - - ^ a p í^ '- ^ - \ -  apz'

-|- a*  ̂ í í ^  í?* j  n r ^  2

In this new Equation, half the Coefficient o f  the third Term divided by«,

• i  p, is to be iifed inftead of 4 p » and half the Coefficientthat is —

of the fourth Term , divided hy a a or the Square o f the latus reSiuniy that is
p b

- T e í  +  Z í  +  Í ? ’ is to fupply the Office o f  ~ q m  Cartesh Conftruc-

tion. Whence the Center E  is determined. Then a Parallel being drawn 
to the Axis at the Diftance of  ̂ h, on its Left Side, becaufe of  ̂=  2, 
and let the Interfedion of this with the Parabola be O. A  Circle defcribed 
with Center E , and Radius E  O , will cut or touch the Parabola in fo many 
Points at the Equation has true Roots ; which Roots or Values of z  are exhi
bited by Perpendiculars let fall from thofe Points upon the Parallel to the 
Axis ; the Affirmatives to the Right Hand, and the Negatives to the Left.

If in the Equation either the third or fourth Term , or both ihall be 
wanting, there will be no Difference to be obferved in inveiligating the Cen
tral Rule, but the Quantities p ox q vaniihing, thofe Parts o f  the Lines C  D 
and D  E  arifing from thofe Quantities will be abfent; fo that we muft pro
ceed with the remaining Coefficients o f  the third and fourth Terms in the 
new Equation, as is preicribed in the foregoing Examples.

Hitherto we have purfued Baker*s general Method, than which we can 
expeót none that will be eafier or readier; whether a Parabola is aifumed for 
the Conftruélion, or any other Curve, and when the Equation afcends to 
the Biquadratic. And whilft I am writing this there occurs to me a Geo
metrical Eifedlion o f  the Central Rule, which is expeditious beyond Hope, 
and will abundantly fatisfy the Curious in thefe Matters.

T h e  Parabola N A M  being defcribed, whofe Vertex is A , its Axis A B C ,  
and latus reSfum a, let the Equation be reduced to this Form, z* : ¿ ;
a p q z  r o 'i ox io úús  ̂ z"̂  i b z  ̂ \ a p z  : q —  o., if  it be a
Cubic Equation. Then at the Diftance o f B D =  4  ̂ let the Line D  H  be 
drawn parallel to the Axis, to the Left Hand if  it be —  b, or to the Right 
if  -}- b, meeting the Parabola in the Point D , from whence let fall B D 
perpendicular to the Axis. In the Line A  B continued towards B make
3 K  =  i  Í?, arid draw the Line D K  both ways indefinitely. Then make 

K  C  2 A  B in the Axis always continued beyond K ; and if  the Quantity 
p  is affeóled with the Sign — , take C  E  =  t  towards the fame Side, 
but contrariwife if it is -|-p  ; and from the Point E  let there be raifed E F  
perpendicular to the Axis, or from the Point C  if the Quantity p  is abfent, 
meeting in F  the Line D R  produced if need be ; which Point F  is the Cen
ter o f  the Circle required if  q be abfent, but if it be prefent in F  E , continued
i f  need be, muil be taken a Line F G  =  ¿ to the Left if  it is +  hut



to the Right if —  And the Point G  will be the Center o f  the Circle 
proper for the propofed ConftruiTtion, and its Radius will be the Line G D , 
if  r is wanting or if the Equation is only Cubical. In the Biquadratics the 
Square o f this muft be increafed or leflened, according as it is —  r or +  r , 
by the Redangle o f r and the latus return. I 'he Circle being thus defcribed, 
a Perpendicular bemg let fall upon the Line D  H  from its Inteifections with 
the Parabola, thofe that are on the Left Hand, as N  O, will always repre- 
fent the negative Roots o f  the Equation, and thofe on the Right Hand, as 
M  L ,  the affirmative Roots.

Cubic Equations are conftruiled otherwife, and fomething more limply *, 
by a Rule o f Van Schootens, by which alfo the Roots are referred to the A x 
is. But becaufc the Inventor himieif does not deliver his Manner o f finding 
it, nor the Demonftration of his Invention, it may not be amils to ihew 
here the Foundation of the fame, and to make the Geometrical EiFedion 
fomething more neat, and to free it from fome Cautions in which it is in
volved .

I'his Rule is derived from hence, that every Cubic Equation may be re
duced to a Biquadratic, in which the fecond Term is wanting. This is done 
by multiplying the Equation propofed into % —  ¿ o, i f  there is -f-  ̂ in the 
Equation ; or into z  *-j-  ̂=  o, if  it be —  h. Then the new Equation fo 
produced will have the fame Roots with the Cubic, and another beiidesi 
ijqual to —  if  there is —  b m the Equation ; or on the contrary.

( 71 )

Suppofe we were to conftru¿l 
this by % h *, it becomes

- ^ z ^ b - \ - a p z - \ - a a q z z
b —1“ p  ¡2̂  a z  "Í

-\-bz^ — b'' ẑ  \ - a b p z - \ - a ^  b

0. Multiply

o.

Here the fecond Term is wanting, and the Coefficient of the third bb

\r a p  gives
b b
2 a

-j- I  to be fubilituted for or C D in Cartes^  ̂ Con-

■ H  +ftruition *, and of half the Coefficient o f  the fourth Term is made ■ 
b p ,

to be ufed inilead o f |  j  or D  E , and fo the Center of the Circle fought

is determined. Then becaufe one o f the Roots o f  the new Equation is gi
ven, which is —  or a Point alfo in the Circumference will be given, 
and therefore the Radius. Laftly, the Circle being defcribed. Perpendiculars 
let fall upon the Axis from its Interfe£lions with the Parabola will exhibit the 
Roots o f  the Equation, the affirmative and negative as mentioned before.

Now the Center of the Circle is found by a very eafy Conftruélion, which 
is preferable to all others in Cubic Equations. Let A  be the Vertex and 
A  F  the Axis o f  the defcribed Parabola A M D .  A t  a Diftance equal to b 
let D K  be drawn parallel to the Axis, at the Right or Left Hand according 
as it is or — . which meets the Parabola in the Point D. With Cen
ters D and A ,  and with equal Radius’s, let occult Arches be defcribed inter- 
fcdling one another on both Sides, and through the Points o f Interíeñion

draw

Tig. 50.
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( 7 1  )
draw the indefinite Right Line P  C,- which may be perpendieiilar to'the fup.  ̂
pofed Line A  D  at its middle, and meet the Axis at the Point E. From 
E , either below or above according as there is either —  p'.or -j- p in the E- 
quation, make E F  =  I p i  and from F, or from E  it'p is wanting, draw 
tiie Perpendicular F  G meeting the Line B C  in the Point-G ; aud in O F  
produced make G H  =  i  to the Right if there is —   ̂ in the Equation, 
or otherwife to the Left. Then will H  be the Center required, and H  D 
the Hadius of the Circle ; which will ihew all the Roots as before, by means 
o f  Perpendiculars let fall from its Interiedions with the Parabola to its Axis. 

^,mpihercf appears from Des Cartes from what has been already faid, as well
irJ Ciibics as in Biquadratics, that the Roots may be reprefented by letting' 

tbeirLmits and fjijj Perpendiculars upon the Axis, or a given Diameter o f  the given Para-
bola, from the Interfeftions of that Curve with a Circle. And fince a Circle 

N. 3S9’ cutting a Parabola muft cut it either in four or in two Points, it is plain- 
Kov. An. 16S7. Biquadraticks there muft neceíTarily be two or four true Roots, either

affirmative or negative; as alfo if perhaps the Circle may touch it, in which 
we may infer an Equality o f two Roots of the lame Sign. But in Cubicks, 
becaufe one o f  the ínterfeélions is required for the Conftruftion, the one or 
the three remaining reprefent the one or the three Roots, as in the Cafe of 
Contad, whence it is plain that there are found two equal Roots, and that 
the Problem from whence the Equation refults is truly a plane Problem.

Therefore all Cubic Equations however afiecled are explicable with one or 
with three Roots, as always poffible *, admitting negative Roots for true 
ones. So Biquadraticks, of which the laft Term r is atFeded with the Sign 

Tig. 4. —  ̂ are explicable by two or four. But if there is r in the Equation,-
and it is fo great as that V  G  D j  r  is lefs than that a Circle can reach 
the Parabala in any Point, when defcribed with that Radius and the Center 
G •, the given Equation is totally impoíTible, nor is it explicable by any Root 
affirmative or negative. But o f  this more afterwards.

Now whereás there is fo great a Difference between the Cafes o f  Cubick 
and Biquadratick Equations, as that they cannot be comprehended together j 
I iliall firfi: treat of Cubicks, and then o f  the other. Now Cubicks may be 
confl:rii<5i:ed by an infinite Number of Circles in a given Parabola, but Bi
quadraticks with one only, at leafl in this Method. And that becaufe by 
putting z  —  <f, or any Indeterminate, equal to nothing, the Cubick Equa
tion is reduced to a Biquadratick, having the fame Roots with the Cubick, 
and another befides wh.ch is equal to e. Whence it is that the Cubick may 
be conftruded by fo many different Circles as there are different Values of 
that is infinite. But among thefe Conftrudions that is by far the moit eafy, 
which I gave above in the laft Paragraph. Yet there is another not much 
inferior to ir, which feems more accommodated to theDifcovery of the Num
ber o f the Roots and their Limits, and which derives its Original from ta
king away the fecond Term, by fuppofmg (as is commonly done) x =  z-[- 
or —  the third Part o f  the Coefficient of the fecond Term. Here it follows: 

Fi'g. S-Í’ T h e  Parabola A B Y  being given, its Vertex A ,  its Axis A  E, and its
¿aíuj return a ; let the Equation be reduced to the ufual Form : h :

a p z :



u p T i  a*- O, Then at the Diftance -f  ̂ íéc B K  bé drawn parallel to 
the Axis, to the Right Hand if  it be +  K  or elfe to the Left Hand, meet
ing the Parabola in B. And let an indefinite Perpendicular be ereded D  P  
on the middle of the fuppofed Line A  B, meeting the Axis in the Point G. 
From B let fall B C  perpendicular to the Axis, and let G  E  be always made 
equal to A  C  with its Direction downwards. Froin E  make E  H  =   ̂
with its Direction upwards if it be p in the Equation, but otherwifc 
downwards, and from the Point H  (or from E  if  p be wanting) let the Per
pendicular H  Q^be raifed meeting the indefinite Line D  P in the Point O. 
Laftly in the indefinite Line H  C^make O  R =  ¿ to the Ri^ht from O  
i f  it be —  to the Left if -[- q. Then a Circle defcribed with Center R ,  
and Radius R  A ,  will cut the Parabola in fo many Points as the Equation 
propofed has true Roots, and thefe will be the Perpendiculars Z  Y  let fall 
from the Points o f  Interfedion Y  upon B K  parallel to the Axis ; o f  which 
thofe on the Right Side o f B K  will be the affirmative Roots, and thofe on 
the Left Side the Negative.

 ̂ T h e  Convenience of this Conftrudlion confifts in this, becauie it is per
formed by a Circle pafilng through the Vertex, juil as i f  the fecond Term  
were wanting. Therefore for determining the Number o f  Roots, it is 
enough to know the Properties of the Locus or the Curve-Line which di- 
ñinguiíhes the Spaces, where if  the Center o f  the Circle be placed that paiTes 
through thfe Vertex o f  the Parabola, its Circumference wil cut it either in, 
one or in three Points : That is, to define the Nature of the Curve, upon 
which fliall fail the Centers o f  all the Circles, that pafs through the Vertex 
and then touch the Parabola.

But that Locus is the Paraboloid, which with the great Wallis we will 
call Semicubical, or ki which the Cubes o f the Ordinates are to one another 
as the Squares o f  the Portions o f the Axis refpeclively. Its latus reSlum is 
27

of the la t m  r e t u r n  of the given Parabola, and its Vertex is the Point V ,  

A  V  being half the latus reñum o f  the fame Parabola. That is, i f  Unity
g

be aíTisned for the latus reSium of the 2¡¡ven Parabola, —  of the Cube of the 
^ °  27

Ordinate will be equal to the Square of the Part o f  the Diameter, or the 
Cube of 4- V  H  will be equal to the Square of II R, i f  R  be the Center of 
the Circle that paiTes through the Vertex o f the Parabola, and afterwards 
touches it. This is that Curve which ñrlt of ail Mortals our Mr. N eil de- 
monftratcd to be equal to a Right Line, who on this Account has been cele
brated among the chief of Geometricians. And its Properties have been in
quired into by the learned Dr. Wallis^ at the End o f his Book concerning the 
CilToid, and Huygens  ̂ Prop. 8, 9. of the Evolution of Curve Lines, and 
ocher ingenious i^en whofe Writings the Pleader may confult. This Curve 
being defcribed on each Side o f the Axis o f  the Parabola, that is, V N L  
and V P X ,  will comprehend a Space, in which if the Center o f  the Circle 
be put, which paiTes through the Vertex A , that Circle will cut the Parabola 
in three other Points. But the Spaccs that arc more remote from the Axis

___________________________  _  _
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( 74 )
will fupply the Centers o f Circles which will cut the Parabola but in one Point
befides the Vertex.

Thefe Things being rightly underftood, we fiiall now proceed to deter- ' 
mine the Number of the Roots. And firfl; let the fecond Term  be wanting, 
and let the latus reSlum be Unity, or A  V  =  In the Conftruflion V  H 
is i  py and H  R  f  And p  is to be put upwards from V  if it be 

p, the Center of the Circle is always to be placed without the Space 
L  V  X ,  and therefore the Equation is explicable by one Root only, affirma
tive if it be —  q, negative if  -|- which Roots are inveftigated by Cardan*% 
Rules. But i f  it is — p, then V  H  =  f  muft be taken below, and it may 
happen that H  R  may fall between the Axis and the Curve V  X  or V  L,

namely if the Cube o f  2 V  H  or j/> is greater than the Square o f —  q, or

^  greater than —  q q, in which Cafe there are three Roots, two nega

tive i f  it is —  and one AfHrmative equal to their Sum j or if it is -j-

then two affirmative and one negative. But i f  —  is lefs than —  a then
27 4  ̂ ^

only one Root is found, affirmative if  it is —  q, but negative if  -j- q. And 
thefe Things are commonly taught by thofe who treat o f  this Part of Geo
metry.

Now let all the Terms be prefent, and firil let this Equation be propofed
—  b - \ - p z  —  Í =  o, to which we have adapted Figure 51. In the

Conftru6tion o f  this, B C A C
18

V E bb,

V H

H O

b
I

b̂

2
I

p, G  n bb or —  p
2 ^ b h, hence

bp,  o r - r  b p b̂ , and H  R , or the Diftance of27 6 6 27
the Center of the Circle R  from the Axis, is always the Difference between

I . . I . I
bp  and -

7
b̂ q ; which if they are equal, the Center falls in the

Axis j i f  ^  is greater than ^  b̂  -|- q, it falls to the Left of the Axis, 

but if  lefs, to the Right. If the Square-root o f  the Cube of —  V  H , (that

is, o f bb p,  which we may call d,) that is, 'Ú d d d  is greater than

H R ,  or the Difference between —  -X- —  q and ~r h p. the Center R is
27 2  ̂ 6 ^

found within the Space PI P  V ,  which is circumfcribed by the Paraboloids
V  P  X  and V  N  L ,  and the indefinite Right Line D N  P. And therefore
the Circle will cut the Parabola in three Points Y ,  Y ,  Y ,  fituate to the Right
Hand o f the Line B K , and therefore the Equation has three affirmative

Roots.

Ü íliJ l
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Roots. But the Center being without this Space, N  U  P, it can be ex
plained but by one affirmative Root. Here we may take Notice, that the 
Right Line D  P  that touches the Paraboloid V  P  X  in the Point P, E  P

being ^  will cut the other V  N  L  in the Point N , fo that letting fall 

the Perpendicular N  F  upon the Axis, V, F  will be a fourth Part of E  V ,  or

^  hb.  but N  F  will be — But  V W ,  which from the Point V  being
2 4  1 0 5  *=*

drawn perpendicular to the Axis, and meets the Line D  P  in W ,  is equal to 

54  ^

Hence we may fafely conclude, if in the Equation p  is greater than —  bh^
3

or q greater than —  there is only one Root to be had, and that affirma-27
live. Therefore Des Cartes'^ Rule is not true, {pag. 70. Edit. Amft. i 6§g)  
wherein he aíTerts, that fo many true Roots are to be had as in the Equation 
there are Changes o f the Signs and — ; nor is it to any Purpofe that 
Schooten in his Commentaries excufes this Miftake. For infinitely more E - 
quations may be contrived of the foregoing Form, having three Changes of 
the Signs, which have but one Root, than which have three Roots. Alfo 
the fifth Propofition o f the fifth Se6lion o f our Harriotts Ars Analytica ; as 
likewife the i8th Problem oiVieta*s Numerofa Poteftatum Refolutio, are not 
fufficiently found, fince from the Limitations they have there given, that 
fhould belong to the whole Parallelogram P I V  W , which we have now 
proved to belong only to the Space N  V  P ; that is, that it iliould afibrd a 
Center for a Circle, which cuts the Parabola in three other Points befides the 
Vertex.

Now the Quantity or the lafl: Term , when b and p are given in fuch 

Conditions that p  is lefs than —  bb^ is accurately limited by the foregoing
3

Equation \J ¿  d d —  — b̂  b p<t when the Circle touches ' the

I I I
Parabola. Therefore —   ̂ ought to be lefs than —  b̂  ddd.

But if^ is greater than—  b b̂  it is necelTary that —  ? ihould be greater than
4  ^

 ̂P —  ^  _n/ left the Center iliould fall within the little Space

N  V  W . VVnd with thefe Conditions the Equation is always explicable by 
three Roots, but otherwife by one only. But whether three or one, they 
are always affirmative, becaufe of the Pofition o f  the Center R  to the Right 
Hand o f  the Line D  P.

L  2 And
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And this is the moft difficult Cafe, fo that he that well underflands what goes 
befoje will eaGly underftand the reft. Now let be given the Equation 2̂  ^  

 ̂ z ’  4 - ^ z  “1-  Í =  o. Here that three Roots may be had, it is neceffary 
that the Center of the Circle may be fomewhere within the Space P  N'a, 
included by the R ight Lines P  N , P A ,  and by the Curve of the Paraboloid

N  A. Wherefore fince E F  =  hi;, p  muft be lefs than - 7   ̂ N ow for8
the Determination o f  the Quantity making d —  h b

y

then d d d

Limitations, but — ¡ q muft always be lefs than V  d̂
27

making d

Roots, and one affirmative ; but otherwife if  —   ̂ is greater than sj d̂  —r,

^  —  —  b one only affirmative Root will be exhibited.

in the fourth Place let the Equation be 2:’ —  ¿ z ’ —  ^ z - | -   ̂ =  o, which 
has.two affirmative Roots and one negative, if the Center of the Circle is 
found in the indefinite Space between the Right Lines P A, P D ,  and the

Curve,of the Paraboloid A L  ; that is, fuppofing d =

q is.lefs than d̂
27

verja
three are negative under the fame Conditions, but none affirmative. So m

z h

\

I I  * t 1
■ —  b b b  —  "3“ ^ ?  always be greater than that the

Center of the Circle may be found in the aforefaid Space P  N  A : Which 
when it happens, fuch an Equation has two affirmative Roots and one nega-

I I  I
live. But l ip  is greater than bb, or —   ̂ greater than

3  ̂ ^7

 ̂P% the Equation is explicable but by one Root, and that will be ne

gative.
Now let be proposed the Equation 2’ —  ¿2 *  —  ^ 2  —  5 =  0. That this 

Equation may have three Roots, the Center o f  the Circle muft be found 
ibmewhere in the indefinite Space, between the Right Line D  P D  and the 
Curve of the Paraboloid P X . Hence the Quantity p will be fubje¿l to no

b p

b b — p. By this means there will be two negative

tity, there is only one negative Root.
Now the four remaining Equations, in which there is J -  as to the Li

mitation of the Number o f Roots, do not differ from the foregoing, if the 
Sign of the lafr Term  be changed, keeping the Sign of the third Term; 
but the Roots that in thofe were affirmative will here be negative, and vtct 

I ’hus in the Equation 2 ’ —  b 7̂  p % —   ̂ =  o, either one or



«2? ^  ¡; 7^ p  Z  —

lefs than — bh  ̂ and

( 77 )
= o, two are negative and one affirmative» i f p  is 

q lefs than V  á> -|- ----- ^  hpy as in z ’ —  b z"

■p z  q =  o, two will be affirmative and one negative. But when p or 
^'depart from the prefcribed Limits, here is only one affirmative Root which 
there was negative. In like manner m ẑ  b ẑ  —  p z  -|- ? =  o, either 
there are two affirmative and one negative Root, or one negative only.

^  ^ A .  A ^  A  V

b z  ̂ —  p z o.Laftly for the fame Reafon in the Equation 
there are two negative and one affirmative Root, or one affirmative only; as 
in the Equation ẑ  —  b ẑ  —  p z  q = . there are two affirmative and

one negative, or only one Negative, according as —   ̂ is greater or Icfs than

• /
I f  the third Term is wanting, or p =  o, the Center R  always falls in the 

Line I P E A ; wherefore if it is 2 5 —  b Z‘ * —  g  —  o, ov ẑ  b 
q =  o, there can be only one Root, if  ’ tis —  b the Root is affirmative, i f  

b negative. But i f  the.E’quation is.z ’ —  b z ‘ * q —  o, or ẑ  -j- b z"'
—̂  q ~  o, there may be two affirmative and one negative in the former, 

or one affirmative and two negative in the latter, the Center falling in the

Line P  A ,  between P and A ,  that is, if —  q is lefs than —  P  : But if it be

greater, then can be only one Negative in the former, or one Affirmative in 
the latter.

Hitherto we have fully explained the Number o f Roots in Cubic Equa
tions ; now we muft add fomething concerning the Qiiantiiy of thofe Roots. 
Here it is firft to be obferved, that every Equation having three Roots may 
be refolved expeditiouily enough by means of the Table o f  Sines, that is.

by the Trifeition o f  an Angle. For by making b b

4
if it is -j- in the Equation, or \/ —  b b -¡- —  p-> if  it is

of the Circle; and making that the Angie to be trifeftec

~ p ,  or^/

p̂  the Radius 

whofe Sine is
1

27 ¥  - b p —  q in the I ’able o f  Sines j when this Angle is found

the Sine of a third Part o f  it, alfo the Sine of the third Part of its Comple
ment to a Semicircle, and their Sum, will be known by the Table o f Sines.

. . ' '4 '-------But thefe Sines are to be drawn into the Radius V  — • b b • /(, and we

iliall have the Quantities {y & ,  y  & ,  y  & ,  in the Figure) the Sum or Diffe

rence of which, and of —  b, as the Cafe requires, v/ill exhibit the true Roots

o f  the Equation. A ll thefe Things are derived from what has been found by
Cartc-

UnED
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Cartefius. Now that I may comprehend all the Cafes in as fhort a Compafa 
as polTible. I fay that in the firft Form o f  Equations, if  the Center R  fal s in 
the Space V  G  P , the two Sedions Y ,  Y ,  fall between A  and B, and there-

'ii' fore each of the lefler Roots is lefs than —  If, but the third and greater al-
f* 3

ways exceeds —  l>, but is exceeded by N ow if  it falls in the Space

I 2
G  N  V ,  two are greater than —  but leís than —  and the third is b

^ 3 3

fubftradling the two others, and therefore lefs than —  But admitting a
-

Limitation o f the Quantity p , the Roots are included within narrower Bounds. 

For the greateft Root is lefs than V  —  hi^—  ̂—  p and greater
9 3 3

than s/ —  h b — 'p 4 -  —  ^  But when —   ̂ is lefs than that Limit

( 7 8 )

becomes s/ —  h b -------- p  -f- —  b. The middle Root is always lefs than
"" "  ̂  ̂ -

V  —  bh A------ b, but greater than —  b —  »J—  b b  —  —  p. The
4 ^ ' 2 ’ ^ 3 9 3 ^

greateft Root never exceeds this Lim it, but vaniihes with the Quantity q.
In the fecond Form by the Rules prefcribed there are two affirmative and 

one negative Root, and the Center falling in the Space G  P E , one of the

Affirmatives is greater and the other lefs than —  b. But the greater does

not exceed and the Negative cannot be greater than t j  —  hb  —  —  b̂

and it is the Difference o f b ana of the Sum o f the Affirmatives. But when 
I the Center is placed in the Space E  N  G  A, either o f  the Affirmatives is

I - - _ . yT
greater than —  b̂  but lefs than \/ —  b b ------ b. But the Negative is

/ 3 ' 3 3
5 I
J' always leis than —  b. But from p  being given, the Limits become near-

i  -------------  Ier, n/ —  b b —  p  ------b o í  the greateft affirmative Root, than which it

is always lefs, and greater than V  “  b b —  ~  ^  H— ~  

affirmative Root, which diminifhes with the Quantity q, is lefs than this Li

mit. But the negative Root is always lefs than *J —  b b ------^  p —D / 'w  ̂ 3 ^ 3
and vaniihes when the Quantity q is abfent.

I

f
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In the third Form are two negative and one affirmative R o o t ; in this, as 

alfo in the fourth, the Roots are not limited by the Quantity Now the
/ 4  . , 4  - I

Affirmative is always lefs than \/ h h P -\" r, - but greater than

4
h h —  b. But the greateil o f  the Negatives is always greater

I
—  and lefs than \/ p  , hh h. But

 ̂ 3 "  . . .  ‘ ' 4  , 2 ^
the leiTer o f the Negatives always is diminiihed when the Quantity q is di-
miniihcd.

In the fourth Form the Center fails within the Space L  A P D ; i f  two 
Roots are affirmative and one negative, the greateil of the Affirma-

s f p -tives cannot be greater than h b A------ h, nor iefs than1

- b. But the Jeflfer Root is diminiffied from this
3

Liriiir, as the Quantity q is diminiihed. T h e Negative is Jeis than

hb h.' ^4 4tkj —  b b -I------p •—
9 ^ 3 ^  3 ^ '  ^ ' . " ' 4  2

But here it muil be noted, that the negative Roots are every where
marked with the affirmative Sign, becaufe thefe are the affirmative Roots 
of thofe four Equations, in which there is -f- and q is marked with a 
contrary Sign, as I obferved before. T h e Dcmonftration of ail thefe fol
lows from hence, that whenever the Center of the Circle R  falls upon the 
Curve-Lines V  P X  or V  a  L ,  its Circumference touches the Parabola in a

2
Point whoíé Diilance from the Axis is s/ —  V  H . But when the Center

falls upon the Line D  P D , one o f  the Roots becomes 
the Cubic is reduced to a Quadratic, or to z ’' —  b z  p

o, and therefore 
=  o, whofe

Roots mark out the Limits where the Quantity q vaniilies. And the lefs 
q is, fo much the nearer the Roots approach to thefe Limits, It is alio a

Quadratic when the Center falls in the A x i s ; that is, when —  q =  b p

—  in the firil Form, or —  27 ’ ’ 2 u 27
- b p  in the fecond.

In the third it is impoffible, but in the fourth when —  q 

bp.  In which Cafe the leiTer of the affirmative Roots is —

27

b, the greater

/ \
s / —r  h"- -\-p -\

I .  .

—  b. And the negative Root is —  bb p b.

In

UnED
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jw I I  / 1
jiQ in the firil Formula the Roots are ~~  ̂ and —  b s/ —  ¿> ¿> — ■ ^ j in the-

3 o ó

fccond —  ¿/ and V  —  hb  —  p h are affirmative ; but V  —  ̂  ¿— ft
1| 3 3 ^ * 3  2 ^

I . .
----- Y  b IS negative.

|1 And this feems to be fufficlent as to Cubics. But becaufe o f  the excellent
t;' U fe o f  that Method, which finds the Roots o f  thefe Equations by means of

the Table o f  Sines; I have thouglit proper to add an Example or two, to 
Ihew the Compendioufnefs o f  this Praxis. Let there be propoled this Equa- 
tion z ’ _39 2“ -f- 479 ^ 1  =  o, of which the Roots x  are required.

W e  fliall have —  h h —  —  p =  V 9  —  —  sj d, whofe double v/ 37
9 3 3

1 — ibp  ?.iQ7+ 9 4 0 i —
—  IS the Radius of the Circle; and---------r.j------- = ----------~ v  7- ,--------- =r

3 Vti' 9 W 9 t

— ;— ;----   is the Tabular Sine of the Angle, that is, making the Divifion
9  t  ^  9 T . .
by Help of the Logarithms, L o g. 9. 9251560, to which anfwers the An

ii gle 57° 19' 11" é- -A third Part of this is 19̂  ̂ 6' 24", and of the Comple-
I ment 40® 53' 36*'. The Sines give Log. 9. 514933, and 9. 8 1 6 0 1 1, which

drawn into the Radius \/ 37 — ? produce Y  &  and Y  & ,  Log. o. 301030,
3

[{■; —  2, and Log. o. 601059, =  4 * Y  &  is equal to their
!t; Sum, or 6. Therefore the Roots are 13 —  4 =  9, 13 —  2 = 1 1 ,  and
\ii 13 6 =  19 j of all o f  which the forefaid Equation is compofed. Where

it may be obferved, that the two leiTer Roots do not exceed “  or 13,

becaufe in tiie Conftruélion the Center R  falls to the Right Hand o f the
? . I  ̂ . I - I
,j A xis  ; that is, is lefs than —  b̂

For another Example fuppofe —  15 —  229 x  —  525 =r o, and let
I I

the Roots be fought. W e  have V  —  bb   ̂ =  »J 10 1 —  = .

S and the Radius o f the Circle is V  405 Then
3

1 25- 4- ¿572 T - j - 262 4. 060 , , , ^
— ------ — 7— 7— i------= --------;— 7------ r =  Tabular Sine of an Arch, whole1 0 1 J V 1 0 1 7  i o i | V i o i - f
L o g . 9. 9736426, and the Arch itfelf will be 70° 14' 22", whole third 
Part is 23*̂  24' 47''^, and o f  its Complement 36° 35' 12" 7 ; whofe Loga
rithmic Sines are 9. 599183, and 9. 775275 ; to which the Log. of V  4051- 
being added, they become Log. o. 903089. r= 8, and L o g . 1^079.81 ,  =

12, and their Sum =  20. Hence it is concluded, that 20 4 - or 25,o:>
IS

T
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is equal to the affirmative Root, and 8 or 3, and 12 or
3 '' 3

7, are equal to the negative Roots. Now if the Equation had been
15 —  229 vV +  525 — : o, the Roots 3 and 7 would have been affirma
tive, and 25 negative. But other Cubic Equations, which are -explicable 
t>y one Root only, are to be reiblved by Cardan's Rules after the fecond 
Term is taken away ; nor can I perceive how it may be done by lefs Calcu- 
ktion. But if this Root were dcfired, exprefied by the Quantities b,

I fay in the firfl; Form it would -be —  adding or fubtraóting the Sum or

/ i  ------------------

Difference o f the Cubic Roots of V  —
4 loS 27

27
q —  —̂ b p \  that is, it will b e - | - i f — ¿7’ is greater

‘1
than - 7-  h-p̂  otherw ife

27

Alio it will be the Sum as often as —  b h \%

greater than p, but i f —  bb\z  lefs, then the Difference, And in the other
_  3
Forms the Root is always made up of the fame Elements, with Variations cjf 
the Signs -|- and — , as any one will eafily perceive who has a Mind to try.
' By Help of the Logarithmic Table of Verfed Sines thefe Roots may be 
found readily enough; that is, if the Numera l̂ Coefficients are Surds or 
Fradions, and the Roots are efFable in Numbers, as it generally happens.

Now this is the Rule. In the firil and fecond Formula, if —  ¿ ¿ i s  lefs than

/>, make —  p b b  ■=. and taking for Radius the Difference be

tween bp  and —  b̂  —  7, that is H  R  in the firft, and between - 46  ̂ 27 ‘ 2 6
I

hp -r- —  and —  in the fecond ; let the Ansjle be found whofe Tan-
r  1 2 27

gent \% d>>J d. Then as the Coime of this Angle to its Verfed Sine, fo is 
the Difference taken for Radius to a fourth ; whole Cubic Root by Trifeólion

will be had for a Logarithm. Then dividing —  .p — —  hb  this Cubic 
. . 3 * 9 ^

Root, from the Quotient fubtrad the Divifor, and the Remainder will be
I  .

the Quantity Y  & . The Sum of —  b and this Remainder, i f  the Center
3 .

fall on the Riffht Side the Axis, otherwife the Difference o f the fame, willo
¿ ¿ is greater than p̂  taking H  R for Ra-

dius, \ct d s¡ d or the Diftance'of tĥ e Parab©loid from the Axis, be the Sine 
V o l . I. - . M  ; - o f

be the Root fought. Now if - -
3



r:

i
t

( )
oF a certain Arch. Let the verfed Sine of this be multiplied by the Radius-̂ ’

Qj. 2 - and the Logarithm o f the Produft being tri.
b 2 y ■— 2

j  T ^

fcded, its Cubic Root will be had, by which l e t b e  divided.'

1 fay that the Sum of the Quotient and Divifor in the fame Manner added

■i to or taken from —  will exhibit the Root required. And in like manner

'   ̂ I I I
if! in the third and fourth Forms, unlefs that *71 ~  ? is to be
||  ̂ j -̂-  -
II  aíTumed for the Radius, and —  ¿ into ^ ^ ----- b^oxd^Ji

9 o 9 «3
for the Sine. But thefe Precepts will be better underilood by Examples.

Let the Cubic Equation be 2̂  —  1 7 z* 54 z  —  350 =  o, and let the'
I

Root z  be required. Here —  bb h  greater than but  ̂ is greater than-
3

the Cube of —  b j therefore the Equation Is explicable by only one affir*

niative Root. Now — —  is d, and —  V -----is to be taken for the
9 S 9 9

Sine to Radius -f" *75  —  *53» that is The Arch belonging
7

to it is 15® : 3 ': 49". The Logarithm o f the verfed Sineof this is 8. 5362376, 
which added to the Logarithm of the Radius 2. 3095913, gives o. 8457889, 
whofe third Part o. 2819276 is the Logarithm of the Cubic Root i .  91394.

127
This dividing or d, the Quotient is 7. 37281* Then the Sum of the 

Quotient and Divifor adding —  b is the Root fought, or 14, 9534,

Having now done with Cubic Equations, we are to undertake Biquadra*
11 tics. Thefe always have either none, or two, or four true Roots, the De

termination o f  which depends partly on the Coefficients, and partly on the 
Sign and Magnitude of the given abfolute Number. In the Conftruition

o f the Equation 2:+ — . ¿ z ’ j  z  r =  o, make B D  = : —  b, A B
4

bb,  B K  =  or half the /afus reBum  ̂ K C  =  2 A B  =  - | '  bb,

fig. 49

and E  G =  Y g  r -   ̂ Which being conilruited a

Circlc
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Circie with Center G and Radius v ' g D ^  —  r  will interfeft the Parabola, 
either in none, two, or four Points, which exhibit all the Values o f  z, or all 
the Roots, by Perpendiculars upon the Line H  D. Now that there may be 
four, it is plain the Center of the Circle muft be placed fomewhere within the 
Space, from any Point of which three Perpendiculars can be let fall upon the 
Curve of the Parabola *, and at the fame Tim e the Radius mufl be lefs than 
the greateft of thofe Perpendiculars, and greater than the middlemoft. Now 
if the Center be placed without this Space, fo that only one Perpendicular 
can be let fall upon the Parabola, than which the Radius is greater; or if it 
be lefs than the middlemoft o f  the three Perpendiculars, but greater than the 
leaft o f them, there can be only two Roots. But there will be none as often
as the Radius G  D   ̂—  r  is lefs than the leaft of the three, or than that 
one when there is but one. Now what Sort of Space this is, by what L i
mits it is circumfcribed, and upon what Conditions the Radius o f the Circle 
is lefs or greater than the faid Perpendiculars, we muft now inquire. And 
firft it muft be ihewn, how a Perpendicular may be let fall upon the Pa
rabola.

Let A  B C  be a Parabola, A  E  its Axis, A  V  Its half lalus reSlum̂  and G 
the Point from whence the Perpendicular is to be drawn. Make G E  per
pendicular to the Axis, and let V  E  be bifeded in F. And ereding the Per
pendicular F  H  on the fame Side o f  the Axis, make F  H  =   ̂G E. I fay, 
that a Circle defcribed with Center H , and with Radius H  A , will interfcdt 
the Parabola in three Points, or in one Z ,  to which the Right Lines G  Z  
being drawn, will infift perpendicularly upon the Curve of the Parabola.

Now that there may be three fuch Interfeflions, it is required that the 
Center of the Circle H  Ihould be fo placed, that it may be within the Space

g

included by the Paraboloids. That is, that F  H  may be lefs than V  —

V  F  c, or F  lefs than the Cube o f —  V  F, and therefore G  E  =  4 F H

8  I  ^
will be leis than —  V F f o r 4 V “ V E f ,  that is, the Square o f G E

F’i' 53'

16
27 27

lefs than —  V  E  c. Therefore thefe Limits coincide with the two Parabo- 27
Joids of the fame Kind with thofe which we made ufe o f  in Cubics, but whofc

. . 27
latus reSliim is as little again ; that is, of the Ia!us redum o f the Parabola, 

27
or of A  V . Therefore it is the very Curve by the Evolution of which

the Parabola is generated, as Mr. Huygens has demonftrated, and which the’ 
Line D F  always touches, which is perpendicular to the Parabola in the' 
Point D. But the Point P, in which the Right Line D F touches the Pa-

M 2 raboloid.

n £ D
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raboloid, is the Center of the Circle, which being tlefcribed v/ith Radius 
D  P coincides with the Parabola in the Point D , or is oí. tiie lame Degree of 
Curvity ; \yhich is manifeft o f  itfelf.

Therefore fuch Paraboloids V  X  P , V  N  A, being defcribed on each Side 
the Axis, it is plain unlels the Center o f  the Circle is fixed within thefc L i
mits, it cannot cut the Parabola in more than two Points. Whence wc may 
determine under what Conditions the Coefficients of the intermediate Terms 
are reftrained in Biquadratic Equations, in order to have four Roots. And

3firft' it appears that p cannot be greater than in thoíé Forms In

wliich u, is -|- p, nor q greater than-^ h . But in general —r 
°  16

_  I

- f  —  that is, the Diflrance o f  the Center from the Axis E  G , muft be

'X

27 16^h h l r 2
r

Jefs than — —  p \ ¡ — hh being4 • 3 ^ '  l b ------  ̂ b  ̂ ’ ------- ‘ ^
doubtful, that they may be varied according to the Exigence o f  any Equa
tion ; as we have /hewn before in Cubics.

But the Limitation o f the Jail Term r cannot fo eafily be found. And 
this becauie to let fall a Perpendicular upon the Curve o f a Parabola isa  fo- 
lid Problem, and which cannot be refolved witliout the Solution of a Cu
bic Equation. Therefore firfl: let the fecond Term o f  the Equation be 
wanting, or‘ if it be preient let it be taken away, that the Equation may 
have this Form z- :̂ * :p : q z  : r : =  o. Now if  it be —  r, the Equation 
may always be explained by two or four Roots: But that there íhould b  ̂
four, the Center o f  the Circle mufl: be had below the forefaid Paraboloids,

or that there may be —  p , and q q lefs than
8

or than the Cube of
3
I

p. Then let there be found the Roots o f  this Equation, : —  py.
^   ̂ 4

q =  Oy the fame Signs being annexed to p and q as in the Biquadratic Equa
tion. Now thefe Roots may eafily be found by help of the Table o f  Sines, 
Thofe three Values o f y being found, (which are the Ordinates to the Axis 
o f  the Parabola, from the Points where the PerpendicuJars fall upon the 
Curve, that is Z  Y ,)  the Quantity p compofed of the leiTer Root
y will exprefs the greateft Value of r ,  if  it is —  r ; than which i f  r is le6,- 
the Equation will have four Roots, otherwife but two. But if  it is -}-r, it 
rauft be Jefs than 3 — py"', compofed o f the middlemoftjyj for i f  it be-
greater, there can be but two Roots, at ieaft if  r be lefs than 3 ŷ  — py* 
compofed of the greateft But i f  i t  be greater than this, t h e  Equation is’ 
explicable by no true Root at all. Now thefe fame Limits may be otherwife

marked

?

I



q̂ y —  jy+ in the firil Cafe,

i

marked out by the Quantity q. That is, --
A

qy in the fccond, and third.

Bat it may happen that the two Icficr Quantities y  are not far afunder,
fo that each o f the Perpendiculars may be greater than the Right Line G  A ,

4 S'
that is, when is greater than but leis than — the Center fal-

2/ 27
ling within the Space intercepted by the Paraboloids, Fig. 51, 52. In this 

Cafe if it there can be but two Roots, the Quantity y  ̂ ^  q y

compofed of the greateft y being greater than r, otherwife none at all. But

if  —  qy —  y  ̂ compofed of the leail^y is greater than r having the Sign — ,

and r is greater than —  qy — compofed o f  the meanj», then there would

be four Roots j and but two only i f  r iliould be cither greater than the for
mer or lefs than the latter.

But in the Equation if '  it ihould be -|- Py or if  it is —  p  and q q greaiter
8 , T- • j  ̂ ^

than -~zP^> the Equation y^: * ; —  p y ' —~ ? =  o, is exph'cable only by
27  ̂ 2 4

one Rootjy, that is, one Perpendicular alone can be let fall from the Centei* 
o f  the Circle. Whence we may certainly conclude, that there can be had 
only two Roots from the given Equation, the Sum o f which, if it is —  r, 
íncreaíés with the Quantity r ; but if it is r, the Quantity jy being found',

that Quantity r muft be lefs than y  ̂ -)------ q r. For i f  it be greater, the

propofed Equation will be abfurd and impoíTible.
It would be a tedious and unneceiTary Thing to run-through all theEqua* 

tions of this Sort, fince it muft be evident to any one that confiders it, what 
Roots are negative and what affirmative; and that the Limits o f  thefe Roots 
may be had from the Quantities being found. Yet for an Example, which 
may be imitated in others, let it be projx)fed to find the Limitá or Condi
tions, under which in a Biquadratic Equation four affirmative Roots may be 
had. . Now this will happen as often as the Center of the Circle G  is placed

Radiusin the Space V  P K , and at the fame Time there is 
the Circle is lefs than G D .  Whence it is plain that the Equation we are 
treating o f muft be of this Form —  bz^ - ^ p  z  ̂—  j  2 r =  o. But p

3  . , I I
cannot be greater than —  b b, nor in this Cafe —  p b  greater than —>

® 8 4  ̂ °  10

Alfo it is neceflary that —  b b

muft be greater than ? —

—  p drawn \nlo •J—z b b — —r P  3 lb  0

p b ‘y and from thefc Limitations

it

HED

52'
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it will be certain, that tl\e Center will be found within the Space V P K .  
Now that the Quantity r may be determined, we muft firft folve this Cubic

Equation y  : * : —  h~ —. p y  ^  ^ ^  Points

w ill be had, upon w h ich  the Perpendiculars from  the C en ter w ill  fall upon 

the Curve of the Parabola.

3
Now the three Values o f this y being found, r muft be lefs tlian -|-

—  —  - ^ h '  /  +  p />  compofed o f the middle Va-

q I I 2
lue o f jy, and greater than  ̂  ̂ 7 6  "4" 3 -----

+ P / »  when compofed of the ieaft v. But if r exceeds thefe Limits, there
3 I 4- ft

can be only two Roots. Laftly if -j- “  b P “}- 3y^ — ■

O
I y ^ P  y* w h e n  compofed o f the greateftj '̂, ihall be lefs than r, the

I

Equation is impoffible.

It may alfo happen that there are four affirmative Roots, when the Cen
ter G  is placed in the little Space V  T  S, drawing R T S  perpendicular up
on the middle of the Line A  D . This happens when p  is greater than

bb. and — b b -----—  P b b - ^ - ^ p h  greater than-~i>^ —
i6  4 3 ^ 1 0  6 ^ °  8  ̂ 128

¿̂ i —  ~  q. In which Cafe always two, and fometimes three, o f  the Roots 

are greater than b.

Fii-st> But here it muft be obferved, that Lim it produced from the Jeaft^ is
fometimes negative, or lefs than nothing-, that is, whenever the greateft of 
the three Perpendiculars is greater than G D. This may be diminiihed to 
nothing, i f  it happens to be -{- r from the preicribed Limit compofed o f the 
middlemoft^. And the Defe6l o f  che Limit from the leaft^ Ihews, how 
great —  r may be in the Equation, if there are three affirmative Roots in 
the Equation and one N egative: Which if  it exceeds, there are only two 
Roots, one affirmative and one negative. All thefe Things are demonftrated 
from hence, that the aforefaid Limits o f  the Quantity r are the Differences 
o f  the Squai;es o f  the Line G D and o f  the Perpendiculars upon the Curve 
o f  the Parabola.

But becauie o f  the intricate Rtftriélions which the Diverfity of Signs pro
duces in thefe Equations, it is always beft to take away the fecond Term, and

then
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then by the Precepts already delivered to find the Number o f the Roots and 
their Signs *, efpecially if thofe Quantities^ are not far remote from one ano-

I
ther. Now of thefe four affirmative Roots, two are always lefs than —

and two greater j that is, if  D G is lefs than A  G , or

I
q. But three o f them are lefs than —

—  than - 7 -  4 -
4 ^ 64 ~

If, as often as the middlemoft Per

pendicular, or that found from the middlemoft is greater than A  G , or 

¿> i? greater than 3 jy’ y '  computed from the fame middlemoft But
O

the fourth and greateft Root is greater than the greateft y  +  — -< ,̂and is equal

to the Difference o f  b and the Sum o f the other three Roots, and therefore is 
lefs than b. But I ihall proceed no farther. Perhaps thofe who have a greater- 
Infight into the Nature o f the Parabola may be able to draw all thefe Con- 
clufions more compendioufl'y ; but it may well be doubted, whether all thefe 
Quantities, p , q, and can be rightly determined,'without the Solution 
of a Cubic Equation. For whatever can be done in this Matter by plane
Equations, can only exhibit Approximations, and not the true Limits.

X X . M r. de Lagney has lately given us two very compendious Rules for 
an Approximation to the Cubic R o o t ; one o f  them rational, and the other

, Ü h  Rtd’uiiion\ by
irrational. That is, the Root o f  the Cube a} -\-b\%  between a A ------,— r—,Mr. Ed. Haiiey.

___  ' ' 3 « -j-c’N.

thus exprefíés.

a. And the Root o f  the fifth Power a '^ - ^ b h t

210*̂ . 136. 
May, An. 1694,

I  b
a .̂ Now the aforefaid Rules

2 ■ ■ • 4 ' 5  ̂ 4
are demonftrated from the GfneGs o f the Cube and o f the fifth Power. For 
fuppofing the Side o f any Cube to be -j- e, the Cube derived from thence 
will be  ̂ 3 ‘ -}- 3  ̂ i ’ . So that if  be fuppofed a Cubic Num
ber which is the next lefs to a non-Cubic, will be lefs than Unity, and the 
Remainder or h will be equal to the other Members o f the Cube 3 ¿2* f  -{-
3 And being rejefled becaufe of its Smallnefs, it will be ¿ =

h
3 Í -|- 3 /2 i" . And fince ^  e is much greater than a e ', ■— x will not much

3 ^
7 .  1

(to which the Quantity e is

b a b

exceed e \ and putting e =  — — . , ■
^ °  3 « 3 ^ 4 - 3 ^^

h
nearly equal) will be found equal to

3 a>-
c ferL  So that the Side o f the Cube •\-b\s equal to f

a b

UnED



I S

I!

*tÍ

1

I
• I

M U

a h

[ 8 8  )
_  » • 

_------ , -r-9 nearly, which is the Rational Form of Mr. de L^gney. Now
a? V , i
be a Cubic Number next greater than the given Number, the Side of the

a h
Cube ¿ by a like W ay of reafoning will be found a —  ; * And

this Approximation to the Cubic Root, which is very eafy and expeditions, 
makes but a very fmall Error in defeft, fince e the Remainder of the Root 
found by this Means, will be but little lefs than the true Remainder. Now 
the irrational Form may likewife be eafily derived after the fame Manner.

b
For becaufe  ̂=  3  ̂ 3 ^

V
/ 1 z b
—  —
4 3 «

the Root rec

b

Ct ■' I *■ and kJ

or —  : 
3 «

a e -f- e

b I
—  a —
4■ 3 a~^ 2

a e e and therefore.

a a -\-e  which

I
Ü

V  —  —  — - for the Side o f the Cube —  h. Now this Form approaches
4  3  ̂ ,  .

fomething nearer to the true Root than the rational Form, erring in Excefs
as the other does in Defe<5l, and feems to be more convenient for Praflice,
fince the Reilitution of the Calculation is nothing elfe but the continual Ad-

dition or Subtradion of the Quantity •— > as the little Supplement e becomes
W m

known. So that it may rather be wrote sf a

former Cafe, and —  V

~ <2 in the

a in the latter. Now by either

Form the Figures already known in extra¿ting the Root are at leail tripled, 
which I believe will be a very acceptable Compendium to Arithmeticians, 
and therefore I congratulate the Inventor upon it. But that the Ufefulnefs 
of thefe Rules may be the better perceived, I fliail add an Example or two.

Example I, Let the Side o f  the double Cube be fought, or make •\-h

I ,2. Hence a and
b

123 ^ 3  2
or I ,  26 will be found near the true Root. But the Cube o f  i ,  26 is

2, 000376, and therefore o, 63 V  o, 3969 —  g>_̂ Q9 3 7 ^
3 ’ 7 °

V o ,  3968005291005291 =  1, 259921049895 —  j which exhibits the Side 
o f  the double Cube as far as thirteen Figures with little Trouble, that is, by one 
Divifion and Extraction .of the Square-root i whereas had it been found by. 
the common W ay o f Operation, .every Arithmetician knolte what Labour 
it muft have coll him. Now this Calculation may be continued at Pleafure, 

.. . .  .. . b y
• *
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t y  increafing the Square by the A.ddition o f Which Correilion in this

the firft Approximation we have 3 -f" v' 9 ~~

Cafe brings only the Increafe o f  an Unit to the fourteenth Figure.

Example II. Let the Side of a Cube be fought, whicli is equal in Meafure 
to a Gallon, containing 231 folid Inches. 'I’he next ieíTer Cube is 216, 
whofe Cubic Root is 6 =  and the Remainder 1 ^ = . b. I'herefore for

—  =  to the Root. And be-

caufe B333 . . .  =  3, 1358 . . .  it is plain that 6, 1358 = i a - y  e. Now 
make 6, 1358 =  and we iliall have irs Cube 231,  000853894712, and

according to the Rule +  V  9 ,4 1 2 0 1 0 4 1 ------—

=  135792439^6*95897» which is the Side of the given Cube very ex-
aftly, being true in the eighteenth Figure, and falling ihort in rhe nineteenth; 
which Calculation I performed within an Hour’s Time. Now this Form is 
defervedly to be preferred before the rational one, which, becaufe of its 
i^rge Diviior, cannot be managed without a great dial o f Trouble j whereas 
the Extradion of the Square-root proceeds much more eafily, as manifold 
Experience has informed me.

Now the Rule for the Root of the pure Surfolid, or o f  the fifth Power, 
is o f  a little higher Inquiry, and yet performs the Matter much more per- 
fedly. For it quintuples at leafl: the given Figures o f  the Root, nor does it 
require much or very operofe Calculation. But the Author has no where 
given his Method of Inveftigation or Demonftration o f  it, tho* it fcemed 
moil to be wanting : Efpecial y as it is faultily  ̂ -inted in his Book, which 
may eafily miQead the Unikilful. Now the fifth Power o f  the Side a - ^ e
is made up o f thefe Members following, 
gae * -\ -e h ; whence b

5a^e
§ e- j -  ID

b
(rejeding becaufe o f  its Smallnefs) wherefore

10 e- -|- 10 -|-
~ 10

e - \ - 2 2 a

adding —  a* on each Side, and extracting the Square-root, it

— T ~(v —  a' e ■ 2 2 ae  ̂ e- = ) —

a e . Then fubtrafting a" from each Side, and extraéling the

a*-
f  I

(V  —  a"- a e

to which if  you add a. 'tis íí-j-f
— 4  * 5 ^ 4

Root of the Power b. N ow if  it ha’d been a'' —  b-, (affuming a 
V o l .  I. greater
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greater than it ought to be) the Rule would have been thus, a 

/ ”/"i ~h i
í?¿z =  Root of a> —  h.

And this Rule approximates wonderfully, fo that there can fcarce be any 
Need o f  Reftitution. And upon farther confidering this Matter, I have 
fallen upon a certain general Method of Forms for any Power, which is ele
gant enough, and which I cannot prevail upon myielf to conceal; fince in 
the higher Powers they triplicate at leaft the known Fi-gures o f  the Root.

N ow thefe Forms proceed after this Manner, as well the rational as the 
irrational.

i

• I - . Í

a b

3 ^ b
~   ̂\  ^ O’ “1“  2 ¿j’  or ¿Í

4̂ ______ /  T
b =z ^ a  ̂ a a -\-  or a

a* h 

6 •

b

Í

2

a h %
3

a b

4 Ü* —|— 5 b̂

1 a b
-V 5 %b

\ a b_______—  1

And fo in other higher Powers. Now if a ihould be aíTumed greater than 
the Root fought, (which would be done with Advantage as often as the Power 
to be refolved is much nearer to the Power of the integer Number that is 
next greater, than it is to the next lefler) changing what is to be changed, 
the fame Exprcffions of the Roots arife.

V'i?^.

3
\/ a"' . 

4

b

V  a"-

5

—  b

*J a 

6

—  b

b

1

r h~
•j Ü —  ̂ a, (I — -----> or

‘ ^___  3 «
/  b~

+  —  or

4   ̂ +  V  r r  a

/  b~
T « +  V  s’r  « « —  or

a h
~ 2 —  7

a b 

a h '
_______ “  4  ^ —  4  i'*

b a b

a b
)

Now

)



by the irrational gives the 
s. And juil the contrary if
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;*̂ ow between thefe two Limits the true Root always confiils, being fome- 

thing nearer the irrational than the rational. But e found according to the 
irrational Formula always errs in Excefs, as the Q^uote refulting from the ra
tional always errs in Defeót i therefore if it is - 
Root greater than the Truth, and the rational le
it b e_b. And this may fuffice concerning the finding o f the Roots of pure
Powers, which for ordinary Ufes (and accurately enough) may be done more 
eafily by Help of the Logarithms. But whenever the Root is to be extracted 
very accurate y, and beyond the Reach of the Logarithms, we mufl: neceflU- 
rily have Recourfe to fuch Methods as thefe. Befides, as from the Difco- 
very and Confideration o f thefe Forms, I have hit upon an univerfal Rule 
for affedted Equations, which 1 believe will be made ufe of with good A d 
vantage by all fuch as are lludious of Geometry and Algebra; I was willing 
to lay open with all poiTible Perfpicuity the Foundation of this Difcovery.

About the Year 1687 I made publick a Method then newly invented by 
me, which contained a neat and very eafy general Conftrudion of affeiled 
Equations, not beyond Quadrato-quadratics; fince which Tim e I have al
ways had a very ftrong Defire o f  performing the fame in Numbers. A  little 
after that Mr. Raphfon feemed in a good Meafure to have accompliihed my 
W iihes; till Mr. de Lagney fliewed me, by his little Book on this Subje6l, 
that the Thing might be ftill performed more compendiouily. Now my 
Method is this.

Let the Root o f any Equation 2 be conceived to be compofcd of two 
Parts, a-\- or —  of which let a be aflumed (by Suppofition) as near as 
may be to the Quantity 2, (which is convenient indeed, but not abfolutely 
neceflary) and of the Quantity a ^ e  let there be formed all the Powers, to 
which z  arifes in the given Equation, to which let their Numeral CoefH- 
clents be affixed refpeótively. Then let the Power to be refolved be fubtra<5led 
from the Sum of the given Parts in the firft Column, where e is not found, 
which is called the Homogeneum Comparationis  ̂ and let the Difference be +  ¿». 
Then let there be found the Sum o f all the Coefficients of the Side e in the 
fecond Column, which let be s. Lailly, in the third Column, let all the 
Coefficients be added of the Square e e, the Sum o f which we may call /. 
Then the Root fought z  will be had in the rational Form z  —  a +

77  - f  / b ’  irrational Form 2 =   ̂ ‘  ̂  ̂^; which

it may be worth while to illuflrate by Examples. But as a convenient Help 
it may be proper to have at Hand a general Table, exhibiting the Genefis 
of all the Powers of « +  which may be eafily continued farther if  neceflary. 
I will carry it on to the feventh Power, becaufe few Problems go beyond 
tiat. This Table may juftly be called a general Analytical Speculum. Now 
the aforefaid Powers, arifing from the continual Multiplication o f z  z=za-j-e,  
are as follows with their Coefficients adjoined.

N <• z

0
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I I
I11

St
i

;3
A  ̂•

X « r

r z  =<: ¿Í ~{-i c â  c
d z - ~ d 2 i*-l- Í i / i '

f  Z> = f <?5'
■4|-¿u e~\- 6ga* 4;F ei-

h v z
k z -  
/ 2 '̂'

b a'-~ -  h a-i e- 
:ka -̂

l oh u '  e'-^\oha^  
~6ka^e-\-i!^ka^e'^-\-2okai ei- 

7 / ai> eÂ -̂  I l as i--|-35 l 
t u

i g a ’'
¿ ha'̂  e'-)^ I ha,̂  e- 

-\^ka^ e'"

w

6ka  ̂ a° <?*
- 3 5  /«j r + 2  .

A? j

Now if  it íhould be a —  e —  ẑ  the Table would be compofed o f  the 
fame Parts, but only the odd Powers of e muft be negative, as i, e\ 
and the even Powers ^ c .  muil be ftill affirmative. Let the Sum
o f the Coefficient o f the Side e be denoted by j,  of the Square by /, of 
the Cube e* by «, o f  the Biquadrate e+ by w, o f  the Surfolid by x, o f  the 
Cubo-cube bejy-, and fo on. And as e is fuppofed to be but a fmall Part 
o f  the Root required, all the Powers of e become much lefs than the like. 
Powers of a, and therefore for the firft Pofition the higher Powers may be 
rejected, as has been íhewn in pure Powers; and a new Equation being 
formed, we ihall have, as faid before, =: e +  i ê . For the better
underftanding o f  which take the following Examples:

Exa?}jple I. Let the Equation propofed be z+ —  3 z» -|- 75 2; =  1000. 
For the iarft Suppofition make a —  10  ̂ and the following Equation will arife.

J-
4

+  4  ̂ 6 2̂- 4t 4 t
d z ' —  —  d 1 da e —̂ d

I

c z  =  ~Y c a +  c e

10000 +  400 e 600 e~ +  4Q 
—  300 X  60 e —
- 75

10000

+ 597 ±  40 ^
a u

o.

The Signs +  are left in Doubt in refpeót of e and till it is known whe
ther e is negative or affirmative, which may admit of fome Difficulty, fince 
in Equations that have many Roots, the Homogeneum Comparationis (as it is 
called) may be increafed by diminiiliing the Quantity and contrary-wife 
may be diminiíhed when it is increafed. But the Sign of e is determined by 
the Sign of the Quantity b. For the Refolvend being taken away from the 
Homogeneum formed by «, the Sign of s and therefore o f the Parts pre
vailing in its Compofition, will always be contrary to the Sign o f  the Dif
ference Whence it will appear whether it iliould be —  e or
whether a is greater or Jefs than the true afTumed Root. But e is always

equal

r
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eq'Jal to
a/ s X y whenever  ̂ and í  have the fame Sigo. But

V  Us-X-bt— 5 J
when they are connected with different Signs, then the fanae e is------------------ *

Now after it is found that it muft be —  in the affirmative Parts o f  the 
Equation Jet e\ be made negative, and in the negative let them
be made affirmative, that is, let them all be wrote with a contrary Sign. But 
i f  it b e J e t  their own Signs continue. Now in our Example we have 
10450 inftead o f  the Refolvend 10000., or ¿ 450 ; whence it appears
that a was taken above the true Root, and therefore it muft be — e. Hence 
the Equation becomes 10450—  4015  ̂-j- 597 —  4.0 e* =  10000,
that is, 450 —  4015 i - j -  597 e' =  o. And therefore 450 =  4015  ̂—  597

i  s —   ̂s 5 —  b t .
or ¿ J  ̂ Í Í*, whofe Root e i s ----- ------- ------------> or if you had rather

_ *
s  ̂ s s b lo o ^ i— \/276i4o6i

— T —  s/ — —  * ^ -7 5  prefetit Cafe e = ---------------— ----------->I t -  /If 1 1  t  ^ 597
whence arifes the Root fought r̂ ear the Truth 2 .= : 9, 886. Then I fubftitute
this for a fecond Hypothefis, and there arifes rt-j-^=z=:9, 886260.3936495 . . .
very accurately, hardly exceeding- the Truth by 2 in the laft Figure ; that is,

when — ^  =: e. And even this, i f  there were Occafion, might
t

\  U 6̂  - Í -  i  6^
be verified much farther, by fubtrading — ======^== if it is +  or adding

1. II 4̂’
if it be —  from or to the. Root before found : T h e  Com-

( 93 )

tb
pendium of which is lb much the more to be valued, that fometimes from 
the firil Suppofition alone, but always from the fecond, you may continue 
the Calculation as far as you pleafe, by keeping to the fame Coefficients. 
But the foregoing Equation has aifo a negative Root, which is z  = : —
10, 2 6 . . , .  which any one that pkales may purfue.. ^

r
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Example II. L et z ’ 
according to the Rule.

( 94 )
17 2* -|- 54 z  =  350, and make a 10. Then

z ’ 
d z*
c z

Tliat is,

=  a’ -J- 3 Í q Í? Í*
=z da  —  2 da e —  d 
=  c a c e

h s t
-|- 1000 +  300 e ^

1700 o

r  5 4 0 +  5 4 ^
350

Or,

N ow fince there is

5 10 -1-  14 6>- 1 - 1 3 -1- o.

510, it is plain that a was affumed lefs than the 
Truth, and therefore e is affirmative. And from 5 1 0 =  14 ^-}- 13 there

v ' T T j p ^ .  _  Í  .   ̂ - I T T T ^  ; -tis Z =  . 5,7
#  i  éarifes

 ̂ Í3
which is too much, becanie a was not taken near enough. Therefore, fecond-
Jy, let us fuppofe <̂ =  15, and by the iame W ay of arguing we ihall have 

—  \ !  - .  s s ~ — t  b l O Q ^ — 1 7 1 0 4 *  j  L  f

e  ----------  ------------—  — ^ ------------ — - y and therefore z =  14,954068.
/ 28

Now if  we would renew the Calculation a third Tim e, we iliould find the 
Root true to 25 Figures. But i f  we are contented with fewer, by writing

I
inftead of t b, or by adding or fubtraáling ^^=====5= to or from

the Root before found, we íhall foon arrive at our Purpofe. Now the pro- 
pofed Equation cannot be explained by any other Root, becaufe the Power

17 I
to be refolved 350 is greater than the Cube o f — > or d.

3 3

Example III. Let it be that Equation which the learned Wallis, in Chap. 
62. o f  his Algebra, makes ufe of in the Refolution of a moft difficult Arith
metical Problem, in which he has attained the Root very accurately by the 
Method o f  Vieta. And the abovementioned Mr. Raphfon, Pag. 25, 26. 
brings the fame Equation as an Example of his Method. T h e  Equation is 
z+ —  So z  ̂ 1998 z * —  14937 Z-I-5G00 =  o. Now this Equation is of 
fuch a Form, as that it may have feveral affirmative Roots, and what in- 
creafes the Difficulty, the Coefficients are very great in refpeft of the given 
Refolvend. Now that it may be managed the better, let it be divided, and 
placed according to the known Rules of Punftuation, —  z+ -|- 8 z ’ —  20 
z * - | - i 5 %  =  o, 5 i where z  is but one tenth Part of z  in the Equation 
jropofed. Then for the firft Suppofition let us make a =z 1. Where-

2 e\
ore - | - 2  —  5 ? — —  0,5 =: o, T hat is, 1  ¿

n £ D
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2 e\ and hence

i 9S )
i s V 37 ■y and therefore z

 ̂ 4
1,27. Hence it apppears, that 12,7 is the Root of the propofed Equation
pretty near the Truth. Now, in the fecond Place, let it be fuppofed, that
z  =  12,7, and according to the Table o f Powers,

—  2 6 0 1 4 ,4 6 4 1 —  8193, 532 Í —  967, 74 —  50» 8 —  e*
163870, 640. -j- 38709, 60.  ̂ -f- 3048, . . 80, .

—  322257, 42 . .  —  50749, 2 . .  Í —  1998 ,. . é"
-f- 189699, 9 .  . .  +  i 4 9 3 7 j • • • ^
» ■■ 0̂00  ̂ • • ■ •

+ 298» 6559 
b

82, 26 +  29, 2
t  u

o

Therefore—  298,6559
•7 j

cording to Rule is —

= _5296, 132 Í -p  82,26 (?s whofe Root e ac-
\/ 4 j  j _b t  2648, 066 — V  6987686, 106022

/ 82,26
: i le f s  than the Truth. N ow  that it may be

correited.

o, 05644080331 . . . .  =
\ue^  —  0 ,0 0 2 6 2 0 1 . . . .  , ^

■ - or —2----------   becomes o, 000000991 1 7, ana
V J J  bt 2643» 4 2 3 .........

therefore e correded will be o, 05644179448. Now i f  more Figures of the 
Root be wanted, of e correfted let there be formed t u i" —  t ê ' —

o , 05644179448074402

o, 4 310 56 0 24 2 3............... then ------

2648,066— s/ 6987685, 6749 6597577-----
^  82, 26
=  e. Whence a-{~e = Z y  or the Root very accurately comes our 
12, 75644179448074402, fuch as was found by Dr. Wallis in the Place 
above quoted. Here it may be obferved, that the renewing o f the Calculus 
always triplicates the true Figures in the affumed a, which the firft Cor-

^ u e
reclion, o rA = =

I s

i.

b't
makes quintuple, which Operation is eafily per

formed by the Logarithms. T h e  other Corredtion after the firfi; alfo adds a 
double Number o f  Figures, fo that in the whole it makes the affumed Fi
gures fevenfold. But the firit generally is abundantly fufficient for all the 
Ufes of Arithmetick. But what is here faid about the Number o f  Figures 
rightly affumed in the Root, I would have fo underftood, that when a is 
diftant from the true Root not above a tenth Part, the firft Figure may be 
rightly affumed j if within an hundredth Part, the two firft Figures; if  
within a thoufandth Part, the three firft Figures may be true. Then when
managed according to our Rule, the true Figures will immediately become 
nine.

It

n E D
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It remains that I fliould add a W ord or two concerning our rational Form, 

j  b
€ =  which will feem expeditious enough, and not much inferior

to the former, fince it is able to triplicate the given Figures. For an Eqm- 
tion being formed of ip   ̂=  z ,  as before, it will foon appear whether the 
afiiimed a be greater or lefs than the Truth, fince s e muft always have a 
Sign contrary to the Sign o f the Difference o f  the Refolvend, and o f its Ho- 
mogeneum produced o f «. Then fuppofing that +  j   ̂  ̂=  o , the
Divifor becomes j j  —  tb  as often as ¿and t have the fame Sign. But it 
becomes s s-\-b  t if their Signs are different. But it feems more accomixio-

dated to Praólice i f  the Tlieorem were written e
+

f y  for then the

T h in g  would be performed by one Multiplication and two Divifions, which 
otherwife would require three Multiplications and one Divifion. Let us alfo 
take an Example of this Method from the Root o f  the foregoing Equation 
12, 7 . . .  in which 298, 6 5 5 9 ,—  5296, 132 ^-{-82, 26 ¿* +  29, 2

b —  s  —j— t  — u

o, and therefore fb  =  That is, let it be j  to / fo  ̂ to
t b

15295,

132) 298,6559 into 82, 26 (4, 63875. Wherefore the Divifor becomes

/ =  —  =  5291, 49325 . . 0 298, 6559 (o, 056441 . . .  =  that is, five 
s __ «

true Figures added to the affumed Root. But this Formula cannot be cor- 
reóled as the foregoing irrational on e; fo that i f  more Figures of the Root 
are defired, it is better to repeat the Calculation by making a new AiTump- 
tion *, and the new Quotient, by triplicating the known Figures in the Root, 
will abundantly fatisfy even the moil fcrupulous Computer.

11
' I 
It

A  Method cf X X I .  'Theorem.'] a - z b c d z -  e z-
Raijtng>an Jnjt* _ W

f
mu MuUinomial
roa.yg.-vcn g zP +  h ■
P ^ e r ; hy M»
de Moivre. W W I ^  ,
N . 230. />. 619. ’ X  o "  ^  2  +  X
Jul .  A n. i697« 1 2  I

m
+ -
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2
m
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m

b e
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- X

w
+  —  X

’  3 ^  4  I
«; »i:r— I w— 2 m— 3 _

-̂------ r  X - r ^  X  X --------Í  a '^   ̂ b^ d

2 - X

+ -

Í 2
m— I-

/?m

X
2

¿7

—  b f

N i- m — I m— 2
• X —  X ---------

\\'4 -* \ / \m w— .1
- ] -------------X -------------<**” *

I
m

c e

* <J—-VvV

m— I _  ,

------  a^  ̂ d̂
2
m
Y ~  &c.

rfuppofe that the Infinite Ñumber Multinomial \s a z -\ -  b z z  
dz^Ji^e  2:% £s?<r. m js the: Indpx of the Power, to which this Multinomial 
ought to be ra il^ ;  or, i f  you will, ’ tis the Index o f  the Root which is to 
be extraded : I fay. That this Power-or Root o f the Multinomial is fuch a. 
Series as I have expreiied.

For the underilanding o f  it, it is only necefíary to confider all the Terms 
by which the fame Power o f z  is multiplied ; in order thereto, I diñinguiíh 
two things in each o f thefe T e rm s; i®. The Produót o f certain Powers of 
the Qiiantities, ¿7, b̂  f, d, i .̂c. 2°. The Uncias (as Oughired calls them) pre
fixed to thefe. Produdls. T o  find all the Produéls belonging to the fame Power 
o f z ,  to that Produél, for Inftance, whofe Index is w -|- r (where r may 
denote any Integer Number) I divide thefe Products into feveral ClalTes; 
fhofe which imfmediately after fome certain Power o f a (by which all thefe 
Produfls begin) have b̂  1 call Produds o f the firil ClaiTis *, for Example,- 

n̂x—  4 ¿ is the Produdb of the firft ClaiTis, becaufe b immediately follows
thofe which immediately after fome Power of a have f, I call Pro* 

duSts o f the fecond Claffis, fo ¿2®“ ’ c c d.̂  is a Produdt o f  the fecond Claf- 
fi9 j thofe which immediately after fome Power of a have d, I call Pjodiifts 
ü f the third ClaiTis j and fo of the reft,

Th»s
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This being done, I multiply all the Produíls belonging to 2"’+' ‘ (whicli 

precedes immediately 2’”+0 by and divide them all by ay 2 ° . l  multiply by 
c, and divide by a, all the Products belonging to % except thofe of
the firft Claills *, 3®. I multiply by d and divide by a, all the Prodiióts belong
ing to except thofe of the firft and fecond Claifis: 4°. 1 multiply
by e and divide by all the Terms belonging to 2:"’+'̂ — ^ excépt thofe o f  
the firit, fecond, and third Clailis, and fo on, till I meet twice with the 
fame Term. Laftly, I add to all thefe Terms the Producl of ‘ into 
the Letter, whofe Exponent is r -|-  i.

Here I muft take notice, that by the Exponent of a Letter, I mean the 
Number which expreíTes what Place the Letter has in the Alphabet: S o 3 is 
the Exponent of the Letter becaufe the Letter c is the 3d in the Alphabet. 

It is evident by this Rule, you may eafily find all the Produ6ls be ongin
to the feveral Powers of 2, if  you have but the Produdt belonging to
vjz. am

T o  find the Unciie which ought to be prefixed to every Produd, I confi- 
der the Sum o f Units contained in the Indices of the Letters which compofe
it (the Index of a excepted) I write as many Terms o f  the Series m y,in —  i

—  2 X w —  3, &c. as there are Units in the Sum o f  thefe Indices j this 
Series is to be the Numerator of a Fra6lion whofe Denominator in the Produd: 
o f  the feveral Series iX^X3x4X5, iX 2X 3X4X5> i X 2X3X4X5X^, 
i^c. the firft o f  which contains as many Terms as there are Units in the In
dex of¿», the fecond as many as there are Units in the Index of the third 
as many as there are Units in the Index o f the fourth as many as there arc 
Units in the Index o f 1?, &c.

Demonjiration.'] T o  raife the Series a z  b z  z  c d &c. to 
any Power whatfoever, write fo many Series equal to it, as there are Units in 
the Index of the Power demanded. Now it is evident that when thefe Series 
are alfo muJtiplied, there are feveral Producis in which there is the fame 
Power o f 2:; thus if the Series a z  b z  z  c ẑ  d z*, Stc-. is raifed to its
Cube, you have the Produds b̂  a b c z ,  a a d z '’, in which you find the 
fame Power z'\ Therefore let us confider what is the Condition that can 
make fome Produds to contain the fame Power of z  j the firft thing that will 
appear in relation to it, is, that in any Produd whatfoever, the Index of z  is 
the Sum o f  the particular Indices of z  in the multiplying Terms (this follows 
from the Nature o f the Indices): thus b̂  z  ̂ is the Produ6t of b z ' ,  bz"^ 
¿2% and the Sum of the Indices in the multiplying Terms, is 2 2 —  2

6 ; a h c ẑ ' is the Product o f  « 2 ,  b zz^  c z ’ , and the Sum of the Indi
ces of 2 in the multiplying Terms is i 2 -|- 3 =  6 *, a a  d z"  the Pro- 
dud of a z , a z , dz*^ and the Sum of the Indices o f 2 in the multiplying 
Terms is r 4 =  6. The next thing that appears, is, that the In
dex of 2 in the multiplying Terms is the fame with the Exponent of the Let
ter to which 2 is joined : From which two Confiderations it'follows, that, to 
have all the Produds belonging to a certain Power of 2, you muft find all
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the Produiíls where the Sum of the Exponents of the Letters which compofe 
them, fliall always be the fame with the Index of that Power. Now this is 
the Method I ufe, to find eafily all the Produ6h belonging to the fame Power 
o f  2, Jet Ml r  be the Index o f that Power, I confider that tiie Sum of 
the Exponents o f  the L-ettcrs wliich conipole the Products, muil excced by 
I ,  thofe which belong to 2"'+' “̂ ' : Now bccauie the Excefs o f the Ex
ponent of the Letter above the Exponent of the Letter a, is i, it follows, 
that if each of the Products belonging to 2"’+' ' is multiplied by ¿>, and 
divided by a, you will have Produils, the Sum of whoie Exponents will be 
M -j-r-, likewife the Sum o f  the Exponent o f  the Letters which compole 
the Produéts belonging to 2™+̂  exceeds by 2 the Sum of the Exponents 
o f  the Letters which compofe the Products belonging to z"'+ ~  : Now be- 
caufe the Exponent of the Letter a is lefs by 2 than the Exponent of the Let-
ter c, it follows, that i f  each Produd belonging to z' is multiplied
by f, and divided by you will hav'c other Products, the Sum ot whofe 
Exponents is ftill r : Now if  all the Products belonging to z ’"+' * 
were multiplied by c and divided by /r, you would have fome Prodiiáls that 
would be the iame as Ibme o f  them found before ; therefore you mull except 
out o f  them thofe that I have called Produilsof the firft ClaíTis. What I have 
faid iliew's why all the Produfís belonging to 2:"’+̂   ̂ except thofe oí the 
firft and fecond Claffis, muft be multiplied by and divided by a. Lailly,. 
you fee the Reafon why to all thefe Produifls Is added the Produét ol 

1 jjjg Letter whofe Exponent i s r - | -  1 j ’ Pis becaufe the Sum oí. 
the Exponents is ftill m r.

As for what relates to the Uncias •, obferve, that when you multiply a z  -^y. 
¿ 2 z - } - c 2’ - | - i/2:% & c. by a z b z z - \ - c  Z ' -\-dz^y & c, each Letter, 
ayĥ  c, d̂  & c. o f  the lecond Series, is multiplied by each ot the Letters rt, f, d, 
& c. o f  the firft Series. Thus the Letter a of the fecond Scries is multiplied 
by the Letter b o f  the firft Series, and the Letter b of the fecond Series is. 
multiplied by the Letter of the fir it ; therefore you may have the two Planes,. 
a a b, or l a b ' ,  for the fame Reafon you have 2 a c, 2 a d. See. Lherefore. 
you muft prefix to each Plane o f  thofe that compofe the Square ot the Infinite 
Series ¿22 +  b z - \ - c z \  &c. the Number which cxpreiTes how many Ways 
the Letters of each Plane may*be changed j likewife if you multiply the Pro
duct o f  the two preceding Series by a z - \ - b z  z c 2^ each Letter, a, b, dy
o f  the third Series, is multiplied by each of the Planes formed by the Produdtof 
the firft and fecond Series: Thus the Letter a is multiplied by the Planes h c and 
cb j the Letter b is multiplied hy a c and c a j the Letter c is multiplied by a b and 
bciy therefore you have the fix Solids, a be., a c b^b a c^b c a, cabt cb a , or fix. 
a b  c\ Therefore you muft prefix to each Solid whereof the Cube o f the Infi
nite Series is compofed, the Number which expreffes how many Ways the 
Letters o f  each So id may be changed j and, generally, you muft prefix to 
any Produ6t, whereof any Power of the Infinite Series <7 2 ¿ 2 2 - } - 2 ’, 
¿ÍC. is. compofed, the Number v;hich expreifcs how many ways the Letters
o f  each Produft may be changed.

 ̂ ^  N o w
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Now to find how many Ways the Letters of any Produd, for inftance, 

m̂—n ¿h changed*, this is the Rule which is commonly given :
Write as many Terms of the Series i x  2 x  3 X 4 X as there are
Units in the Sum of the Indices, viz. m — 7 1 h p  r let this Se
ries be the Numerator of a Fraflion, whofe Denominator fliall be the Pro-
cluet of the Series, i x  2 x  3 X 4 X 5» i X 2 x  3 X 4  X 5> í X 
2 x 3 x 4 x 5 x 6 5  & c. I X 2 X 3 X 4 X 5 i whereof the firft is to con
tain as many Terms as there are Units in the firft Index m —  n i  the fecond 
as many as there are Units in the fecond Index h v the third as many as there 
are Units in the third Index jí» ; the fourth as many as there are Units in the 
fourth index r. But the Numerator and Denominator of this Fradlion have 
a common Divifor, viz. the Series of i x  2 x  3 X 4 X 5, continued to
fo many Terms as there are Units in the firft Index »2 —  »*, therefore let
both this Numerator and Denominator be divided by this common Divifor, 
then this new Numerator v/ill begin w'ith m —  « -f-  i ,  whereas the other 
began with i ,  and will contain fo .many Terms as there are Units m h -\-p  
-|-r, that is,, fo many as there are Units in the Sum of all the Indices ex
cepting the firft : As for the new Denominator, it will be the Produél o f  
three Series o n ly ; that is, o f  fo many as there are Indices, excepting the

-|- r, as it always
■ I ,  and 
r or ;z.

\%

n
firft. But if  it happens withal, that n be equal to h 
happens in our l̂ heorem̂  then the Numerator beginning by m 
being continued to fo many Terms as there are Units in h 
the laft Term, will be m neceilari y ; So if you invert the Series, and make
that the firft Term which was the laft, the Numerator will be m x  m —  i
X  —  2 X m —  3, continued to fo many Terms as there are Units in 
the Sum o f the Indices o f  each Produdb, excepting the firft Index. And 
whatever is here faid of Powers whofe Index is an Integer, may be adapted 
to Roots or Powers whofe Index is Fraction.

XXII. 'Theorem.'] l^ a z - \ - b z z - \ - c z ^ - \ - d z ^ - \ - e z ’̂ • / Z " ’ ,  —  g  y  ExtraflUn
o f a Root o f  an

h y y i k y* -)- I ŷ  -{- m ^ c. then will z  be

h b A K  , , / 
-------JV.-- -a

a y -

a

^  infinitt Eqxiati  ̂on I hy M r,  A J j r t  

de Moivre- 
N .  2 4 . 0 .  p* 1 9 0 »  

M a y ,  A d . l ó g S *

3 A A  B —  d I — 2 ¿ B C  —  2 ¿ A D —  3 c A B B  —   ̂ c A  A C
a a

4 d A} B —  € A
y

2 b B D  C  C ^ 2  b A E ^ c  B ‘

— 6 f A  B r A A  D ~ 6  ^  A A  B B-^4 ^  A  C — 5 A-̂  B—/  A^ ,

a ^
For the underilanciing of this Series, and in order to continue it as far aŝ  
pleafe, it is to be obferved, i. That every Capital Letter is equal to the 

Cotfficient of cach preceding Term ; thus the Letter B is equal to the Coeffi-
cienc
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2. That ihe Denominator o f  eacli Coefficient is always a,

3. That the firft Member o f  each Numerator is always a Coefficient of the 
Series &c. viz. the firft Numerator begins with the firlt
Coefficient the lecond Numerator with the fecond Coefficient and fo
on. 4. I'hat in every Member after the Hrft, the Sum of the Expo
nents of the Capital Letters is always equal to the Index of the Power 
to which this Member belongs : Thus, confidering the Coefficient
/ ^ - _ ¿ B B _ 2 / ^ A C - ^ 3 f  A A B  —  ^A+
-------------------------— ---------------------:------- > which belongs to the Power\

we fliall fee that in every Member ¿ B B ,  2 ¿ A C ,  3 f A A B ,  ^ A% the 
Sum o f the Exponents of the Capital Letters is 4, (where I mufl: take 
notice, that by the Exponent of a Letter, I mean the Number which ex- 
preiTes what place it has in the A lphabet; thus 4 is the Exponent o f the Let
ter D) hence I derive this Rule for finding the Capital Letters o f  all the 
Members that belong to any Power; Combine the Capital Letters as often as 
you can make the Sum of their Exponents equal to the Index of the Power 
to which they belong- 5. That the Exponents o f  the fmall Letters, which 
are written before the Capitals, exprels how many Capitals there are in each 
Member. 6. 7 'hat the Numerical Figures or Uncife that occur in thefe 
Members, exprefs the Number o f Permutations which the Capital Letters of 
every Member are capable o f

For the Demonfiration o f this, Suppofe Cjŷ  -|_
^ c .  Subftitute this Series in the room of z ,  and the Powers o f this Series 
in the room o f the Powers of 2, there will arife a new Series: Then take the 
Coefficients which belong to the feveral Powers Otiy in this new Series, and 
make them equal to the correfponding Coefficients o f the Series 
-|- &c. and the Coefficients A ,  B, C, D , ^ c .  will be found fuch as I have
determined them.

But if  any one defires to be fatisfied, that the Law by which the Coeffici
ents are formed will always hold. I ’ll defire them to have recourfe to the 
theorem I have given for Raifing an Infinite Series to any Power^ or extrading 
any Root o f the fame *, for if  they make ufe o f it, for taking fucceffively the 
Powers of A j y - j - - j - C y ,  & c. they will fee that it muft o f  neceffity be 
Í0. I might have made the Theorem I give here much more general than it 
is i ibr I might have fuppofed, a z"* 2'"+' c -j- d z '"+ \  ^ c. =

¿sfr. then all the Powers o f the Series A  y-}- 
- y C y \  i^c. defigned by the univerfal Indices, muft have been taken fuc
ceffively ; but thofe who will pleafe to try this, may eafily do it, by means 
o f  the Theorem for raifing an Infinite Series to any Power, ^ c .

This Theorem may be applied to what is called the Reverfion o f  Series;
fuch as finding the Number from its Logarithm given *, the Sign from the
Arch j the Ordinate o f  an Ellipfe from an Area given to be cut from any
Point in the Axis : But to make a particular Application of it, I will fuppoic
we have this Problem to folve; 'uiz. The Chord o f an Arc being given  ̂ tojinj'
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the Chord of ano thér Arc  ̂ that Jhdl be to the fir ft as ti (0 1. L et y  be the 
C h o r d  given, z  the Chord required j now the Arc belonging to the Chord _y 

y* 2 5 ^̂
'é d d  + l i t ? . ’  &c. And the Arc belonging to the Chord zisy

z fj ^5  r
,s 2: “ 1------ r-i The firfl o f thefeArcs is to the fecond

^ 6 d d ^  40 d<- ' 112 d̂
as I to « ; therefore multiplying the Extremes and Means together, we fliall 

this Equation: z  H- & c. =  « j

4od ‘f-¿4 +  II &c.

Compare thefe two Series with the two Series of the Theorem, and you

will find =  I ,  h —  o , c

n

n
6 d d

6 d d  
3 »

5 d= z ô  e
40 d̂*-» / =  o, &c. g

40 d-̂  ̂  ̂ be =  -|-

¿ or ny  ’ ‘ ^  denote the

whole preceding Term ; . which will be the fame Series as Mr. Newton has 
firil found.

By the fame Method this general Problem may be folved: The Abfcifs cor- 
refponding to a certain Area in any Curve being given  ̂ to find the Abfcifs whofe 
corréfpóiiding Area fhall be to the firji in a given Ratio.

The Logarithmic’Series might alfo be found without borrov/ing any other
Idea, than that Logarithms are the Indices o f Powers: Let the Number,
whofe Logarithm we enquire, be i -{ -z  ; fuppofe its Log. to be a z-\-b zz-\-

&c. L et there be another Number i - [ - j y ; therefore its Logarithm
0

will be a y b y  y c y ^ > .  See. Now if r -  
az-

J- 2: =  1 -\-y , it follows that 
_ b z  z-\^c z \  &c. : ay-\-hyy-\-cy^^ &c. ::  « : i ; that is, a z-\-b z  2 - -  

c z \  — n a y-\-n b y y-\-n c y\  &c. therefore we may find a Value of z
n

cxpreiTed by the Powers of Again, finee i - j - %
- I

f — 1; that is, z=:ny<
n n 
- X - ■yy.

71 7h
- X -

I n 
- X -

I  therefore z

— yî  &c. There

fore 2 is doubly exprefifed by the Powers o f y. Compare ihefe two Values 
together, and the Coefficients â  b̂, c, &cc. will be determined, except the 
firft, a, which! may be taken at pleafure, and gives accordingly all the diffe
rent Species of Logarithms.

XXIII. You need be no longer in Concern, how the infinitefimai D i f F e - f V / r a -  

rcnces of Infinitefimals are to be explained. For as you will eafily grant, that

n E D
any n. 255-;>■ aS:.

A u g .  A n «  1 ó c » c .



( 1 0 4  )
any Multiple of Nothing is ilill Nothing ; I fliall allow with the fame Eafc 
that you may fafely negled infinitefimal Differences drawn into Infinitefimals. 
But though this may be done fafely, yet it ought to be done cautioufly. For 
in any kind o f Quantities, thofe Things which differ by iefs than a given or 
aíTignable Difference, are to be confidered as equal. Upon this the whole 
Dodrine of Exhauftions is founded, which is necelfary both to the Antients 
and Moderns.

The XXIV’ . It is agreed by ail, that if a Number propofed be not a true
 ̂ Quadratic Root thereof, explicable 

traciing of by rational Numbers, Integers or Fradled. And therefore in fuch Cafes we
by'̂ Dr.'̂ lwxŝ  mull content ourfelves with Approximations (fomewhat near the Truth) 
N .  2 .  without pretending to Accuracy.
Jan. An. 1095. And l b ,  for the Cubic Root of what is not a perfeót Cube. And the

like for fuperior Powers.
Now the Ancients (being aware of this) had their Methods o f Approxi

mation, which though fcarce applied by them beyond the Quadratic, or 
perhaps the Cubic Root, yet are equally pra¿licable (by due Adjuftments) 
to the fuperior Powers alfo.

I fliall begin with the Square R o o t : For which the ancient Method is to 
this Purpofe.

From the propofed Non-quadrate (fuppofe N ) fubtrail (in the ufual man
ner) the greateil Square in Integers therein contained (fuppofe A  q.) The 
Remainder (fuppofe B =  2 A  E - j-  E  j)  is to be the Numerator of a Frailion, 
for defigning t le near Value o f  E  (the remaining Part o f  the Root fought 
A E  =  V  N) whole Denominator or Divifor is to be 2 A  (the double

(that double Root increafed byRoot of the fubtraóted Square) or 2 A  
j )  the true Value falling between thefe two; fometime the one, fometime 
the other, being neareit to the true Value. But (for avoiding of Negative 
Numbers) the latter is commonly direéled.

This Method Monfieur De Lagny affirms to be more than 200 Years 
old. And it is fo ; for I find it in Lucas Pacciolus (otherwife called Lucas de 
Burgo  ̂ or de Burgo SanSli Sepulchri) printed at Venice in the Year 1494, (if 
not even, fooner than fo, for 1 find there have been feveral Editions of it.) 
xVnd how much older than fo, I cannot tell: F"or he doth not deliver it asa 
new Invention o f his own, but as a received Practice, and derived from the 
Moors ox Arahs  ̂ from whom they 'had their Algorifm  ̂ or Pra6lice of Arith- 
ir.etick by .the ten numeral F'igures now in Ufe.

And it is continued down hitherto in Books of pra£tical Arithmetick in 
all Languages, which teach the Extradion of the Square Root, and (therein) 
this Method o f Approximation, in cafe of a Non-quadrate.

T h e  true Ground of the Rule is this: K q  being (by Conftruction) the
greacett Integer Square contained in N, ’ tis evident that E  muft be lefs than
j ; (otherwife not A  q̂  but the Square o f A  -j- i ,  or fome greater than fo,
would be the greateil integer Square contained in N.) Now if  the R e m a in d e r

B = 2 A E - | - E ^ b e  divided by 2 A ,  the Refult will be too great for K,
(the

£D
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|[tiie Divi for being too little; for it íhould be 2 A - j - E ,  to make the Quo
tient E.) But if (to redify this) we diminiih the Quotient by increafirg 
the Divifor, adding i to it, it then becomes too little ; becaufe the Diviior 
is now too big. For (E being lei's than i ) 2 A  i is more than 2 A  -}- E ;
and therefore too big.

As for Inftance: I f  the Non quadrate propofed be N  =  5, the greatefl In
teger Square therein contained is A   ̂=  4 (the Square o\ A  —  2 :) which be
ing fubtraded, leaves N —  A q  —   ̂—  4 = i = : B = : 2 A E - { - E ^ .  Which 
divided by 2 A  =  4 gives  ̂\ but divided by 2 A  -¡- i =  4 -|- i =  5, gives 

That too great, and this too lirtle, for E. And therefore the true Root 
(A E =  V  N) is lefs than 2 =r 2. 25, but greater than 2 -}- =  2. 2 : And 
this was anciently thought an Approach near enough.

If  this Approach be not now tiought near enough, the fame Procefs may 
be again repeated ; and that as oft as is thought neceíTary.

Take now for A ,  2 7  =  2 .2 , whofe Square is 4. 84 =  A  (now confider- 
ed as an Integer in the fecond Place of Decimal Parts.) This fubtráéted 
from 5. 00, (or, which is the fame, o. 84, the Excefs of this Square above 
the former, from i ,  which was then the Remainder) leaves a new Remainder

o. 16 2
B-|- o. 16 ; which divided by 2 A  =  4. 4, gives o. 03636

0.16 8
4 -4® 55

too much. But divided by 2 A -1- i =  4 , it gives _ _ ̂ ' ‘t- D 225
o- 03555-h ?  foo little. The true Value (between thefe two) being 2. 236 
proxime, whofe Square is 4. 999696.

If this be not thought near enough, fubtradb the Square from 5, ooocoo : 
the Remainder B =  o. 000304, divided by 2 A  =  4. 472, or by 2 A  -J- i =  
4 - 473» gives ^either way) 0.000068 — ; which added to A  =  2. 236, 
makes 2. 236068 — , fomewhat too big; but 2. 236067 -j- would be much 
more too little.

Which gives us the Square Root of 5, adjufted to the fixth Place o f De
cimal Parts, at three Steps. And by the fame Method, i f  it be thought need
ful, we may proceed further.

For the Cubic Root the Rule is this:
From the Non-Cubic propofcd, (fuppofe N) fubtrait the greatefl: Cube 

in Integers therein contained, (fuppofe A  c :) the Remainder (fuppofe B =; 
3 A  j  E 3 A  E  *̂4 - E  f,) is to be the Numerator of a Fradtion for defigning 
the Value ot E, (the remaining Parc o f  the Root fought A  - |-E r=  V   ̂N.) 
T o  this Numerator, i f  (for the Denominator or Diviior) we fubjoin 3 A  
the Refult will certainly be too great for E , becaufe the Divifor is too little ; 
(For it ihould b e 3 A j - } - 3 A E - | - E ^ ,  to give the true Value of E.) I f  
for the Diviior we take 3 A g ' - | - 3 A - | - i ,  it will certainly be too little, be
caufe the Divifor is too great. (For E  by Conftruclion is leis than i.) Jc 
muft therefore (between thefe Limits) be more than this latter. And there
fore this latter Refult being added to A ,  will give a Root whole Cube may 
be fubtradled from the Non-Cubic propofeá, in order to another Step.

V o l .  I. P  ■ But
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But iT, for the Divifor, we take 3 A  j  -j- 3 A ,  (or even lefs than fo)' the 
Refuk mav be too great •, or (in cafe B be fmall) it may be too little, and oft 
is fo. W hich comes to pafs from hence •, becaufe E  (by Conftrudion) is lefs 
than I •, and therefore 3 A E  lefs than 3 A  ; and perhaps fo much as that the 
Addition o f E   ̂ will not redrefs it. And when it fo happens 3 A  j  -}- 3 A  
is a better Divifor than 3 A  j  3 A - } -  i ,  (or even fomewhat lefs than either.) 
But becaufe it doth not always fo happen (though for tlie mofl: part it doth) 
the Rule doth rather direct the other; as which doth certainly give a Root 
lefs than the true Value, whofe Cube may always be fubtraded from the Non- 
Cubic propofed : the Defign being to have fuch a Cube as (being fubtraéled) 
may leave another B, to be ordered in like manner for a new Approach.

But, for the moil part, 3 A  j  may be fafely taken for the Divifor. For tho* 
the Refult will then be fomewhat too big, yet the Excefs may be fo fmall as 
to be negleiled ; or, at Jeail, we may thence eafily judge what Number 
(fomewhat lefs than it) may be fafely taken. And if  we chance to take it 
fomewhat too big, the Inconvenience will be but this, that B for the next 
Step will be a Negative, O f  which Cafe we fhail fpeak anon.

Thus for Inftance : I f  the Non-Cube propofed be 9 == N  : The greateil 
Integer Cube therein contained is 8 =  A  f, (whofe Cubic Root is A =  2.) 

W hich Cube fubtrafted, leaves 9 —  8 =  i ^ B  =  3 A jE - } - 3  A E j-|-"E ^ * 
This  divided by 3 A  j  =  12, gives =  0.08333 -f-, too big for E. But the
fame divided b y 3 A y - { - 3 A - } - i  

too little. Or if but by 3 A ^
I 2 - | -  6

3 A
o. 05555 yet too little. For the Cube of A

19, gives =  0.05263 
12 +  6 =  18, it gives -V

o. 06,
—  T T

2. 06, is but
8. 742 — , which is ihort of 9 •, and fo much íliort o f  it, that we may fafely 
take 2. 07 as not too b i g : Or perhaps 2. 08, which upon Trial will be found 
not too b i g ; for the Cube o f 2.08, is but 8. 998912.

I f  this firft Step be not near enough, this Cube fubtrafted from 9.000000, 
leaves a new B =  0.001088, which divided by 3 A  j  == 12. 9796, gives
0.000084 —  ; which will be fomewhat too big, but not much. (For E  is 
now fo fmall, as that 3 A E  may be fafely negle6ted, and E^ much more.) 
So that if  to 2. 08, we add o. 000084 — , the Refult 2.080084 will be too 
b ig ;  but 2.080083 will be more too little, (as will appear if we take the 
Cube o f  each.) So that either o f  them, at the fecond Step, gives the true 
Root within an Unit in the fixth Place of decimal Parts. But when I fay, 
taking the Cube o f  each, (which I do that the T hing may be more clearly 
apprehended) it is not neceffary that we trouble ourfelves with the whole 
Cube. For A  c being already fubtrafled, for finding B =   ̂ A q E - \ - ^ A E q  

E  Í-, we have no more to try, but whether 3 A j E - | - 3 A E í - 1 - E í ’, be 
greater or lefs than B, according as we take o. 000084, or o. 000083, for E.

W hich may conveniently be done in this manner: T ake 3 A ^ E ,  and 
•multiply this by E , (or E  by it) fo have we 3 A  E  -f- E  T o  this add 3 A 
and multiply the whok by E , (fo have we 3 A  j  E  3 A  E  j  ^  0  
whether this be greater or lefs than B.

T h at is, in the preient Cafe, i f  we take E  =  o. 000084, and add to this
3 A  s= 6. 24, then is 6. 240084 = ;  3 A  +  E. This multiplied by E =

o. 000084,
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0.000084, is 3 A E  +  E ^  =  O. 000524+* T o  which if  we add 3 A  5» =r
i2. 9792, it is3 A  j - j - 3  A E - f - E j  =  12. 979724. Which multiplied agaia 
by £  =  0.000084, is o. 0010902-}- =  3 A  j E - j - 3 A  E  j E  ÍT, which is
more tiian B m o .  C01088.

But if we take £  =  0.000083, and proceed as before,'we ihall have 
3 A j E - f - 3 A E ^ - | - E £ ’ =  o. 001077 which islefs than B =  o. 001088. 
And therefore (if we fubtraft that from this) the Remainder, o .o o o o i i ,  
will be another B for the next Step, if we pleafe to proCeed farther.

Hitherto I have purfued the Method moil affeóled by the Ancients, in 
feeking a Square or Cube (ancf the like o f  other Powers) always lefs than 
the juft Value, that it might be fubtraded from the Number propofed, lea
ving B a pofitive Remainder •, thereby avoiding Negative Numbers.

But fince the Arithmetic o f Negatives is now fo well underilood, it may 
in this (and other Operations o f like nature) be advifeable to take the near- 
eil, whether it be greater or lefs than the juft Value.

According to this Notion, for the Square Root of 5, I would fay it is 
(2 -}-) fomewhat more than 2 ; and enquire how much more. But for the 
Square Root o f  8, I would fay, it Is (3 — ) fomewhat lefs than 3 ; and en
quire how much leis: taking (in both Cafes) that which is nearefl: to the 
jufl: Value.

Thus in the Cubic Root before us ; I would take for E  (in the lail En
quiry) o. 000084—  (where for the next Step we have B =  —  o. 000002) 
rather than 0.000083 “1“  (where for the next Step we iliould have B =  
-|- o. 000011.) In the latter Cafe, we are to divide B =  -|-o . ooooi i ,  by
3 A j  =  12. 980236 — , to find (by the Quotient) how much is to be added 
to o. 000083. In the other Cafe, we are to divide B =  -|- o. 000002, by
3 A  j  =  12. 98028, to find (by the Quotient) what is to be abated o f

0.000011
0 000084» fo have we j 2' 980236 ~  O.oooooo85-|-tobe added to 6.240083 :

0.000002 • .
Or =  o. 00000015 +  to be abated o f 6.240084 *, (Or it may

fufRce in either to divide by 12.98 or even by 13 — , without being in- 
cumbered with a long Divifor) either o f  which gives us, for the Root fought,

prcxime; true (at the third Step) to the eighth Place o f  decimal 
Parts. And if  this be not near enough, the Cube of this, compared with 
the Number propofed, will give us another B for the next S tep : And fo on
wards as far as we pleafe.

Now what is faid of the Cube  ̂ Is eafily applicable to the higher Powers.
I ihall omit that of the Biquadrate; becaufe here perhaps it may be thought 

tnoft advifeable to extract the Square Root o f  the Number propofed, and 
then the Square Root o f  that Root. But if we would do it at once, we arc 
from N  (the Number propofed, being not a Biquadrate) to fubtra<5b A ^ ^  
(the greateil Biquadrate contained in it) to find the Remainder B =  4 A  f  E  
4 - 6 A j E ^ - | - 4 A E f - | - E ^ j .  Which Remainder, i f  we divide by 4 A  r. 
the Qiiotient will certainly be too big for E , (though perhaps not much :) 
J f b y 4 A i - | - 6 A j  +  4 A - } - i ,  it will certainly be coo little (for Reafons be-
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fore-mentioned.) And we arc to ufe our Difcretlon iiitaking^fome interme
diate Number. And if we chance not to hit on the neárcli-, the Inconve-' 
nience will be but this, that our Leap will not be fo great as othervvife it 
might be. Which will be- reélified by another B at the next Step,

For the Surfolid (of Hve DimenfionsJ we are, from N  (the Number pro- 
pofcd, being not a perfect Surfolid) to fubtrail A q c  (the greateft. Surfulid 
therein contained) to find the Remainder B =  5 A j   ̂E  -|- 10 A  cKq~\~ 10 
A   ̂R f -|- 5 A  E  j  j  -|- E  j  Which (as before) if we divide by 5 A  j  the 
Rtfult will be fomewhat too big, (becaufe the Divifor is too little:) Jfby

the Relult will certain y be lefs than 
the true E. The juil Value oí E  béing fomewhat between thefe two, 
w'here we are to ufe our Difcretion what intermediate Number to take. 
W hich according as it proves too great or too little, is to be redified at the 
next Step.

But for'the moft part it will be iafe enough (and lead troubléj to divide 
by  ̂ A  qq, which gives a Quotient fomewhat too big *, which we may eitjier 
redify at Difcretion, by takhiga Number fomewhat lefs, or proceed toáriq- 
ther B, (affirmative or negative, as the Café ñiall require) and fo onward to 
what Exadlnefs we pleafe. Which is, for Subftance, ip a manner co-inci
dent with Mr. Raphfon’s Method, even for afrefted Equ'atioris.

Thus, in the prefent Cafe: If the Number propoifd be N =  t̂ ^̂ n is
A q  c =: ^2, and 6 =  32 —  32 =  i = : f A j ^ E - j - i c ) A ( : E j - | - i o A ^ E f
- \ - 5 A E q q  
Refult =.

I

E q c .  Which if  we divide by s  A  q q =  16 =  So, the
0 0 12 5 , is fomewhat too big for E, but not much. And if we 

examine it, by taking the Surfolid of 2.oi,2’5, orof2-^i~5 iliall find a 
Negative B (for the next Step), but not very confiderable. Or if we think 
it confiderable, we may proceed farther to another Step, or more than fo.

T h e like Method may be applied (and v/ith more Advantage) in the 
higher Powers, according iis the Compofition o f each Power requires.

And the fame Method' may be o f Ufe (with good Advantage) in long 
Numbers (if duJy applied) even before we come to the Place of Units-, ior 
the iiime will equally hold there alfo. Which the Reader"may cafily appre* 
hend, without a long Difcourfe upon ic..

X X V .  T h e very Idea of Magnitudes infinitely great, or fuch as exceed 
,/ irjinhi any afiignable Quantity, does include a Negation of Limits : yet if we near-
,iiUi-,byMr.E- jy examine this Notion, we fhall find that fuch Magnitudes are not equal

amongft themfclves, but that there are really befides infinite Length, and 
infinite Area, three feveral Sorts of infinite Solidity ; all of which are ^uan- 
iitatesr fid generis *, and that thofe of each Species are ia given Proportions.

Infinite Length, or a Line infinitely long, is to be confidered either as be
ginning.at a Point, and fo infinitely extended one Way», or elie both Ways
i.'-om the fame Point in which Cafe the one, which is a beginning Infinity, 
is thje one half o f  the whoje, which is the Sum of the beginning and ceafin̂  
Infinity i. or, as I may fay, of Infinity a par.te ante and a ■pmte poji, which is
Analogous to Etcrnityi in Tim e or Duration, in which, there is always as 
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ê>e Prf̂ poriicn

Í-

Un£D



much to follow.as is paft, from any Point or Moment o f T im e: Nor doth 
the Addition or Subduélion o f finite Length, or Space of Time, alter the 
Cafe either in Infinity or Eternity, fince both the one or the other cannot be
any Part of the Whole.

As to Infinite Surface or Area, any Right Line infinitely extended both 
W a y s  on an infinite Plane, docs divide that infinite Plane into equal Parts, 
the one to the right, and the other to the left o f the faid L ine; but if from 
any Point in fuch a Plane, two right Lines be infinitely extended, ib as to 
make an Angle, the infinite Area, intercepted between thofe infinite right
I-ines, is to the whole infinité Plane, as the Arch o f  a Circle on the Point 
of Concourfe of thofc Lines as a Center, intercepted between the faid Lines, 
is to the Circiiiiiference of the Circle; or as the Degrees o f  the Angle to 
the 360 Degrees o f  a Circle. For Example; T w o right Linés meeting at a 
right Angle do ihcludc, on an infinite Plane, a quarter Part o f  the wholt: in
finite Area of fuch a Plane.

But'if fo be two parallel infinite Lines be fuppofcd.drawn on furh an infi
nite Plañe, the Area intercepted between them will be Jikewife infinite ; but 
at the fame time-will be infinitely lefs than that Space, which is intercepted 
between two infinite Lines that are inclined, tho* with nev^r fo fmall an A n
gle •, for that in the one Cafe, the given finite Diftance of the parallel Lines 
diminiilies the Infinity in one Degree o f  Dimenfion'j whereas in a Sedor, 
there is Infinity in both Dimenfions: and confequencly the Quantities are the 
one infinitely greater than the other, and there is no Proportion between 
them.

From the fiime Confideration arife the three feveral Species of infinite 
Space or Solidity ; fora Parallelopipid, or a Cylinder infinitely long, is great
er than any finite Magnitude, how great foever; and all fuch Solids fuppofed 
to be formed on given Bafes, are as thofe Bales in proportion to one another. 
But if two of thefe three Dimenfions are wanting, as in the Space intercept
ed between two parallel Planes infinitely.extended,- and. at a finite Diftance; 
or with infinite Length and Breadth, with a finite Thicknefs, all fuch So
lids fliall be as the given finite Diftances one to another , but thefe Quanti
ties, tho’ infinitely greater than the other, are yet infinitely lefs than any o f 
thofc wherein all the three Dimenfions are infinite. Such are the Spaces in
tercepted between two inclined Planes infinitely extended j the Space inter
cepted by the Surface of a Cone, or the Sides of a Pyramid, likewife infinite
ly continued, of all which notwithftanding^ the Proportions one.fo ano
ther, and to the 75 irxv or vafh Abyfs of infinite Space (wherein is the Locks, o f 
all Things that are or can be ; or to the Solid o f infinite Length, Breadt-h, and 
Thicknefs taken all manner of ways)-are eafily .aiJlgnable. For the'Space 
between two Planes is to the whole, as .the Angle of thofe Planes to the 360 
Degrees o f  the Circle. As for Cones and Pyramids, they are as the Jpheri- 
cal Surface intercepted by them is to the Surface of the .Sphere, and there
fore Conesrare as the vericd Sines of half their Angles to the Diaineter of-the 
Circle;. Thefe three Sorts of infinite Quantity are analogous to a Line, Sur-
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face, and Solid, and after the fame manner cannot be compared, 'or have’ no 
Proportion the one to the other.

♦

hfiniteiyinf.nite X X V I. Infinitelv-Infinite Fraftions, or all the Powers o f the Fradions
whofe Numerator is i ,  are all o f them together equal to ( i)  an Unit.
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A . Is a File or Row o f  abfolute Numbers, or rather oF all the Fraillons,' 
whofe Numerator is 1 5 which Row is fuppofed to be continued in infinitm 
(downwards,)
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R. Is another File or Row o f  all the Roots (whofe Numerator is i)  o f  
all die Powers of fuch Frailions, fuppofed likewife to be continued in infini
tum (downwards).

P. Are all the refpeétive Powers of fuch Fractions, {viz. Squares, Cubes, 
^c.) or fo many Ranks o f Geometrical Proportionals, fuppofed to be conti
nued in infinitum, both to the Right-hand, and alfo downwards.

L e m m a . ]  Each of the faid Ranks of Powers^ together with their refpeSiive 
R ootS y  is equal to each of the feveral Ñumbers U7ider A  refpeclively.

DemonJlrationJ] I f  from the Line a b you take (for inftance^  ̂part towards
fuppofe a c •, and alfo from the other End of the fame Line a you take 

two fuch Parts (or  ̂ Parts) towards fuppofe ¿> d, {viz. a Number o f Parts 
lefs by two than the whole Line a b was firft fuppofed to be divided into) 
there will remain the Line c d-=. a c —  qS. ah. Then again, if  from c d 
you take i  Part thereof towards fuppofe c ê  and from the other End  ̂Part 
of the fame c d., fuppofe i//, there will remain only e f = z c e - = z ^ o i c d .  
And if you ftill go on without ceafing, to take on the Side towards  ̂ Part 
üf what was taken lafl: before, and twice as much on the other Side towards

there iliall be found between the two Lines laft taken always remaining 
~ Part of the Line from which they were taken. From which  ̂ Part there 
may ftill after the fame manner be fuppofed to be taken two other iiicii 
Lines. But if this be fuppofed to be done infinite Times aftually, then 
there will nothing more remain (between), and fo the continued Divifion on 
either Side will come exaftly to the Point g,  fuppofmg a g to he  ̂ o f  a by 
and b g 2 a g:  For, becaufe that which was taken away towards b, was 
always twice as much as that which was taken away towards a, the total 
Sum of all the Lines taken away towards by (which all together do make up 
the Line bg) muft be twice as much as the Line agy (which is the total Sum 
of all the Lines taken away towards a) viz. bgz=z2 ag •, and confequently 

ag  (or the whole Line a b) is equal to ^ a g i  and therefore ag =  ^ 
of  a b. ^  E. D .

The like ConfiruSlion and Demnjfration {mutatis mutandis) may be made ufe of 
in taking away any otiier Part of any Quantity, and the like Part again of the firil 
mentioned Part, and fo in infinitum. T h e total Sum of all the Parts fo taken, or 
fuppofed to betaken, (hail be equal to any certain Quantity, or Part, orFradion,. 
whofe Denominator ihall be lefs by an Unit than the Denominator o f the firft

mentioned Part'-, as
l O  * I 00 I  coo

&c. And fo, that which the incomparable Archimedes (in his Squaring the Pa

rabola) has only demonftrated in one particular Cafe, viz. —
• 3

+ +
I -

&c. and that too, not without an huge Apparatus of Pre-2.56 • 1024
1 minary Propofitions, amounting to a whole Book, is here univerfally de-

monftrated
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mondrated in all Cafes (which are infinite) and by a very fimple and eafy Me- 
thod (in Des Cartes'% \Vay) and on one fingle Page.

Now if  each o f the faid Ranks' o f  Powers, together with their refpeftive 
Roots, be equal to the feveral Numbers o f  Fractions undfr A ; (as is demon- 
ilrated by Úíq Lemma) then is A  the Sum o f them all, or equal to them ail ;
that is to fay, R
I

A R +  I  i for R  is the fame with A  wanting

or I ,  (as appears upon View) or but (— ) one infinite Part bigger.

Wherefore P  =  i ,  ^  D . v i z .  Infinitely-infinite Fractions are equal to 
Unity, that is, to the leaft Root that is an Integer.

I

Corollaries. Hence it is plain,
1. That a Progrefs ad infinitum muft be allowed.
2. And not only to one Infinite, but to feveral j or rather to infinite Infi

nites, or infinitely Infinites.
3. And that this may be done, that is, this Calculation may be performed,

by a very finite or bounded Capacity. '
4. And that this whole Progrefs, or fuch infinite Progreffes, may be caft 

up, or colJeéted into one Sum.
5. And into a Sum that is not only not infinite, but fo fmall that it is 

lefs than any Number.
It appears farther, <
T hat of Infinites fome are equal, and others unequal.
And that one Infinite may be equal to two, three, or feveral, either Fi- 

nites or Infinites. • -

For I .  T h e infinite Powers o f  the firfl: Rank are
1
2 1 x 2

and alfo

equal to all the infinitely-infinite Powers of all the other Ranks*

T h e infinite Powers o f  the fecond Rank are

Thofe of the third Rank are
t

Thofe o f  the fourth Rank are

Thofe o f  the fifth Rank are 

& c. in infinitum*

I T

6 2 x 3̂
I 1

12 ' 3 >^4
I I

20 4 x 5
I * ' I

= 5 x 6

viz, equal to the 
refpeétive mean 
proportional 

 ̂ Numberbetween 
the Square Num- 

^bersrefpe<5bively. 
g.

4 » 9
9, 12, 16

i 2-5 , 30» 3 .̂
J  &c. in infimW '̂

I \
i l l

é

2. The



s
f

%

( ” 3 )
. The infinite Powers of the two firfl: Ranks are =

Thofe o f  the three firil are =

Thofe of the four firft are =

Thofe o f the five firft are =  ^

&c. in infinitum.

3. All the Powers of all the infinite Ranks, except the firft are

A ll, except the two firft, are

A ll,  except the three firft, are

4 
£

5 
5

1
2
I

3
I

4
I

All, except the four firft, are =
o

&c. in infinitum.
The latter Corollaries may all appear by fimple Addition and Subdudion ; 

and fo may many more.

X X V II. I .  That the Numeral Figures now in ufe, with the manner 
Computation by them (and the Names of Algorifm, appropriated to that W ay 
of Computation) came to us fi’om the Jrabs (but fomewhat altered, as to the wains. n. 154. 
Shapé of the Figures, in fucceeding Ages) and to them from the Indians, 
nerally agreed. But it is not fo generally agreed, of what Antiquity the Ufe 
of them, in our European Parts, hath been.

Jo, Gerard Vojfius ( De Scientiis Mathematicis) thinks they came not in Ufe 
here till about the Year o f  our Lord 1300 5 or at the fartheft, later than the 
Year 1250. And P , Mabillon (D eR e Diplomática) tells us, that he hath not 
found them any where ufed fooner than the 14th Century. But I think their 
Ufe in thefe Parts was as old at leaft as the Times of Hermannus Contrañus  ̂
who lived about the Year o f  our Lord 1050 (that is, about the middle o f  
the n t h  Century,) i f  not fo frequently in ordinary Affairs; yet at leaft in 
Mathematical Things, and efpecially in Aftronomical Tables.

But I do not remember that I have any where feen any Monument of them 55« 
more anrient than the Mantle-tree of the Parlour Chimney at the Dwelling- 
Houie of Mr. Will. Richards^ the Re6lor o f  Helmdon in Northamptgnjhire.

The Sides of the Chimney, by which the Mantle-tree is fupported, are of 
Stone; but the MantJe-tree itfelf is o f  Wood. It is all over as black as 
Ink, having by A ge and Smoak contraded that Colour. It may yet conti
nue many hundreds of Years; for I did not difcern in it any Thing either of 
Worm, or Rottennels, or any Tendency to it. The Length of it is five Foot 
iiine Inches; its Breadth or Depth at the Ends, (A  B) is 11 ¿ Inches, but at

V o l . I. tlie
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the Middle, as C  D, fomewhat le'fs. It is alfo carved from End to End, and the 
lower Part o f  it is abated, as in the Mouldings of othe4r Chimneys. On the 
Front of the upper Part there is (beginning at the Middle) on three Squares 
parted from each other by a deep Furrow or Channel, the Date (I fuppofe 
when itwasfiril mad<;) deicribed partly in Numeral Figures, A °  Do'M*^ 133! 
on a fourth a Flower, and on a fifth the two Letters W . R. with an Efcut- 
cheon, reprefenting (I fuppofe) the Name o f him to whom it did then belong. 
Both the Letters and the Figures are o f  an Antique Form, agreeing well 
enough with that Age. They are not engraved or cut in, but prominent on 
their feveral Squares [by way o f B as-relief) the Wood being abated round about 

i| them. The o over the A  is a round o, but that over the M  is a fquare 0.
Jj Hence it appears, that .the Ufe of fuch Figures here in England^ even on or-
’ dinary Occafions, is at leaft as ancient as the Year 1 133. And I judge it to

have been yet -ibmewhat ancienter, becaufe the Shape o f the Figures, though 
not come juit to the Shape which we now ufe, was even then confiderably 

I' varied from the Shape o f the A rabick  Figures *, which argues they had then
41 been for fame Tim e in u fe; fuch Change o f Shape in Figures and Letters

coming on gradually with Time.
It Tieed not move any Scruple at ail, that Part o f  the Numbers is expreíTcd 

by the Numeral Letter M  (or the Word Milleftmoy of which M® is but a 
: Contraftion) while the reft is exprefied in Numeral Figures: For the like

doth oft occur in old M anufcripts ; and fomedmes even at this Day. And it 
doth rather favour the Simplicity of that A ge, (not very nice in fuch Things, 
efpecially amongft Mechanics) than any Defign o f Impofture.

..j Tho. 2. Over-againft the M arket-place  in Colchejler ilands the Houíé o f  Mr.
'  ̂ Linnen-draper; fome of tlie backermoft Part of which is an ancient

K. a66./>. (>i7-Ror/Hin Building, but the Front is o f  lefler ftanding, and timbered. Upon the 
au*-'Ab. 1699. Qp]] (which is almoft in the Form o f  a triangular Prifm) of one of

the Windows o f  the Front, between two carved Lions, Ilands an Efcutcheon, 
containing only thefe Figures 1090. T h e Periphery o f the Cypher^, and 
Nine, are rather fraded than fleded, prominent, large, and very fair but 
to make them the more perfpicuous, they are gilded by the Proprietor. The 
W indow  looks dire£lly North, the Date being thereby preferved from the 
fcorching Heat of the Sun j and by its Inclination (falling from the Vertex or 
Perpendicular by an Angle of about 60 Degrees) from Rain, Snow, ^ c .  If it 
be objecled, that the fecond and fourth Figures may reprefent that among the 
Araliam^ which is with us as five ; I anfwer, that the o is not ufed with all the 
A rabs for 5, but with fome for a Cypher, and fo it was ufed by the Moors in 
Spain, who firft brought thefe Figures into our Parts; nor is the fquare 0 an 
A rabick  Letter, but an E nglijh  Letter of that Age. And the Form of thefe 
Figures foon degenerated from that o f  the Arabs^ into fuch as we now ufe, if 
not at the fir it Reception from the A ra bs  [or M o 6 rs\  certainly long before 
1595, as this ConftrvMion would make it.

1ÍX V III .  T h e  old Definition of Logarithms^ that they are the equally-differ*
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For they may much more properly be faid to be Numeri Rationum Exponentes *, 
wherein Ratio is confidered as a ^mntitas fui generis  ̂ beginning from the 
Riitio of Equality, or i to i =  o ; being Affirmative when the Ratio is in- 
creafing, as of Unity to a greater Number, but Negative when decreafing; 
and thefe Rationes we fuppofe to be meafured by the Number o f the Ratiun
cula contained in each. Now thefe Ratiunculie are to be lb underftood as in a 
continued Scale o f Proportionals, infinite in Number between the two Terms 
of the Ratio •, which infinite Number of mean Proportionals is to that infinite 
Number o f  the like and equal Ratiuncute between any other two Terms, as 
the Logarithm o f the one Ratio is to ihe Logarithm of the other. I'hus if 
there be fuppofed between i and lo  an infinite Scale of mean Proportionals, 
whofe Number is looooo, in injiniium\ between i and 2 there ihall be 
30101, fe’i. o f  fuch Proportionals, and between i and 3 there will be 47712, 
tic. o f them ; which Numbers therefore are the Logarithms of the Rationes 
of I to 10, I to 2, and i to 3 *, and not fo properly to be called the L oga
rithms of 10, 2 and 3.

This being laid down, it is obvious that if between Unity and any Num 
ber propofed, there be taken any Infinity o f  mean Proportionals, the infi
nitely little Augment or Decrement of the firft o f  thofe Means from-Unity, 
will be a Ratiuncula, that is, the Momentum or Fluxion of the Ratio of 
Unity to the faid Number: And feeing that in thefe continual Proportionals 
all the Ratiuncute are equal, their Sum, or the whole Ratio will be as the 
faid Momentum is direélly ; that is, the Logarithm o f each Ratio will be as 
the Fluxion thereof. Wherefore if  the Root o f any infinite Power be ex- 
tratiled out of any Number, the Differcntiola o f  die faid Root from Unity, 
iliall be as the Logarithm o f  that Number. So that Logarithms thus produced, 
may be o f as many Forms as you pleafe to affume infinite Indices of the Power 
whofe Root you feek : as if  the Index be fuppofed looooo, &c. infinitely, 
the Roots ihall be the Logarithms invented by the*Lord Napier ; but if the 
faid Index were 2302585, i^c. Mr. Logarithms would immediately
be produced. And if you pleafe to ftop at any Number o f  Figures, and not 
to continue them on, it will fuffice to aíTume an Index o f  a Figure or two 
more than your intended Logarithm is to have, as Mr. Briggs did, who to 
have his Logarithms true to 14 Places, by condnual Extraction of the Square 
Root, at laftcame to have the Root of the 140737488355328th Power; but 
how operofe that Extraélion was, will be eafily judged by whofo ihall un
dertake to examine his Calculus.

Now, tho’ the Notion o f  an infinite Power may feemvery ilrange, and to thofe 
that know the difficulty o f theExtraflion of the Roots of high Powers, perhaps 
impradicable ; yet by the help o f that admirable Invention of Mr. Newton, 
whereby he determines the Uncias or Numbers prefix’d to the Members compo- 
fing Powers, (on which chiefly depends the Do¿frÍ7ie of Series) the Infinity o f 
the Index contributes to render the Expreffion much more eafy: For i f  the
infinite Power to be refolved be put (after Mr. Newton’s Method) p

Q j .  —
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P + f  í-'”> ° f  '“ T U ” , inftfíd o f  I H- —  ? +  —  } j

I —  I — , 6 w  m  —  6

-------- í ’ H--------------------------¡ - „ 7 ; --------------------- fS  &c.6 ni

??(which is the Root when ni is finite), becomes i -4-  —  q --------
' ' w  ̂ 2 m

3 ^  +  4 ^  +  5 ^  infinite; and confe.

quently whatever is divided thereby vanilliing. Hence it follows that
m

multiplied into q —  t ' ?  ? +  |  ̂ +  r  is the Augment
o f  the firft o f  our mean Proportionals between Unity and i -j- and is 
therefore the Logarithm o f  the Ratio of i to i -}- y •, and whereas the Infi- 
nite Index m may be taken at pleafure, the feveral Scales of Logarithms to

fuch Indices will be as or reciprocally as the Indices. And if  the Index

be taken 10000, & c. as in the cafe o f  iV̂ />/Vr’s Logarithms, they will be fim- 
P^y ? — +  +  — &c.

Again ; I f  the Logarithm o f  a decreafing Ratio be fought, the infinite Root

I o f i — or 7 = : ^ ‘“ is
I I

I
—  q\  & c. whence the Decrement o f the firft o f  our Infinite NumberV in ^

o f  Proportionals will be ~  into  ̂+  r ? ? +  7  ̂ f  ?’ +  4-

which therefore will be as the Logarithm o f  the Ratio o f  Unity to i —  
But i f  m be put 10000, i^c. then the faid Logarithm will be

I ^

Hence the Terms o f  any Ratio being a and q becomes — ^—  or the Dif-

b —  a
ference divided by the leiTer Term, when ’ tis an increafing Ratio, o r — j-~

when *ds decreafing, or zs b to a *, whence the Logarithm of the lame Ra
tio may be doubly exprefled ; for, putting x for the Difference of the Terms 

ji a and it will be either

I
m

0
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But if  the Ratio of to  ̂ be fuppofed to be divided into two Parts, viz. into 
the Ratio of a to the Jrithmetical Mean between the Terms, ánd the Ratio 
of the faid Arithmetical Mean to the other Term b\ then will the Sum of the 
Logarithms of thofe two Rationes be the Logarithm of the Ratio o í a to 
b', and, fubftituting i  z  inftead of \ a~\~^h  ̂ the iaid ArithmeticalMeaity the 
Logarithms o f thofe Rationes will be, by the foregoing Rule,

X

and

m
I
m

into

into

z
X

XX
2 Z Z

XX
+  :

X $

z

the Sum whereof —  into

2 z z
2  X

+
Z 3 X'̂

x''̂

X

3
2 X'

4  ' 5  z>
2  X '

6 z'

&c.

&c.

m
2  X ’’

, &c. will be the 
z  ' 3 2 '  52:’ j  ẑ

I.ogarithm of the Ratio o f  a to whoie Difference is a*, and Sum z. Anc 
this Series converges twice as fwift as the former, and therefore is more pro
per for the Pra6tice o f  making Logarithms •, which it performs wirh that E x
pedition, that where x the Difference is but the hundredth Part o f  the Sum,

2  X  ■ . ' '  '
the firft Step, — ’  fuffices to feven Places of the Logarithm, and the fecond

z
Step to twelve; but if Briggs's firft twenty Chiliads of Logarithms be fup- 
poled made, as he very carefully computed them, to fourteen Places, the firft 
Step alone is capable to give the Logarithm o f any intermediate Number, 
true to all the Places of thofe Tables.-

After the fame Manner may the Difi:erence o f the faid two Logarithms 
be very aptly applied to find the Logarithm of prime Numbers, having the 
Logarithms of the two next Numbers above and below them: For the Dif- 
ierence of the Ratio o f  a io  ̂ ẑ  and of 4 2 ro /?, is the Ratio of 77 .to 2: Sj 
and the Half o£ that Ratio is that o í >J ah 10 \ z, or of the Geometrical 
Mean to the Arithmetical. And confequently the Logarithm thereof,will 
be the Half-difference of the Logarithms of thofe Rationes, viz.

in
into

X X

2 z z
X'' X

I
&c.

6 2 '  ' 8 2
Which is a ’Theorem o f good Difpntch to find the Logarithm o f  ̂ 2. But 
the fame is yet much more advantageouily performed by a Rule derivt'd from 
the foregoing, and beyond which, in my Opinion, nothing better can be 
hoped. For the Ratio of ab io ^z%^ ox  ̂ a a ^  a b \ ^  b b̂  has the 
Difference of its Terms, aa  —   ̂ a b ’^-^bb^ox  the Square of  ̂ ¿7—  r b —

^  ^  ^  I  ^  ^  ^  —

 ̂ 3f ir, whichj in the prefent Cafe of finding the Logarithms of Prime N^jmbers,
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¡s always Unity i and calling the Sum o f  the Terms  ̂2 : 2 ¿ —
Logarithm of the Ratio X/ a b to I a \  by or f  2 will be found/

( )
the

1
m «C» &c.

5 JK‘° ‘ 7T^ ' 9 / “ 
which converges very much falter than any theorem hitherto publiihed for
this Purpofe.

Here note, that —  is all along applied to adapt thefe Rules to all Sorts of
m

Logarithms. I f  m be looo o, íffc. it may be negle£led, and you will have Â út- 
p'ter̂ s Logarithms, as was hinted before ; but if you defire Briggs*s Logarithms, 
which are now generally received, you mud divide your Series by 2, 302585- 
09299404568401799145468436420761010148862877976033328, or mul
tiply it by the Reciprocal thereof, viz. o, 43429448190325182765112891- 
S916605082294397005803666566114454.

But to fave fo operofe a Multiplication (which is moré than all the reft of 
the W ork) it is expedient to divide this Multiplicator by the Powers o f 2 ory 
continually, according to the Direftion o f the Theorem  ̂ efpecially where x is 
fmall and Integer, referving the proper Quotes to be added together, when 
you have produced your Logarithm to as many Figures as you defire; of 
which Method I will give a Specimen, in the Logarithms of the firft prime 
Numbers under 20 to fixty Places, computed by Mr. Abraham Sharps as they 
were communicated to me by our common Friend, Mr. Euclid Speidal.

z .

3 -

7 -
II.
» 3 -

* 7 -
1 9 .

Num. Logarithms,
o ,  3 0 1 0 2 9 9 9 5 6 6 3 9 8 1 1 9 5 2 1 3 7 3 8 8 9 4 7 2 4 4 9 3 0 2 6 7 6 8 1 8 9 8 8 1 4 6 2 ! 0 8 5 4 1 3 10 4 2 7

o ,  4 7 7 1 2 1 2 5 4 7 1 9 6 6 2 4 3 7 2 9 5 0 2 7 9 0 3 2 5 5 1 1 5 3 0 9 2 0 0 1 2 8 8 6 4 1 9 0 6 9 5 8 6 4 8 2 9 8 6 6

0 ,  8 4 5 0 9 8 0 4 0 0 1 4 2 5 6 8 3 0 7 1 2 2 1 6 2 5 8 5 9 2 6 3 6 1 9 3 4 8 3 5 7 2 3 9 6 3 2 3 9 6 5 4 0 6 5 0 3 8 3 5

1 ,  0 4 1 3 9 2 6 8 5 1 5 8 2 2 5 0 4 0 7 5 0 1 9 9 9 7 1 2 4 3 0 2 4 2 4 1 7 0 6 7 0 2 1 9 0 4 6 6 4 5 3 0 9 4 5 9 6 5 3 9  

I .  1 1 3 9 4 3 3 5 2 3 0 6 8 3 7 7 6 9 2 0 6 5 4 1 ^ 9 5 0 2 6 2 4 6 2 5 4 5 6 1 1 8 9 0 0 5 0 5 3 6 7 3 2 8 8 5 9 8 0 8 3  

1 ,  2 3 0 4 4 8 9 2 1 3 7 8 2 7 3 0 2 8 5 4 0 1 6 9 8 9 4 3 2 8 3 3 7 0 3 0 0 0 7 5 6 7 3 7 8 4 2 5 0 4 6 3 9 7 3 8 0 3 6 8

I ,  2 7 8 7 5 3 6 0 0 9 5 2 8 2 8 9 6 1 5 3 6 3 3 3 4 7 5 7 5 6 9 2 9 3 « 795» * 9 2 3 3 7 3 9 4 4 9 7 5 9 8 9 0 6 8 1 9

T h e  next Prime Number is 23, which I will take for an Example of the 
foregoing Doftrine; and by the firft Rules, the Logarithm of the Ratio of 
22 to 23 wiJl be found to be either

I

22 

or

968 31944 9 3 7 0 2 4  25768160

1058 36531 1 1 19364 ^ 3 2 1 8 1 7 1 5

+

23
&c.

*

As

n E ú
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As likewife that o f  the Ratio of 23 to 24 by a like Proctfs. 

'  ’  f23
I

1058 
1

— -I---------- 1-
24. ' '

36501
I

1119364
I

1

+

32181715 
1

5 &c. or

& C .
24 ■ ■ 4147* ' \327i04 '

Ajid tliis is .the Refult of the Doélrine oF Mercator^ as improved by the learn-

ed Dr. JValUs. But by the fccond ^heorem  ̂ viz. —  ^------ 1 ---- :5
z  32; . 5

the fame Logarithms are obtained by fewer Steps; to wit,

'  +  » > & c. And
45
2

+

273375
2

+

922640625
2

+

2615686171875'
2

&c.
47 ' 311469 ' 1 1 4 6 7 2 5 0 3 5 ' 3546361843241' 

which was invented and demonflrated in the Hyperbolical Spaces analogous 
to the Logarithms, by the excellent Mr. James Gregory  ̂ in his Exercitationes 
Geometric<e<f and fince further profecuted by the aforeiiiid Mr. Speidall  ̂ in a 
late Treatiie in Englifb by him publiflied on this Subjedl. But the Demon- 
ftration, as I conceive, was never till now perfedled without the Confidera- 
tion of the Hyperbola, which in a Matter purely Arithmetical, as this is, can
not fo properly be applied. But what follows, I think, I may morejuftly 
claim as my own, viz. T̂ hat the Logarithm o f the Ratio of the Geometrical Mean 
to the Arithmetical^ between 22 and 24, or of V  528 to 23, will be found 
to be either.

Í___ »
1058 * 1 119364 * +888215334 ' 626487882248

-|-  ̂ '.i- r'oT? &c.
1057 ^  3542796579 ~  659676558485285

All thefe Series being to be multiplied into 0,4342944819, i^c. if  you 
defign to make the Logarithm of Briggs. But with great Advantage in re- 
fpeft of the W ork, the faid 0,4342944819, &c. is divided by 1057, and the 
Quotient thereof again divided by three times the Square o f 1057, and that 
C^otient again by |  of that Square, and that Quotient by thereof, and fo 
forth, till you have as many Figures of your Logarithm as you defire. As 
for Example, the Logarithm of the Geometrical Mean betŵ een 22 and-24 
is found by the Logarithms of 2, 3, and 11, to be V :'Ut

1̂ .3 6-

1'



j ,3 6 13 1696126690612945009172669805
1057) 43429 ( ----- 4 io 87 4 6 2 8 i o i 4 6 8 i 4 3 4 7 :}i5886368

 ̂ in I I 17249) 41087 & c. ( .....................12258521544181829460074
■f/» 1117249) 12258 &c. ( .....................................6583235Í84376175
•f in 1 1 17249) 65832 &c. ( ......................................................4208829765
-"-/«11x7249) 42088 &c. ( - --------------------------------------------------------- 2930

Siimnia 1,36172783601757287886777711225119

W hich is the Logarithm o f  23 to thirty-two Places, and obtained by five 
Divifions with very fmall Divifors i all which is much lefs W ork than fimply 
multiplying the Series into the faid Multiplicator 0,43429, &c.

From the Logarithm given to find what Ratio it expreffes, is a Problem that 
has not been fo much confidered as the former, but which is folved with the 
Jike Eafe, and demonftrated by a like Procefs, from the fame general 'Theorem 
o f  Mr. Newton ; for as the Logarithm o f  the Ratio o f  i to i £ was pro

( )

ved to be 1 i*"* —  I ,  and that o f the Ratio o f  i to i —   ̂ to be 1 —«
T

1 —  : fo the Logarithm, which we will from henceforth call L ,  being
X

CD

given, I  +  L  will be equal to i -}- j  in the one Cafe, and i  —  L  will
m

be equal to i —  j  in the other: Confequently i L  “ will be equal to 
I +  and D ” to I —  q-y that is, according to Mr. Newion*s faid Rule,

I L ^  L * 1  L’ L ^ w s  L^, &c. will be =

to I  4 -  < 7 ;  and i  —  » ;  L  4 - -  L* —  |  L ’ 4 -  —  m *  L * ----------------------------- m s

' 2  0 ' 2 4  120
L% will be equal to i —  ^ m  being any infinite Index whatfo- 
ever: which is a full and general Propofttion from the Logarithm given to 
find the Number, be the Species of Logarithms what it will. But i f  Na- 
pier*s Logarithm be given, the Multiplication by m is faved, (which Multipli
cation is indeed no other than the reducing the other Species to his) and the

Series will be more fimple, viz. i L  -  L*
o 1 24 L+

1 20
L% or I -

6 24
L "

120 L^  ^ c .  This

Scries, efpecially in great Numbers, converges fo fiowiy, that it were to 
be wiflied it could be contraólcd.

!
If  one Term of the Ratio, whereof L  is the Logarithm, be given, the 0- 

ther Term  will be had eafily by the fame Rule : fo r  if  L  were Napier's Loga
rithm



( l í »  )
rithm of the Ratio o f a the leiTer to b the greater Term, ¿would be the Pro-

duél of a into i

&c. Bat i f  ¿ were given, a would be =  ¿ —  b L®

* h See. Whence^ by the help o f the Chiliads, the Number apper

taining to any Logarithm will be exadly had to the utmoft Extent of the 
Tables. I f  you feek the neareft next Logarithm, whether greater or leffer, 
and call its Number a if leiTer, or ¿ if greater *, then the given L ,  and the Dif
ference thereof from the faid neareft Logarithm you call /; it will follow that 
the Number anfwering to the Logarithm L  will be either a into i /

1 I . I . . I . - . . . .  - I
24

/+ - U -----or elfe b into i —  /
' 120

 ̂ &c. wherein as / is lefs, the Series will converse
6 ‘ 24 120 ’ ^  °

the fwifter. And if  the firft 200G0 Logarithms be given to 14 Places, there 
is rarely occafion for the three firft Steps of this Series to find the Number to 
as many Places. But for Ulacq's great Canon of 100000 Logarithms, which 
is made but to ten Places, there is fcarce ever need for more than the firft 
Step a ”\- a l,  or a-X-m a I \x\ one Cafe, or elfe b —  b U ox b —  mb I'm the 
other, to have the Number true to as many Figures as thofe Logarithms 
confift of.

There is another Series which is not indeed fo fimple and uniform, yet the 
firft Step thereof is moft commodious for Pradice, and exad enough for Tables

a l  b I
not exceeding 14 Places: It is thus; a -I or b

■f /
will be

the Number anfwering to the Logarithm given, diftering from the Truth but 
by one half o f  the third Step from the former Series. But that which renders it 
yet more eligible is, that with equal Facility it fcrves for Briggs's or any other

fort of Logarithms, with the only Variation o f  writing inftead o f  i ,  that Í3

Ü —j“ 1
and b

b l
I

or m
a -|- i- I a 
______ and m

lb
— ^which

m
are eafily refolved Into Analogies, niiz.

m
I I

I
m

As 42429 &c. —  
Or,As 43429 &c, -f-

V o L .  I.

Í /: to 3429 +  t  / : :  fo is « : 1 ^
¿ / :  to 43429 —  ®

i f

i;

f
■■

HED
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I f  more o f this Scries be dcGred, it will be found as follows,
-V a bj   ̂ vr

( 112  )

a I
L l

td
Cur^ei, K *  8 r« 
)5. 4010.
M ar. An. 1672«
Rt^ificati^n o f  
Curttc%* N» 9S. 
/>. 6146, 6149* 
Nov. An. 1673.

T r a m /o r m a fk n
efCurves t̂ .̂Z 1 4 '  

/».233.
Nov* An. 1694»

Cycloida! Spaces 
f€rfe&!yŜ adra- 
¿ / i .N . 2 1 7 . ^ . 1  I I .
06t. An. 1695.

T%e Cyc-otd con- 
Jider d long ago* 
N->229*/>- í;6I' 
Ju n e  A n .  1697»

working out the Divifions in each Step, and coliefting the Quotes, whofc 
Sum will be found co agree with our former Series; which is no other than an 
eafy Corollary to Mr, Newtonh general "Theorem for forming Roots and Po’-joers.

X X IX . Papers oflefs General Ufe omitted.

I .  \  Breviat of Dr. JVdlis'?, two Methods o f  drawing Tangents; Ex- 
£ \  trailed by him from his Con. o¿¿¡. and other Parts of his Mathema

tical Works.
2. Mr. Huygens \n his Hor. Ofciil. having gl '̂en M . Huraet the Honour of in

venting a Curve equal to a Straight Line in the Year 1659 ; Dr. IVallis here 
aiTerts this Invention to Mr. William Neile (Son of Sir Paul Neile)^ who 
(jiicovered and demonltrated the Equality o f  a Paraboloid to a Straight Line 
two Years before. The iiime was foon after otherwife demonftrated by my 
Lord Brcunker., and Sir Chriftofher Wren  ̂ in June and July 1657 ; and the 
Demonilrations inferred by Dr. IVallis., in his Tra¿l de Cycloide 1659, with 
a fair Relation o f the whole Matter. Befides, Sir Chrijlophcr Wren found a 
ftraight Line equal to that of a Cycloid in the Year 1658 : Yet he ireely 
confefies Mr. Neile ŝ Invention o f a Curve capable o f  Reolification the Year 
before.

3. The Abbot having, in the Year 1693, aíTerted James
Gregory and Dr. Barrow ftole their General Propodtions concerning the Tranf- 
formation of Curves from Mr. Robervall% 'D̂ . David Gregory here killy refutes 
that Aflertion. For Mr. Gregory publiflied his Book at Padua 1668, and 
Dr. Barrow his Leif iones Geomeiricte 1674, which Mr. /¿í»/>»rri;, /̂/doubtleís had 
a Sight of before he died (v/hich was not till October 1675), yet he never 
complained o f any fuch Injury done him.

4. Befides.that Segment of the Semicycloldal Figure  ̂ firíl obfcrved by Sir 
Chrifiopher Wren  ̂ and after him by Mr. Huygens  ̂ and a Trilinear Part o f  it, 
which are capable of being Geometrically Squared ; Dr. Wallis here produces 
from his Trad:s de Cycloidê  and de Motu., feme other Portions thereof equally 
capable o f  Quadrature.

5. Dr. Wallis finds among the Mathematical Works o f Bovillus., publillicd 
at feveral times between the Years 1501 and 1510, that the Curve (which is 
now callcd the Cycloid )̂ was then confidcred. But he alfo finds that Bovillus 
was not the firfl: who confidcred it; Fo/ Cardinal Cufanus, as appears by an 
ancient Manufcript of his Works (tranfcribed by J .  Scohlant in the Year 1451) 
had confidcred it fome time before. The Figure indeed (thro* the Unskilful- 
refs o f  the Tranfcriber) both in the MS. and the Bafil Edition, A . 1565, is 
very ill drawn •, but being correded according to the true Meaning of that 
Cardinal’s own Words, it evidently reprefencs the modern Cycloid. From 
hence *tis manifeit, that this Curve was not firft taken into Confideration

either

• m e n



Tr
'fl

( 1 2 3 )
either by Mcrfennüs or Galileo^ but fome Ages before, tho* never well lin- 
cleiftcod till this prelent Age.

6. Some Papers fent by Mp. J o. Collins to Dr, Wallis  ̂ giving his Thoughts 
about fome Dcfeds in Algebra; which he did not live to finilh. /-"575.

A i a y  A n .  1 6 S 4 *

X X X . Accounts of Booksy with Editions  ̂ Emendations  ̂ &cc. ormtted.

1. TT^Uciidis Elementa Geometrica, novo ordine ac methodo d€monjlrata. '̂ ’ '^s-t'‘̂ ^̂ ' 
Lond. 1666.

2. Archimedis 0 ;>íf?'¿z; Apollonii Perg : Comc.LibriW •, Theodofii Spharica, n. 114./>.314. 
Methodo nova illuftrata  ̂ &  [uccin^e demonjirata: ab ifa. Barrow, R . S . S .
Lond. 1675. in .̂to.

3 ' T« '£\J^oix\icriis it, K tx A a  fjt,ír^ y¡tni;Eutox/v 'Ac KaX uv ir ^  « i  N, 123.^, 567;

v7r(l[/.vt]fxa, &c. Cum Verftone &  Notis Jo. Waliis, S. S. Th. D. Oxon.
1676.

4. Theon Smyrnaus., publiíhed at Paris by Ifmael Bulialdus in Greek and n . so. />. 3095» 
Latin.

5. Diophanti A\sx^náñn\ Arithmeticorum Libri fex, de Numeris Multan- n . 72. í. 2185. 
gulis Liber unus \ cum Commentariis C. G. Bacheti, Obfervationihus D. P.
de Fermat, Senatoris Tholofani: cui acceffit DoStrina Analyticcc Inventum 
Novum. 'I'olofai 1670, in Folio.

6. The Works of iMonfieur de Fermat. n. i.p. 15.
7. Francifci du Laurens Specimina Mathematica., duobus Libris ccmprehenfa. n .  3 0 . 5 8 0 .  

Ilo'rum prior Syntheticus agit de Genuinis Mathefeos Principiis in genere •, in
jpecie autem de veris Geometria Elementis hucufqtie nondum traditis. Pofierior 
Analyticus de Methodo Compofitionis atque Refolutionis fufe differit, ^  multa n .  34. p. 654^ 

nova complectiturqu¿e fubtiliffimam Analyfeos Artem mirum in modum promo- n. 
vent. This Book is here cenfured, fome iMiftakes in it correéted, and the n.4*-/’- 
Cenfure vindicared, by Dr. IVallis.

8. R. P. AndrejE Taquet, e S. J . Opera Mathematica. Antwerp. 1669. in n.43./».869. 
Folio.

9. A  Mathematical Compendium, coilefled out of the Notes and Papers n. i04-/>. S3, 
of Sir Jonas Moore., by Nicholas Stevenfon. Lond. 1674. in iimo.

10. R . P. Claudii Franc. Milliet de Chales, é S. J. Curfus feu Mundus Ma- 229*
thcniaticus., univerfam Mathefin tribus Tomis comple£iens. Lugd. 1674. in
Folio.

ir .  The Mathematical Works of Dr. Jo. WalliSy Savilian Profeffcr 
Geometry in the Univerficy of Oxford, &  F. R. S. in three Volumes in Folio. ' ^
Oxon.

12, An Introdu(5lion to Algebra, tranflated out of High Dutch into Eng- 
lijh by 'Tho. Branker, M. A . much altered and augmented by Dr. J . Pell.
Aifo a Table of fuch odd Numbers as are iefs than One Hundred Thoufind, 
ihewing thofe that are Incoinpofit, and refolving the reft into their FaUors, or 
Coefficients. Lond. in /¡̂ to.

13. Labyrinthus Algebra. Auth. ]oh. Jac. Fergufon. 1667. in ^to.
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14. T h e Elements of that Mathematical Science callccl Algthra\ by

/̂»̂ 192! Kerjey. Lond. 1673. in Folio.
J5. A  Treatife o f  Algebra  ̂ both Hiilorical and Praftica] 5 by Jo. IVallis  ̂

Írí ihe 109th Chapter there are fome Numbers miftaken, which arc 
here reflified by the Author.

Í-253. 16. De Principiis ^  Ratiocinatione Geomeirarumi contra Fajttnn Profejfo-
K. 16./>.189. Geometrice. Authcre I'lio. Hobbes. This Book is here animadverted on,

and aniwered, by Dr. Wallis.
N. 4,8.̂ . 971. 17. T\iQVi\2£.Hohb^%^iadraturaCirculi^ Cuhatio Sphcera  ̂ Duplicatio Cubî
■ ; confutata. Auth. Jo. AVallis. S. T .  D. Oxon, 1669. in Sluarto.

5S-/>. iizt. 18. ^ a d r atura Circuli  ̂ Cubatio Spha ra  ̂ Duplicatio Cubi
{fecundo edita) denuo refutata. Auth. Jo. WalHs. S. T .  D. Oxon. 1669.

N. -jz.p. 2185. 1 9. Rofetum Geometricum  ̂ cum Cenfura brevi D o d r in ie  WallifianjE ¿e Motu.
Auth. Tho. Hobbes Malmejburien/t. Lond. 1671. in ^larto. This Book is 

N. 73-/>• azoi. here anfwered by Dr. IVallis.
20. Four Papers of Mr. Hobbs's, publiilied in the Months o f Auguji aud

September í6yi .  which are here anfwered b y ---------
N.S6.Í. 504.7* 2 1 . L i(x  Mathematica., Collijionihus Johannis Wallifii, S. T .  D. Thomse

Hobbefii Malmfburieniis, exctiffa, m ultis^  fulgentiffirMs au£la radiis. Auth. 
R . R. AdJunSla Cenfura Dooirina Waihfianas de Libra, una cum Rofeto Hobbe- 

■N.87.Í.5067. Lond. 1672. in ^ a rto . This Book is here anfwered by Dr. Wallis.
22. Principia ¿sf Problemata aliqitot Geometrica, ante defperatci, nunc brevi

ter explicata (jf Jemcnjirata. Auth. T .  H . Mahnsburienfi. Lond. 1673. in 
^ a rto .

23. Le Grand £57’ Fameux Próbleme de la ^iadr-ature du Cercie refolu Geome- 
triqiiementpar le C e r d e é  la Ligne droit, p<ir M . Mallement de Meilange. 
a Paris. i6\i6. in Twelves* This Book is here refuted by M. D. Cluverius.
R .S .S .

24. NouveauxElemens de Geometric: Or a Mathematical Treatife, entituled 
F¡ew Elements of Geometry. Paris 1667. in ^ a rto .

25. Elemens de Geometric ; par le P. Ignace Gafton Pardies, de la Comp, de 
y .  a Paris 1671. in T'-Joelves.

26. I. Vera Circuli ^  Hyperbola ^.adratura, in propria, fua Proportionis 
Specie inventa Demonftrata, á Jac. Gregorio Scoto. Patavii, in ^arto. 
This Subjeft is here further confidered, and the Area o f  an Hyperbole ex
plained •, by Mr. J. Collins.

2. M . Huygens having pnbliilied Animadverfions upon this Book, in the
Journal de Sfavans, 1668. Mr. here anfwerstiem. T o  this M .

N. 44./>.88a- gens replied in a following Journal o f  that Year-, and Mr. Gregory, further to
elucidate the Controvcrfy, here returns a fecond Anl'wer.

3. In the 48th Page of this Book, Mr. Hailey has difcovered and correct
ed a fmall Miftake in the Logarithm of 10.

27. Geometria pars Univerfalis, ^lantitatum Curvarum Tranfmutationi^ 
Menfura inferviens. Auth. Jac. Gregorio Scoio. Patavii 1668. in ^ arto .

28. De Infinitis Spiralibus inverfts. Infinitifque Hyperbolis, altifque Geemt‘ 
tricis. Auth. F. Stephano de Angelis Veneto. Patavii, in ^ a rto .

29. Michadn

N# 185* 245 '

N» 32» 625

N. 79- 3064«

37 *  Í '  73 * '

K. 216. 65.

Nt 35»í» 6851

K. 37./>. 378,
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29. Michaelis Angeli Ricci Exercitatio Geometrica, Romas, In á̂ to. Reprinted 37« P- 73* 
at London  ̂ and annexed to Mercator's Logarithmotechnia.

30. Renati Franc. SM ú Mefolabiim. Cut accejftt pars altera de JnaJyfi, N•4s•^oo3. 
Mifcellanea. Leodii Eburonum 1668. in 4Í0.

31. Elementa Geometria Plana. i®gidio Franciico de Gottignles n-67./>.2054.
Bruxellenfi. S. J . Romas. 1669. in iimo.

32. Synopfts Geometrica \ cum tribus Opufculis, de Linea Sinuum is? Cycloide j n- e;./. 2054. 
de Maximis &  Minimis^ Centuria \ ^  Synopfis Geometria Plana. Auth. Honor,
Fabry. S . J .  Lugduni Galliarum 1669. in i2mo.

33. Legiones xm. Geometrica \ in quibus (prafertim) Generalia Linearum
Curvarum Sympiomata declarantur  ̂ ab liaaco Barrow. Lond. 1669. in 4/(7. T o  
tiiefe Ledures tlie Author here adds feveral Corollaries and Theorems.

34. Eral'mi Bartholini Selena Geometrica. Haunire. 1674. in ¿̂ to. n . 106./. 137.
3 5 .  Elemens deŝ  Mathematiques^ ou Principes Géneraux de tout es les Sciences n .  1 2 6 . / . .  638. 

qui ont les Grandeurs pour ObjeSt, P a r ] .  P. á Paris 1675. in \to.
36. Nouvelle Methode en Geometric pour ks SeSlions des Superficies Coniques n* 1*9. ^ 745- 

£5? Cylindriques \ qui ont pour Bafe des Circles  ̂ ou des Paraboles, des Ellipfes^
des Hyperboliques \ par Ph. de la Hire, a Paris 1673. in ¿[to.

37. De Cycloide SeSiionibus Conicis. Ph. de Ja Hire. lííd.p. 746.
38. The Geometrical Key, or Conftru(5lion o f all Equations, Linear, k. 157./. 549. 

Quadratic, Cubic, and Biquadratic, by a Circle and one only Parabola i
by Mr. Tbo, Baker.

39. Exercitatio Geometrica de Dimenfione Figurarum. Auth. Davide Grego- n .  163. .̂730. 
rio. Edinb. 1684. in 4/0.

40. Methodus Figurarum Lineis ReSlis if? Curvis comprehenfarum 9luadra- n. 183./.. 185. 
turas determinandi., A u th .]. Craig. Lond. 1685. in 4/<?. T o  this Tra¿t t h é i s e .  
Author here makes an Addition ; and takes notice of fome Remarks made on n . 335.«. 786. 

it in the A^. L ip f by M. Leibnitz, and M . J. Bernoulli.
41. TraSiatus Mathematicus de Figurarum Curvilinearum ^adraturis if? n. 209./-. 113. 

Locis Geometricis. Auth. J. Craig. Lond. 1693. in \to.
42. Trañalus de Principiis Calculi Exponentialis. Auth. D. Bernoullio ;n -245. .̂374. 

wherein a Miftake is here difcovercd and correfted, by Mr. Craig.
43. Analyfis Geometrica, five nova is? vera Methodus Refolvendi, tam Pro~n»2STf‘ iŜ > 

hiemata Geometrica., quam Arithmeticas ^afilones. Pars prima, de Planis.
Auth. D. Antonio Hugone de Omerique Sanlucarenfe.

44. Stereometrical Propofitions, variouily iipplicable, but particularly in-n. 39.?. 7S5. 
tended for Gauging-, by Rob. Anderfon. Lond. 1668. in ^vo.

45. Gauging promoted ; being an Appendix to Stereometrk:al Propofitions; n . 4 7 . 960.; 
by Rob. Anderfon. Lond. 1669. in ^vo.

46. Gauging ¥.^\iom\ZQáby Mich. Dary. Lond. 1699. upon one Folio n. 52./>. 1054. 
Page.

47. Tabula Numerorum ^ladratorum decies Millium, una cum ipforum Late- n. 8z./>. 4050. 
ribus ab Unitate incipientibus, is? Ordine Naturali ufque ad 10000 progredien-
tibus. Lond. 1672.

48. The Defcription and Ufe of two Arithmetick Inilruments, is?i. by n .  94.̂ .6043. 
Sir Sam. Moreland. Lond, 1^7S’

49. Johannis
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N. 139.#.980- Johannis Waliiíii S. T .  D. Exercitaíiones tres: i .  De Cometarum. Di^
Jiantiis invejtigandis. 2. B e Rationum is  Fraíiionum liédu¿iione. 3. De 
riodo Juliano. Lond. 1678.

50. Logarithmotechnia'^icho\úMtvc:ítoús. Lond. \6G%. 'm^iarto. Th¡s 
Author’s Method of fquaring the Hyperbola, and of finding the Sum of the 
Logarithms is here improved by Dr. W allis; and further expUcatcd by the 
Author himlelf.

K. 38. ^ rss*
Jhid' 756«

Ibid^739«

^'1 ' 57'

F¡g. 58

C H A P .  II.

'Trigonometrŷ  Surveying.
A Cbnwgraphi- Pfob.  ̂ 8”  ̂H E  Diflatices of three ObjeSls in the fame Plane being given  ̂ as

X  j the Angles made at a fourth Place in the fame Plam^
Rich. Town- dfc obfervcd: the Di^ances from the Place of Obfervation to the re-
Mr. jílñcl]- fpe£iive Objetls are required.
J i D ^ .  N .  6 9 -  p*

Wan An. 1674. The Probkm hath fix Cafes.

C /ÍS E  I. I f  the Station be taken without the Triangle made by theOb- 
leds, but in one of the Sides thereof produced, as at S : find the Angle 
A C B j t h e n  in the Triangle A  C S, all the Angles and the Side A  C 

are known •, whence either or both the Diftances S A ,  or S C, may be found.
Cafe 2. I f  the Station be in one of the Sides o f the Triangle, as at S: 

then having the three Sides, A C ,  C B, B A ,  given, find the Angle C A B ;  
then again in the Triangle S A B  all the Angles, and the Side A B  are 
known ; whence may be found either A S ,  or S B, Geometrically •, if  you 
make the Angle C A D  equal to the obferved Angle C  S B, and draw B S 
parallel to D A ,  you determine the Point of Station S.

Cafe 3. I f  the three Objeiils lie in a right Line as A  C  D  (fuppoie it done), 
and that a Circle paiTeth through the Station S, and the two Exterior Objeds 
A ,  B : then is the Angle A  B D equal to the obferved Angie A  S C  (by 2 1.3. E.) 
as infiñing on the fame Arch A  D ; and the Angle B A  D in like manner 
equal to the obferved Angle C S  B: By this means the Point D is determined. 
Join D  C, and produce the fame, then a Circle paiTing through the Points 
A ,  B, D, interferís D  C  produced, at S, the PJace of Station.

Calculation.] In the Triangle A B D ,  all the Angles and the Side A  B, are 
known, whence may be found the Side A  D.

Then in the Triangle C A D ,  the two Sides C  A ,  and A D ,  are known, 
and their contained Angle C  A  D is knov/n ; whence may be found the An
gles C  D  A ,  and A  C  D , the Complement whereof to a Semicircle is the An
gle S C  A :  in which Triangle the Angles are now all known, and the Side 
A  C ;  whence may be found either of the Diftances S C, or S A .

Cafe

fig. 59,
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Cafe 4. If  the Station be without the Triangle made by the Obje<3:s, the 

Sum of the Angles obferved is Ids than four Right Angles. The ConftruSiion 
is the iiime as in the laft Cafê  and the Calculation likewife ; faving that you 
rnuft make one Operation more; having the three Sides A C, C B , B A ,  there
by find the Angle C A B, which add to the Angle E  A D, then you have the 
two Sides, w z. A  C, being one of the Diftances, and A  D, (found as in the 
former Cafe) v/irh their contained Angle C  A D , given, to find the Angles 
C D  A , and A  C D, the Complement whereof to a Semicircle is the Angle
S C A : Now in the Triangle S C A , the Angle at C being found, and at S 
obferved, and given by Suppofition, the other at A  is hkewife known, as be
ing the Complement of tlie two former to a Semicircle, and the Side A  C 
given ; hence the Difl'ances C  S, or A  S, may be found.

Cafe 5. I f  the Place of Statiivn be at fome Point within the Plane of the 
Triangle, made by the three Objects, the CsnjiruBmi and Calculation 
lame as in the iafi:, iaving only that indead of the obferved Angle A. S C , the 
Angle A D D  is equal to the Complement thereof to a Semicircle, to wit, it 
is equal ro the Angle A S D  j both of them infifling on theliime Arch A  D : 
And in like manner t.he Angle B A D  is equal ro the Angle D S  B, which is 
the Complement of the obferved C S B ;  and in this the Sum o f  the 
three Angles obferved, is equal to four Right Angles.

In thefe three latter Cafes no ufe is made of the Angle obferved between the 
two Objcéls, as A  and B, that are made the Bafe-line of the ConJiruSlion  ̂ yet 
the fame is ol ready ufe for finding the third Diftance or laft Side fought; as 
in the Triangle S A B, there is given the Diftance A  B, its oppofite Angle equal 
to the Sum of the two obferved Angles, and the Angle S A  3  attained, as in 
the fourth Cafe: Hence the third Side, or laft Diftance S B , may be found.

And here it may be noted, that the three Angles C A  S, A  S B, S B C, arc 
together equal to the Angle A  C B ;  for the two Angles C S B  and C B S  
are equal to E  C  B, as being the Complement of S C B to two Right Angles j 
and the like in the Triangle on the other Side. Ergo, &c.

Cafe 6. If the three Objects be A , B, C, and the Station at S, as before, 
it may happen, according to the former Co7iftru£i'ions, that the Points C and 
D  may fa 1 dole together, and fo a right Line joining them, ihall be produ
ced with Uncertainty *, in fuch Caje the Circle may be conceived to pafs 
through the Place of Station at S, and any two of the ObjeAs, as through 
B and C ; wherein making the Angle D B C equal to the obferved Angle 
A  S C, and B C D  equal to the Complement to 180 deg. o f both the obkr- 
ved Angles in D S B ; thereby the Point D is deterniined, through which, 
and the i^oints C, B, the Circle is to be defcribed; and joining D A ,  (pro
duced when Need requireth) where it interfeds the Circle, as at S, is the 
Place of Station fought.

This Problem may be of good ufe for the due Situation of Sands and Rocks, 
that are within fight of three Places upon Land, whofe Diftances are well 
known •, or for Chorographiccl Ufeŝ  &c. efpecially now there is a Method ot 
obferving Angles nicely accurate by the Aid of a Telefcope.

II. Thr
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Ttrtr chorcgra- H. Tjic thrce following Problems may occur at Sea, in finding the Di.
Sands, ^ c .  from theSiiore; or in Surveying 

bcr of the Phi- the Sea-Coafl: j when only two Obje6ls, wbofe Diftance from each other is 
ciety «'oxford, known, can be íéen at one Station: But efpecially they rnay be ufcfuj to 
N. lyT^/'ia^i^one, that would make a Map of a Country by a Scries of T rianglts ticrivej 
i)«. An. 1685. Qjjg Qj. jjjQj.g meafured Bafes; which is the moft exaél W ay o f finding

the Bearing and Diftance o f Places from each other, and thence their true 
Longitude and Latitude and may confequently occur to one that would in 
that Matter meafure a Degree on the Earth.

F,g. 63. Prob. I .] Thsre are two OhjeSls B and C, whsfe Diftance B C is known; ani
there are two Stations at A  and £ , where the Objects B, C, being vifible  ̂ and the 
Stations one from another, the Angles B A C ,  B A  E,  A  E  B, A  E C ,  are known 
by Obfervation, (which may be made with an ordinary Surveying Semicircle, 
or Crofs-Staff; or, i f  the Objefts are beyond the View o f the naked Eye, with 
a Telefcopic ^ a d r a n t ‘To find the Dift anees or Lines A B ,  A C , A  E , E C .

Í ii8 )

-ji 64' Conftru5tion.~\ In each of the Triangles, B A  E , C  A  E , two Angles at A , E,
being known, the third is alfo known; then take any Line »e at pleafure, on 
which conftitute the Triangles, j3 a s, « «y, refpeftiveiy equiangular to the 
Triangles B A  E , A  E  C  ; join /3 y : Then upon B C conftitute the Triangles 
B C  A ,  B C E ,  equiangular to the correfpondent Triangles /3 y  a, ^ y  g, join 
A E ,  and the T h in g  is manifeftly done.

The Calculation.'] Affuming as, of any Number of Parts, in the Triangles 
« /3 f, a y  £, the Angles being given, the Sides a y, « 0 , « y, may be found 
by Trigonometry : Then in the Triangle ^oty,  having the Angle IB a y ,  and 
the Legs « 3 , ccy, we may find |3 y. Then ^ y : B C  ::
:: y ec: C  A :: y e : C  E.

Fig. 65. Prob. 2.] Three Objects B, C, 7), are given, or (which is the fame) the Sides
and consequent Angles of the Triangle B C D  are given; alfo i hiere are two 
Points or Stations A, E , fuch that at A  tnay be feen the three Points B, C, E, but 
not Z), and at the Station E , may be feen A, C, D , but not B ; that is, the Ari' 
gles B A C ,  B A  E,  A E C ,  A  E D ,  (and confequently E A C ,  A  E C )  are knoivn
by Obfervation : To find the Lines- A B , A C , A  E , E C ,  E D ,

■Fî . 66. Conftruñion^ Take any Line a s at pleafure, and at its Extremities make
the Angles « « y, ? « 3 ,  » i y ,  azS,  equal to the correfpondent obferved Angles 
E A C ,  E A B ,  A  E C ,  A  E D . Produce |0 «, J'e, till they meet in (p *, join 

y\ then upon C  B deicribe (according to 33. 3. E.)  a Segment o f a Circle, 
that may contain an Angle =  y{piB‘, and upon C D defcnbe a Segment of a 
Circle capable of an Angle =  y Suppofe F  the common Seflion of thefe
2 Circles} join F  B, F  C, F  D j then from the Point C, draw for the Lines 
C  A ,  C  E , lb that the Angle F  C  A  may be =  (f) ya,  and F  C  E  =  <p y «: io 
A ,  E , the common Sedlions o f  C  A ,  C E , with F  B, F  D ,  will be the Points 
required, from whence the reft is eafily deduced.

Calculation.^
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Calculation.] Afíuming a g oFany Number, in the Triangles a yt ae, <pf, 

all the Angles being given, with the Side «s aíTumed, the Sides a y , sy, «(p, ecp, 
will be known; then in the Triangle the Angle ya(f>, with the Legs 
ay,  cc<p, being known, the Angles a(py,  ay(p , with the Side <pŷ  will be 
known: Then as for the reft o f the W ork, the Triangle B C D  having ail 
-its Sides and Angles known, and the Angles B F  C , B F  D , being equal to the 
found /3 <p y, {3 (pS ; how to find F  B, F  C, F  D , by Calculation (and alfo 
Protraciion) has been already ihewn above by Mr. Collins  ̂ as to all its Cafes.

But it muft here be noted, that if the Sum o f the obferved Angles B A E ,  
A E D ,  is 1 80 deg. then A B ,  and E D ,  cannot meet, becaufe they are pa
rallel, and confequently the given Solution cannot take Place j for which 
Reafon I here fubjoin another.

Another Solution.'] Upon B C defcribe a Segment B A  C, o f  a Circle, fo that 
the Angle of the Segment may be equal to the obferved Angle /3 « y, (which 
is ihewn 33. 3. E.) and upon C D  defcribe a Segment C  E D, of a Circle, ca
pable of an Angle equal to the obferved C  E D ; from C draw the Diameters 
o f  thefe Circles C  G, C  H  ; then upon C G defcribe a Segment o f a Circle 
G F C, capable of an Angle equal to the obferved Angle A B C ;  likewife upon 
C H ,  defcribe a Circle’s Segment C  F  A ,  capable o f an Angle equal to the 
obferved Angle C A E :  fuppofe F the common Section of the two laft Cir
cles H F C ,  G F C ;  join F H ,  cutting the Circle H E C  in E ;  join alfo F G ,  
cutting the Circle G  A C  in A : I fay, that A ,  E, are the Points required.

Demonjiration.] For the Angle B A C i s  =  ^¿«y, by ConftruSfion o i  the 
Segment; alfo the Angles C  E H , C  A  G, are right, becaufe each exifts in a 
Semicircle : Therefore a Circle being defcribed upon C F ,  as a Diameter, will 
pafs thro* E , A  j therefore the Angle C A E  =  C F E  =  C E H  =  (by Con- 

Jlrudlion) to the obferved Angle y  » s. In like manner the Angle C  E  A  =  
C F A  =  C F G  =  obferv’d Angle yiot.

I f  the Stations A ,  E, fall in a right Line with the Point C  *, the Lines 
G  A , H E ,  being parallel, cannot meet-, but in this Cafe the Problem is in
determinate, and capable of infinite Solutions. For, as before, upon C G, 
defcribe a Segment of a Circle capable of the obferved Angle y e «, and 
upon C H , defcribe a Segment capable of the obferved Angie y a s : then 
through C draw a Line any way, cutting the Circles in A , E, thefe Points 
will anfwer the Queftion.

Problem 3.] Four Points.  ̂ B, C, D , F, or the four Sides of a ^ladrilateraly 
with the Angles comprehended, are given; aljo there are two Stations A  andE, 
fuch  ̂ that at A , only 5 , C, are vifthle.̂  and at £ , only A, D,F-,  that is, the 
Angles B A C , B A  E , A E D ,  DE F ^ are given: To find the Places of the tw9 
Points A , E\ and confequently the Lengths of the Lines A  B, AC., A E , E D , E F .

ConflruSlion.'] U p o n B C  (by 33. 3. £.) defcribe a Segment of a Circle, that 
may contain an Angle equal to the obferved Angle B A  C ; then from C.draw 
the Chord C M , or a Line cutting the Circle in M , fo that the Angle B C M , 
may be equal to the Supplement oi" the obferved Angle B A  E, i. e. its Refidue

V o l . I. S to

S e a ,  X.
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fo 180 deg. In like manner on D F  defcribe a Segment o f  a Circle, capa
ble of an Angle equal to the obferved D E F  j and from D  draw the Chord 
D  N , fo that the Angle F  D  N  may be equal to the Supplement o f the ob- 
ierved Angle A  E  F ; join M  N , cutting the two Circles in A ,  E  • I fay, 
A ,  E , are the two Points required.

DemonftrationJ] Join A  B, A C ,  E  D , E F  j then is the Angle M  A  B 
B C  M (by 21. 3. E.) =  Supplement o f the obferved Angle B A E ,  by Con- 
Jtru5tion ; therefore the conftruiled Angle B A  E, is equal to that which was 
obferv’d. Alió the Angle B A C ,  o f  the Segment, is, by Conftrudion of 
the Segment, equal to the obferved Angle B A C .  In like manner the con- 
ftruéled Angles A E F ,  D E F ,  are equal to the correfpondent obferved 
Angles A E F ,  and D E F  *, therefore A ,  E, are the Points required,

Calculation.'\ In the Triangle B C M ,  the Angle B C M , ( =  Supplement
of B A E )  and Angle B M C ,  ( = B A C )  are given, with the S id c B C ;  
thence M  C may be found : in like manner D N ,  in the Triangle D N F ,  
may be found. But the Angle M C D  ( = B C D  —  B C M )  is known, 
with its Legs M  C, C D ;  therefore its Bafe M  D, and Angle M D  C, may be 
known. Therefore the Angle M D N  ( =  C D F  —  C D M  —  E D N )  is 
known, with its Legs M  D , D  N  ; thence M  N , with the Angles D  M  N, 
D N M ,  will be known. Then the Angle C  M  A  ( =  D  M  C - | - D  M  N) 

'̂1 is known, with the Angle M A C ( = M A B - | - B A C )  and M  C, before
found ; therefore M A ,  and A  C, will be known. In like manner in the 
Triangle E  D  N , the Angles E , N , with the Side D  N , being known, the 
Sides E  N , E D ,  will be known *, therefore A E  ( = M N  —  M A  —  E N )  
is known. Alfo in the Triangle A B C ,  the Angle A ,  with its Sides B C, 
C  A ,  being known, the Side A  B will be known, with the Angle B C  A  j 
fo in the Triangle E F D ,  the Angle E , with the Sides E D ,  D F ,  being 
known, E F  will be found, with the Angle E  D F .  Laftly, in the Triangle 
A  C D ,  the Angle A  C D  ( =  B C D  — B C  A )  with its Legs A C ,  C D , 
being known, the Side A  D  will be known; and in like manner E  Cy in 
the Triangle E D C .

Note  ̂ That in thhProbkm^ as alfo in the firfl: and iecond, if  the two Sta
tions fall in a right Line with either o f the given Objedls, the Locus o f A  
or E  being a Circle, the particular Point o f  A  or E  cannot be determined 
from the Things given.

A s to the other Cafes o f  this third Problem  ̂ wherein A  and E  may íhifc 
Places, i. e. only D, F, E , may be viiible at A ,  and only A ,  B, C, a tE  ; or 
wherein B, D, E, may be vifible at A ,  and only C, F, A ,  at E ; or wherein 
A  may be on one fide o f the Quadrilateral, and E  on the other ; or one of. 
the Stations within the Quadrilateral, and the other without it *, I prefume 
that the Surveyor will eafily direft himfelf, by what has been already faid.

The Solution o f this third Problem is general, and ferves alfo for both the 
precedent. For fuppofe C, D, the fame Point in the lafl: Figure, and it 
gives the Solution o f  the fecond Problem j but if 0 , C , be fuppofed the fame 

' Points with D , F , by proceeding as in the laft, you may díreólly folve the' 
firil Problm,

III. The
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III, The Variation of the magnetic Needle-is fo commonly known, that f'-'or»/

I need not infift much on the Explication thereof; ’ tis certain that the true 
foiar Meridian, and the Meridian fiiewn by a Needle, agree but in very hv¡í'̂ Sur!>epTÁ‘ln’l f  
Places of the World ; and this too, but fo.* a little Time (if a Moment) 
together; the Difference between the true M eridin and magnetic Meridian yn.jgnetic Nee~ 
perpetually varying and changing in all Places, and at all T im es; fometimesf^’.“¿“ ]̂ /̂ *' 
to the Eáftward, and íometimes to the Weftward. wiinamMoiy-

On which Account ’ tis impofiibie to compare two Surveys o f the fame Place, 
taken at diftant Times, by magnetic Inilruments (fuch as the Circumferentor,>iy aL 1607. 
by which the Down Survey  ̂ ovSir William Pettfs Survey o f  I r e l a n d taken) 
without due Allowance be made for this Variation. T o  which purpole, we 
ought to know the Difference between the magnetic Meridian and true Me
ridian, at that time of the Down Surveyy and the faid Difference at the Time 
when we make a New Survey to compare with the Down Survey.

But here I would not be underftood, as if I propofed hereby to fliew, that 
a Map o f the fame Place, taken by magnetic Inftruments at never fo diftant 
Times, fhould not at one Tim e give the fame Figure and Contents as at another 
Time. This certainly it will do moil exactly, the Variation o f the Needle 
having nothing to do either in the Shape or Contents o f the Survey. All that is 
affefted thereby, is the Bearings of the Lines run by the Chain, and the Boun
daries between Neighbours. And how this may caufe a considerable Error 
(unlefs due Allowance be made for it) is what I (hall prove moft fully.

In order to which, let us fuppofe that about the Year 1657 (at which time 
Ú\t Down Survey was taken) the magnetic Meridian and true Meridian did 
agree at Dublin.) or pretty nigh all over Ireland \ that is to fay, that there was 
no Variation. And indeed by Experiment it was at that time found, as Í 
am well aíTured, that at Dublin it was hardly half a Degree.

Let us fuppofe, that in the Year 1695 the Variation was 7 Degrees from 
tJie North to the W eftward; That it was really fo, I believe, I am pretty 
well aflfured, from an Experiment made by myfelf múi all Diligence. But 
this is not material; let us now only fuppofe it.

Let A , B, reprefent the Survey of two Town Lands, one in the PoiTeiTion r¡g. 69. 
of A , and the other in Pofi’eiTion of B, taken by the Do-s:n Survey., Anno 
165:7, when there was no Variation.

Let the Line N  S, running through the Point P, be the true Meridian, and 
confeijuently the magnetic Meridian alfo at that Time, becaufe o f the fup- 
pofed no Variation; and let this Line N  S, be alib the Boundary betv/eeii 
the two Town Lands A ,  and B.

In the Year 1695, when the Variation is 7 Degrees from the North to the 
Weftward, B having a Map o f the Down Survey, and being fufpicious that his 
Neighbour A  had encroached on him by aDitcli P  employs a Surveyor to 
enquire into the Matter : The Surveyor finds by his Map, that the Boundary 
between B and his Neighbour A , run from the Point P, through a Meadow, 
direct ly according to the magnetic Meridian S P N ;  but obferving the Ditch 
PQ^caft up much to the Eaftward of the prefenD magnetic Meridian, he 
coniciudes t^iat-A has encroached upon B, and that the Dirch ought to have

8 2  been
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been cafl: up along the Line P j ,  the Angle Q^P q being an Angle o f  7 deg. 
that is, the prefent Variation o f the Needle, and the L/ine P^, the prefent 
magnetic Meridian j for which Variation not making any Allowance, he po- 
fitively determines that B has all the Land in the Triangle QJP?, more than 
he ought to have *, and that his Ditch ought to run along the Line P q.

’ Tis true indeed, if the Surveyor go the whole Surround of the Land A , 
and B, he will find their Figure and Contents exaélly agreeable to the Map 
here expreiTed. But then the Bearings o f  the Lines are all 7 deg. different 
from the Bearings in the Map, and they will run in and out upon the adjacent 
neighbouring Lands, and caufe endlcfs Differences between their PoffeiTors; 
as is manifcit from the Figure; Wherein the prick’d Lines reprefent theDif- 
agreement in the Bearings of the Lines, protraóled from the Point P ; and we 
fee A  encroaching upon his Neighbours on the Weftward, as he encroaches 
upon B, and B’s Eaftward Neighbours encroaching on him, and fo forward and 
cleaj- round. Whereas by a due Allowance for the Variation of the Needle, 
all this Confufion and Difagreement is avoided, and every thing hits right.

Thus, for Inftance, in the Cafe before us, knowing that the magnetic 
Variation has caufed the prefent magnetic Meridian to fall in the Line n q ^
7 deg. from the North to the Weftward; to reduce this to the magnetic, 
Meridian at the Time o f  the Dozvn Survey, I muft make the Meridian o f my 
M ap to fail 7 deg. to the Eaftward of my magnetic Meridian , as we fee 
the Line P Q  falls 7 deg. to the Eaftward of the Line 'Pq.

W’ hat is here faid on Suppofition that the Magnet had no Variation at the 
Tim e of the firft Survey taken, and that it had 7 deg. Variation Weftward- 
at the Time of the fecond Survey, may eafily be accommodated to the Sup- 
pofal o f  any other Variations at the firft and fecond Surveys, 'mutatis mutan
d i s for knowing the Variations we know their Difference; and i f  we know, 
their Difterence, this gives us the Angle Q P ^ , by which we reduce them to 
tach other. The beft W ay therefore to make Maps invariable, conftant^ 
and everlafting, were for the Surveyors, who ufe magnetic Inftruments, to 
make always Allowance for the magnetic Variation, and to protraót and lay. 
down Plats by the true Meridian.

Perhaps it may be objecled. That Surveys may be taken without magnetic 
Inftruments, and that therefore this Error arifingfrom the magnetic Variation, 
and Change of the Bearing of Lines, may be avoided. T o  which I anfwer, Firft, 
'i'hat granting a Survey may be taken without magnetic Inftruments, this is 
nothing againft what we have laid down, relating to Surveys that are taken 
with magnetic Inftruments, as the Down Survey adually was, and moft Surveys. 
at prefent ailually are taken therewith. Secondly, Tho* a Survey may be taken 
truly without magnetic Inftruments, fo as to ihew the exaél Angles and 
Lines of the Plat, and confequently the true Contents; yet this will not give 
the true Bearings of the Lines, or ftiew my Pofition in relation to my Neigh
bours, or other Parts o f the Country. This muft be fupplied by t h e  M a g n e t ,  

or fomething equivalent thereto, as finding a true meridian Line on y o u r  Land 
by celeftial Obfervation. And I doubt not but the ancient ^Egyptians, before 
the Difcovery of the Magnet, were forced to fome fuch Expedient in their

Surveys
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Surveys and Applotments of Lands, between Neigiiboiir and Neighbour, after 
the Inundations o f the Nile > wliich, we are toJd, gave tiie firft Original to Geo
metry and Surveying: Abfolute Neceifity and Ufe having introduced thefe, as- 
Delight and Diverfion introduced Agronomy amongft the Chaldeans.

And this brings me to another Objeflion, which may be made againfl: the 
Inftance before laid down : It may be faid. That certainly the Surveyor which 
B employed was very ignorant, who would chufe to judge of the Line PQ_ 
rather by its Bearing, than by determining the Point Q^by meafuring from 
H  and G. T o  thi¿ I anfwer. What if both the Points H  and G were va-- 
niihed fince the Down Survey was taken ? What if  the whole Face of the 
Country were changed, fave only the Point P, and the Line P  QJ* How. 
ihall the Surveyor then judge o f the Line P Q ¿  but by its Bearing? That 
this is no extravagant Suppofition, we have an Example in Mgypt above- 
mentioned, where the N ik  lays all flat before it, and fo uniformly covers all 
with Mud, that there is no Diitinclion. In fuch a Cafe your Bearing muft 
certainly hdp you o u t; there is no other Way.

But I anfwer, fecondly. T o  fay that the Surveyor might have determined- 
the Point by Admeafurement from G and H, or any other adjoining 
noted Points, as from F, K , I, ’ tis very true ; but then *tis againft our 
Suppofition, I am upon ihewing an Error that ariies from judging of the 
Line P  C^by i and to tell me that this might be avoided
by another W ay, is to fay nothing. I myfelf ihew how it may be avoided, 
by allowing for the Variation; but ilill it is an Error till it be avoided.

But, thirdly, I f  B ’s Surveyor do not allow for the Variation o f the Needle, 
he will never exadly determine even the Points G, F , H , K , or any other 
Points in the P la t ; but inftead thereof,., will fall on the Points^, k.

From what has been laid down, we may fee the ablblute Neceility of al
lowing for the Variation of the Magnet, in comparing old Surveys with new 
ones i for want o f  which, great Difputes may arife between neighbouring 
Proprietors of Lands: And it were to be wifhed, that our honourable and 
learned Judges would take this Matter into their Coniideration, whenever 
any Búíinefs of this Kind comes before them.

IV. I have invented a Z m / w it h  a Tube, with GlaiTes and a Thread,^^*^-^*^/; 
hanging between four Points, with a Weight in a Box fo contrived, t h a t 14̂ '  
as foon as the Inftrument is fet down, you have your Point o i Horizon with^ 
a great deal o f  Exa£lnefs, I am making another, which playeth on one Steel 
Point, itanding on a Diamond.

Sep^ An, 1678.

V. An Account of a Book omitted', viz. The Art o f  Levelling; by Af.n. 74./>-zai7*
Mariotte.
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C H A P .  III. 

O P  T I C S .

I.n̂norhtery i- T  N  thc YcEf 1566  (at which time I applied myfelf to the Grinding of ahnut Light and X  Optic Glaffes o f  other Figures than Spherical) I procured me a Trian-
guiar Glafs-Prifm, to try therewith the celebrated Phienomena of Colours. And 

ti. zo.p. 307s. in order thereto, having darkened my Chamber, and made a fmall Hole in my 
Fco. Aji, J672. \yin(jow-ihuts, to let in a convenient Quantity o f  the Sun’s Light, I placed"

my Prifm at its Entrance, that it might be thereby refrafled to the oppofite 
Wall. It was at firft a very pleafing Divertifement, to view the vivid and 
intenfe Colours produced thereby ; but after a while applying myfelf to con- 
fider them more circumfpeitly, I became furprifed to fee them in an oblong 
Form ; which, according to the received Laws of Refra6tions, I expedled ihculd 
have been circular. They were terminated at the Sides with ftreight Lines, 
but at the Ends the Decay of Light was fo gradual, that it was difficult to 
determine juñly what was their Figure, yet they feemed Semicircular.

Comparing the Length o f this coloured with its Breadth, I founc
it about five Times greater •, a Difproportion fo extravagant, that it excited me 
to a more than ordinary Curiofity o f examining from whence it might proceed. 
I could fcarce think, that the various Thicknefs of the Glafs, or the Termi
nation with Shadow or Darknefs, could have any Influence on Light to pro
duce fuch an E ífeét; yet I thought it not amifs, firft to examine thoíé Cir- 
cumftances, and fo tried what would happen by tranfmitting Light through 
Parts of the Glafs o f divers ThickneiTes, or through Holes in the Window 
o f  divers Bignefles, or by fetting the Prifm without, fo that the L ight might
pals throua it, and be refra<5led, before it was terminated by the H o le : But 
I found none of thofe Circumftances material. The Faihion of the Colours 
was in all thefe Cafes the fame.

f

Then I fufpeiled, whether by any Unevennels in the Glais, or other contin
gent Irregularity, thefe Colours might be thus dilated. And to try this, I took 
another Prifm like the former, and fo placed it, that the Light paffing thro’ 
them both, might be refrafted contrary ways, and fo by the latter returned 
into that Courfe from which the former had diverted it: For by this means I 
thought the regular EfFe6ls of the firft Prifm would be deftroyed, by the fc- 
cond Prifm, but the irregular Ones more augmented, by the Multiplicity of 
Refradions. The Event was, that the Light, which by the firft Prifm was 
diffufed into an oblong Form, was by the fecond reduced into an orbicular 
One, with as much Regularity as when it did not at all pafs through them.

N . 8 3 . 4 c 6 i . That this Experiment may be better apprehended*, let E G  defign the 
% .  70. W indow; F, the Hole in it, thro* which the Light arrives at the Prifms;

A B C ,  the firft Prifm, which refradls the Light towards P  T ,  painting there
the

linea



( I 3 J )
the Colour in an Oblong, and a ¡B y, the fecond Prifm, which refraéls back 
again the Rays to Q , where the long Image P T  is contraaed into a round 
one. I fiippofe the Plane « y parallel to B C, and to A  C, that the Rays 
may be ei^ualiy refraited contrary ways in both Prilms. The Prifms alfo muít 
be placed very near to one another •, for if their Diftance be fo great, that the 
Colours begin to appear in the Light, before its Incidence on the fecond 
Prifm, thofe Colours will not be deftroyed by the contrary Refraftions of that 
Prifm. And if a L.ens be placed in the Hole F, or immediately after the 
Prifms, fo that its Focus be at the Image Q , or P T ,  the Perimeter o f  the 
Image Q ,  and the ilraight Sides o f the Image P T ,  will become much better 
defined than otherwife. So that, whatever was the Caufe of that Length, n. 
*twas not any contingent Irregularity.

I then proceeded to examine more critically, what might be efFefted by the 
Difference of the Incidence o f  Rays coming from divers Parts of the Sun \ 
and to that end, meafured the feveral Lines and Angles belonging to the 
Image. Its Diftance from the Hole or Prifm was 2 2 F eet; its utmoft Length 
13 i  Inches •, its Breadth 2 ; the Diameter of the Hole  ̂ o f  an Inch. T h é
Angle which the Rays, tending towards the middle of the Image, made with 
thofe Lines, in which they would have proceeded without Refraction, was 
44 deg. 56 min. and the Vertical Angle of the Prifm, 63 deg. 12 min. 
Alfo the Refraftions on both Sides the Prifm, that is, o f the Incident and 
Emergent Rays, were, as near as I could make them, equal, and confe- 
quently about 54 deg. 4 min. And the Rays fell perpendicularly upon the 
Wall. Now fubdufting the Diameter o f the Hole from the Length and 
Breadth of the Image, there remains 13 Inches in the Length, and 2 -f the 
Breadth, comprehended by thofe Rays, which paiTed through the Center of 
the íáid Hole i and confequently the Angle of the Hole, which that Breadth 
ilibtended, was about 31 min. anfwerable to the Sun’s Diameter-, but the 
Angle which its Length fubtended, was more than five fuch Diameters, name
ly 2 deg. 49 min.

Having made thefe Obfervations, I firft computed from them the refrailive 
Power o f  that Glafs, and found it meafured by the Ratio of the Sines, 20 to 
3 1 ;  and then by that Ratio I computed the Refractions o f  two Rays flowing 
from oppofite Parrs o f the Sun’s Difcus  ̂ íb as to differ 31 min. in their Obli
quity of Incidence, and found that the emergent Rays fliould have compre
hended an Angle of about 31 min. as they did before they were incident.

But becaufe this Computation was founded on the Hypotheiis of the Pro* 
portionality o f the Sines o f Incidence and Refrañion, which though by my 
own Experience I could not imagine to be fo erroneous, as to make that An
gle but 31 min. which in reality was 2 deg. 49 min. yet my Curiofity caufed 
me again to take my Prifm: And having placed it at my Window, as before,
I obferved, that by turning it a little about its Axis to and fro, fo as to vary 
its Obliquity to the Light, more than an Angle o f 4 or 5 Degrees, the Co* 
Jours were not thereby fenfibly tranflated from their Place on the W a ll ; and 
confequently by that Variation o f  Incidence, the Q ^ t i t y  of Refradlion was
not fenfibly varied. By this Experiment therefore, as well as by the former
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ii Computation, It was evident, that the Diifercnce o f tlie Incidence oF Rays,

flowing from divers Parts of the Sun, could not make them after DeculTa- 
tion diverge at a fenfibly greater Angle, than that at which they before 

, converged; which being, at moft, but about 31 or 32 min. there ftill re
tí mained fome other Caufe to be found out, from whence ic could be 2 deg.

49
Then I began to fufpeft, whether the Rays, after their Trajedion through 

the Prifin, did not move in curve Lines, and according to their more or lefs 
Curvity tend to divers Parts of the Wail. And it increafed my Sufpicion, 
when I remember’d that I had often- feen a Tennis-Ball ftruck with an 

' oblique Racket, defcribe fuch a curve Line. For, a circular as well as a pro-
' grefi'ive Motion being communicated to it by that Stroke, its Parts on that
' Side, where the Motions confpire, muft prefs and beat the contiguous Air

more violently than on the other, and there excite a Reluitancy and Re-adion 
o f  the A ir proporrionably greater. And for the fame Reafon, if  the Rays of 

i; L ight ihould poffibly be globular Bodies, and by their oblique Paflage out of
one Medium into another acquire a circulating Motion, they ought to feel 
the greater Refiftance from the ambient ^Ether on that Side where the 
Motions confpire, and thence be continually bowed to the other. But not- 
withftanding this plaufible Ground o f Sufpicion, when I came to examine it,

' I  could obferve no fuch Curvity in them. And befides (which was enough
j„: for my purpofe) I obferved, that the Difference betwixt the Length of the

Image, and the Diameter o f  the Hole through whicii the Light was tranf- 
mitted, was proportionable to their Diftance.

The gradual Removal o f thefe Sufpicions at length led me to the Expt- 
rimentum Crucis, which was this ; I took two Boards, and placed one o f them 
clofe behind the Prifm at the Window, fo that the Light might pafs through a 
fmall Hole, made in it for the purpofe, and fall on the other Board, which I 

: placed at about 12 Feet diftance, having firftmade a fmall Hole in it alfo for
I fome of that incident Light to pafs through. Then 1 placed another Prifm
; behind diis iecond.Board, fo that the Light rrajeóled through both the Boards

might pafs through that alfo, and be again refra<5led before it arrived at the 
"Wall. This done, I took the firft Prifm in my Hand, and turned it to and 
fro ilowly about its Axis, fo much as to make the feveral Parts of the Image, 
caft on the fecond Board, fucceflively pafs through the Hole in it, that I 
might obferve to what Places on the Wall the fecond Prifm would refract 
them. And I faw by the Variation'of thofe Places, that the Light, tending 
to that End o f the Image towards which the Refra<5tion of the firft Prifm 
was made, did in the fccond Prifm fuffer a Refraction confiderably greater than 
the Light tending to the other End. And fo the true Caufe o f the Length 

jiti. p, 3081. o f  that Image was detected to be no other, than that Light is not fimilar or
homogeneai, but confifts of difform Rays, fome of which are more refranp̂ ^̂  
than others -, fo that without any Difference in their Incidence on the ianie 
Medium, fome fhall be more refraifed than others*, and therefore that, ac- 

J cording to thiir partimlar Degrees of RefrangibUity, they were tranfmitccu
thrpugh tiie Prifm to divers Parcs of the oppoiite \Vall. ^  jj
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I íhall now proceed to acquaint you with another more notable Dijformity 
in its Rays, wherein the Origin of Colours is unfolded; Concerning which 
I ihall lay down the Doftrine firft j and then, for its Examination, give you 
an Inftance or two of the Experiments, as a Specimen of the reft.

The Dodrine you will find comprehended and illuftrated in the following 
Propofitions.

1. As the Rays of Light differ in Degrees of Refrangibility, fo they alfo 
differ in their Difpofition to exhibit this or that particular Colour. Colours 
are not Qualifications of Light, derived from Refradlions, or Refledions of 
natural Bodies (as ’ tis generally believed) but original and connate Properties, 
which in divers Rays are divers. Some Rays are difpofed to exhibit a Red 
Colour, and no other; fome a Yellow, and no other; fome a Green, and no 
other j and fo of the reft. Nor are there only Rays proper and particular to 
the more eminent Colours, but even to all their intermediate Gradations.

2. T o  the fame Degree of Refrangibility ever belongs the fame Colour, 
and to the fame Colour ever belongs the fame Degree of Refrangibility. The 
leaft refrangible Rays are all difpofed to exhibit a Red Colour *, and contrari- 
ly, thofe Rays which are difpofed to exhibit a Red Colour, are all the leaft 
refrangible: So the moft refrangible Rays are all difpofed to exhibit a deep 
Violet Colour j and contrarily, thofe which are apt to exhibit fuch a Violet 
Colour, are all the moft refrangible : And fo to all the intermediate Colours 
in a continued Series belong intermediate Degrees of Refrangibility. And 
this Analogy betwixt Colours and Refrangibility is very precife and ftri£t •, 
the Rays always either exadlly agreeing in both, or proportionally difagree- 
ing in both.

3. The Species of Colour, and Degree o f Refrangibility proper to any 
particular Sort of Rays, is not mutable by Refraótion, nor by Reflection from 
natural Bodies, nor by any other Caufe that I could yet obferve. When any 
one Sort of Rays hath been well parted from thofe of other Kinds, it hath 
afterwards obftinately retained its Colour, notwitliftanding my utmoft Endea
vours to change it. I have refracted it with Prifms, and refleéted it v/irh 
Bodies, which in Day-light were of other Colours*, I have intercepted it 
with the coloured Film of Air, interceding two comprelTed Plates of Glafs, 
tranfmitted it through coloured Mediums, and through Mediums irradiated 
with other Sorts of Rays, and diverily terminated i t ; and yet could never 
produce any new Colour out o f  it. It would by contrafting or dilating 
become more briík, or fiiint, and, by the Lofs of many Rays, in fome Cafes 
very obfcure and dark; but I could never fee it changed in Specie.

4. Yet feeming Tranfmutations of Colours may be made, where there is any 
Mixture of divers Sorts of R ays: For in fuch Mixtures, the component Co
lours appear not; but, by their mutual allaying each other, conftitute a mid
dling Colour. And therefore, if by Refraótion, or any other o f  the aforeiiiid 
Caufes, the diffbrm Rays, latent in fuch a Mixture, be feparated, there fliall 
emerge Colours different from the Colour of the Compofition. Which Co
lours are not new generated, but only made apparent by being parted j for
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if  they he again intirely mixed and blended together, they wiU again compofe 
that Colour, wliich they did before Separation. And for the Tame Reafon, 
Tranfmutations made by the convening o f divers Coloiirs are not real; for 
when the diffbrm Rays are again fevered, they will exhibit the very fame 
Colours which they did before they entered the Compofition j as you fee Blue 
and Yellow Powders, when finely mixed, appear to the naked Eye, Green; 
and yet the Colours of the component Corpufcles are not thereby really 
tranfmuted, but only blended. For when viewed, with a good Microfcope, 
they ftiil appear Blue and Yellow interfperfediy.

5. There are therefore two forts of Colours, the one Original and Simple, 
the other compounded of thefe. The original or primary Colours are. Red, 
Yellow, Green, Blue, ánd a Violet-Purple, together with Orange, Indico, 
and an indefinite Variety of intermediate Gradations.

6. The fame Colours in Specie with thefe primary Ones, may be alfo pro
duced by Compofition. F o ra  Mixture o f  Yellow and Blue makes Green; 
of Red and Yellow makes Orange ; o f Orange and Yellowifii Green makes 
Yellow. And in general, i f  any two Colours be mixed, which in the Series 
of thofe generated by the Prifm are not too far diilant one from another, 
they by their mutual Alloy compound that Colour, which in the faid Series 
appeareth in the Midway between them. But thofe which are fituated .at too 
great a Diftance, do not fo. Orange and Indico produce not the intermediate 
Green, nor Scarlet and Green the intermediate Yellow.

7. But the moft furprizing and wonderful Compofition was that of White- 
nefs. There is no one fort of Rays which alone can exhibit this, *Tis ever 
compounded ; and to its Compofition are requifite all the aforefaid primary 
Colours, mixed in a due Proportion. I have often with Admiration beheld, 
that all the Colours of the Pnfm being made to converge, and thereby to be 
again mixed, as they were in the Light before it was incident upon the Prifm, 
reproduced.Light, entirely and perfedly White, and not at all fenfibly differ
ing from a direit Light of the Sun, unlefs when the GJaiTes I ufed were not 
iufficiently clear; for then they would a little incline it to their Colour.

S. Hence therefore it comes to pafs, that Whitenefs is the ufual Colour of 
Light i for Light is a confuled Aggregate of Rays indued with all forts ot 
Colours, as they were promifcuoufly darted from die various Parts of lumi
nous Bodies. And o f  fuch a confufed Aggregate, as I fald,, is generated 
Whitenefs, if  there be a due Proportion of the Ingredients; but if any one. 
predominate, the Light niuft incline to that Colour; as it happens in the 
iiue Flame of Brimftone ; the yellow Flame of a Candle; and the various 
Colours of the Fixed Scars.

9. I'hcfe Things confidered, the Manner how Colours are produced by the
Prifm is evident. For, o f the Rays, conftituting the incident Light, fince
thofe which differ in Colour proportionally differ in Refrangibility,. tliey by
their i!ii qua! Rtfra6tions mufi: be fevered and difperfed into an oblong Form
in an orderly SuccciTion, from the leaft refracted Scarlet,, to the moil refraA*
ed Violet. And for the fame Reafon it is, that Objedswhen looked upon
through a Prifm., appear colourech For the difform Rays, by their unequal
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Refraftions, are made to diverge towards fevera) Parts of the Retina  ̂ and 
there exprefs the Images o f  things coloured, as in the former Cafe they did 
the Sun’s Image upon a Wall. And by this Inequality of Refradions, they 
become not only coloured, but alfo very confufed and indiftincb. -

10. W hy the Colours o f  the Rainbow appear in filling Drops of Rain, is 
alfo from hence evident. 'For thofe Drops which refraét the Rays, difpofed 
to appear Purple, in greatest Quantity to the Speélator ’̂s Eye, refrail the Rays' 
of other forts fo much lefs, as to make them pafs bsfide it; and fuch are the- 
Drops on the Infide of the primary Bow, and on rhs Outfide o f the fecon- 
dary or exterior One. So thofe-DrOpS, which refraft in greateft Plenty the. 
Rays, apt to appear Red, toward the Spedator’s Eye, retra6l thofe.of other' 
forts fo much more, as to make them pafs befide'it y artd fuch are'the Drops on 
the exterior Part o f  the primary, ánd interior Part o f  the fecondar'y Bow. ■

11. The odd Phaenomena o f  ah Infufion d i'U gm m  Ncphriticum^ L.eaf- 
Gold, Fragments o f  coloured Glais, and fome other tranfpáren'tly coloured 
Bodies, appearing in one Pofition o f  one Colour, and of another in another, 
are on thefe Grounds, no longer Riddles. For thofe are Subftances apt to re- 
fleél one fort of Light, and tranfmit another; as may be feen in a dark Roóm, 
by illuminating them with fimilar or uncompounded Light. For then they 
appear o f that Colour only, with which they are illuminated ; but yet in one 
Pofition more vivid and luminous than in another, accordingly as they are 
difpofed more or lefs to refled: or tranfmit the incident Colour.

12. From hence alfo is manifeft the Reafon of an unexpeéled Experiment, 
which Mr. Hook  ̂ fomewhere in his Micrography  ̂ relates to have made with 
two Wedge-like tranfparent Veffels, filled the one with a Red, the other with 
a Blue Liquor : namely, that though they were feverally tranfp.lrent enough, 
yet both together became opakej for if  one tranfmitted only Red, and the 
other only Blue, no Rays could pafs through both. ‘

13. I might add more Inftances o f this Nature, but I ihall conclude with 
this general one; That the Colours of all natural Bodies have no other Ori
gin than this, that they are varioufly qualified to refleft one fort o f  Light in 
greater Plenty than another. And this I have experimented in a dark Room, 
%  illuminating thofe Bodies with uncompounded Light of divers Colours. 
For by that means any Body may be made to appear of any Colour. They 
have there no appropriate Colour, but ever appear of the Colour of the Light 
caft upon them *, but yet with this Difference, that they are mod briil< and 
vivid in the Light of their own Day-light Colour. Minium appeareth there 
of any Colour indifferently, with which it is illuilrated, but yet moil: luminous 
in Red •, and fo Bife appeareth indifferently o f any Colour, with which it is ilki- 
ftrated, but yet moil luminous in Blue; and therefore Minium refieileth Rays 
of any Colour, but moil copioufiy thofe endowed with Red, and confcquently 
when illuilrated with Day- ight, that is, with all forts o f  Rays promifcuouily 
blended, thofe qualified with Red Ihall abound mod in the reflected Light, and 
by their Prevalence caufe it to appear of that Colour. And for the fame Rea
fon Bife, reflecting Blue moft copioufly, ihall appear Blue by the Exccis of thofe 
Rays in its reflected L ight; and the like of other Bodies. And ihat this is the en-
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tire and ádequate Caufe of their Colours, is manifeft, becaufe they have no 
Power to change or alter the Colours of any fort o f  Rays incident apart, but 
put on all Colours indifferently, with which they are enlighten’d,

Thefe things being fo, it can be no longer difputed, whether there be Co
lours in the Dark, or whether they be the Qua ities of the Objefts we fee • 
no, nor perhaps, whether Light be a Body. For, fince Colours are the Qua
lities of Light, haviñ>g its Rays for their intire and immediate Subjeót, how 
can we think thofe Rays Qualities alfo, unlefsone Quality may be the Subjeft 
of, and fuftain another ? which, in eíFeél, is to call it Subftance. W e ihould 
not know Bodies for Subftances, were it not for their fenfible Qualities; and 
the Principal of thofe being now found due to fomething elfe, we have as 
good Reafon to believe that to be a Subftance alfo.

Befides, W ho ever thought any Quality to be a heterogeneous Aggregate, 
iuch as Light is difcovered to be? But to determine more abfolutely what 
Light is, after what Manner refrafted, and by what Modes or Actions it 
produceth in our Minds the Phantafms of Colours, is not fo eafy: And 1 
Diail not mingle Conjeilures with Certainties.

Reviewing what I have written, I fee the Difcourfe itfelf will lead to divers 
Experiments fufficient for its Examination : And therefore I ihall not trouble 
you further than to defcribe one of thofe which I have already infinuated.

In a darkened Room make a Hole in the Shut o f  a Window, whofe Dia
meter may conveniently be about a third Part of an Inch, to admit a conve
nient Quantity of the Sun’s L ig h t : And there place a clear and colourlefs Prifm, 
to refradt the entring Light towards the further part of the Room ; which, as I 
laid, will thereby be diffufed into an oblong coloured Image. Then place a 
Lens of about 3 Foot Radius (fuppofe a broad Objeél-Glafs of a three Foot 
Telcfcope) at the Diilance o f  about 4 or 5 Feet from thence, through which 
all thofe Colours may at once be tranfmitted, and made by its Refradion to 
convene at a further Diftance o f  about 10 or 12 Feet. If at that Diilance 
you intercept this Light with a Sheet of white Paper, you will fee the Colours, 
converted into Whitenefs again by being mingled. But it is requillte that the 
Prifm and Lens be placed iteddy, and that the Paper, on which the Colours 
are caft, be moved to and fro; for by fuch Motion you will not only find at 
what Diftance the Whitenefs is moft perfeft, but alfo fee how the Colours 
gradually convene and vanifti into Whitenefs; and afterwards, having croiTed 
one another in that Place where they compound Whitenefs, are again diilipa- 
ted and fevered, and in an inverted Order retain the fame Colours which 
they had before they entred the Compofition. You may alfo fee» that it 
any of the Colours at the Lens be intercepted, the Whitenefs will be changec 
ijuo the other Colours. And therefore, that the Compofition o f Whitenefs 
be perfe6l. Care muft be taken that none of the Colours fall befide the Lens, 
Thus in the Defign of this Experiment, A B C  expreifeth the Prifm fet end* 
wife to fight, dole by the Hole F, o f  the Window E  G. Its vertical Angle 
A  C B m a y  conveniently be about 63 deg, M Ndefigneth the Lens, its 
Breadth 2 I ,  or 3 Inches. S F ,  one of the ftraight Lines, in which difform
Rays may be conceived to flow fucceíTiyely from the Sun. F  P , and F R ,  two
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of thofe Rays unequally refrafted, which the Lens makes to converge towards 

and after DecuiTation to diverge again. And H  I, the Paper, at divers Di- 
ftances, on which the Colours are projeded ; which in Qconftitute Whitenefs, 
but are Red and Yellow in R, r, and and Blue and Purple in P, p, and tt.

If you proceed further to try the ImpoiTibility of changing any uncom
pounded Colour (which I have aflerted in the third and thirteenth Propofitions)
^is requifite that the Room be made very dark, left any fcattering Light, mix
ing with the Colour, difturb and allay it, and render it compound, contrary 
to the Defign of the Experiment. ’ Tis alfo requifite, that there be a perfeder 
Separation o f the Colours, than, after the Manner above defcribed, can be 
made by the Refrañipn of one fingle Prifm ; and how to make fuch further- 
Separations, will fcarce be difficult to them that confider the difcovered Laws- 
of RefraiStions. But if  Trial ihall be made with Colours not thoroughly fepa- 
rated, there muft be allowed Changes proportionable to the Mixture. Thus, if- 
compound Yellow Light fall upon the Blue Bife, the Bife will not appear per
fectly Yellow, but rather Green j becaufe there are in the yellow Mixture 
many Rays endued with Green, and Green being lefs remote from the ufual 
Blue Colour of Bife than Yellow, is the more copioufly refleóted by it.

In like manner, if any one o f  the prilmatic Colours, fiippofe Red, be in
tercepted, on Defign to try the aíTerted Impoflibility ot reproducing that Co
lour out o f  the others v^hich are pretermitted ; ’ tis neceíTary, either that the 
Colours be very well parted before the Red be intercepted, or that together 
with the Red, the neighbouring Colours, into which any Red is fecretly dif- 
perfed (that is, the Yellow, and perhaps Green too) be intercepted; or elfe, 
that Allowance be made for the emerging of fo much Red out of the Yellow- 
Green, as may poifibly have been difFufcd, and fcatteringly blended in thofe 
Colours. And if thefe Things be obferved, the new Frodudion of Red, or 
any intercepted Colour, will be found impoíTibk;

II. I .  T o  contraft the Beams of the Sun without the Hole of the Window, 5« me F.xpiri- 

and to place the Prifm between the Focus of the Lens and the Hole.
2. T o  cover over both Ends o f the Prifm with Paper at feveral DiílanceSíi/jí'i.'oo-. 

from the Middle ; or with moveable Rings, to fee how that will vary or di-^; ®3-/'-40;9’ 
vide the Length of the Figure.

3. T o  mov-e the Prifm fo, as the End may turn about, the Middle being 
fteddy.

4. T o  move the Prifm by fhoving it, till firfi; the one Side, then the Middle, 
then the otlier Si-de pafs over the Hole, obferving the fame Parallelifin.

2, I fuppofe the Defign of the Propcfer of thefe Experiments is, to haveí>í/"í''>'i5« »5 
their Events expreíTed, with fuch Obfervations as may occur concerning 
Touching t h e I  have obferved, that the folar Image falling on a Paper 4-060.

placed at the Focus o f  the Lens, was by the interpofed Prifm drawn out in
l.ength proportional to the Prifm’s Refradion or Diftance from that Focus,
And the chief Obfervablehere, which I remember, was, that the ilreight Edges 
of the oblong Image were dirtindler than they would have bean without the 
Lens,

Coii‘.-

r
•Ír

Í'
f - . '

I' •'

M

I

I

I illU:



II9}
'Iki

! I

I'

!

f

( i + i  )
Confidering that the Rays coming from the Planet Fenus, are much lefs 

inclined one to another, than thofe which come from the oppofite Parts of 
the Sun’s Diik; I once tried an Experiment or two with her Light, And 
to make it fufficiently ftrong, I found it necefiary tocolleft it firfl: by a broad 
Lens and then interpofing a Prifm between the Lens and its Focus, at fuch 
Diftance that all the Light might pafs through the Prifm, i found the Focus,- 
which before appeared like a lucid Point, to be drawn out into a long fplendid 
Line by the Prifm’s Refraction. >

Concerning the fecond Experiment, I have occafionáüy obfcrved, that by 
covering both Ends ot the Prifm with Paper at feveral Piftances fronv the 
Aliddie, the Breadth o f the folar Image will be increafed or diminillied as 
much, as is the Aperture of the Prifm, without any Variation of tlie Length: 
Or, if  the Aperture be augmented on all Sides, the image on all Sides will.be. 
fo much and no more augmented.

O f  the third Experiment 1 have occafion to fpeak in my Anfwer to ano
ther Pcrfon*, where you will find the Effeéls o f  two Prlfms, in all crofs Po- 
fitions of one to another, defcribed. But i f  gne Prifm alone be turned about, 
the coloured Image will only be tranflated from Place to Place, defcribing a 
Circle, or fome other conic Section on the Wall, on which it is:projeCled, 
without fuffering any Alteration in its Shape, uniefs fuch as may arife frpm̂  
the Obliquity of the Wall, or cafual Change of the Prifm’s Obliquity to the 
Sun’s Rays.

The Efi-'ed of the fourth Experiment I have already infinuated, telling you 
that Light paffing through Parts of the Prifm of divers Thickneffes, did (till 
exhibit the fame Phaenomena.

«

‘Tbt Genuire HI. I cannot think it eíFeétual for determining Truth, to examine the feveral
which Phsenomcna may be explained, uniefs where there can be a 

rŷ hyMr. perfedt Enumeration of all thofe Ways. You know, the proper Method 
"̂004̂  *̂ ’ for enquiring after the Properties of Things, is to deduce them from Expe- 

jaiy, An. i672.riments. And I told, you that the T’heory which I propounded, was evinced
to me, not by inferring Uis thus, becaufe ’ tis not ctberwife; that is, not by 
deducing it only from a Confutation of contrary Suppofitions, but by de
riving it from Experiments concluding pofitively and direótly. T h e  Way 
therefore to examine it, is, by confidering, Whether the Experiments which I 
propound do prove thofe Parts of ú)e.Theory to which they are applied, or by 
profecuting other Experiments which the Theory may fuggeft for its Exami
nation. And this I would have done in a due Method; the Laws o f Refra
ction being thoroughly enquired into and determined, before the Nature of 
Colours be taken into Confideration. It may not be amiis to proceed ac
cording ro the Series of thefe Queries j which I could w i i l i  were d e te rm in e d  

by the Event of proper Experiments, declared by thofe that may have the 
Curiofity to examine them.

I . Whether that are alike incident on the fame Medium, have «/?-
eq̂ ual RefroMions ? And how great are the Inequalities o f their Refradions at 
any Incidence.^

2. What
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■ 2. W hat is Law  according to which each Ray is more or lefi refra^ed 
viiether it be that the fame Ray is ever refrafted according to the fame Ratio 
of the Sines of Incidence and Refradion ; and divers Rays, according to di
vers Ratio’s ; or that the Refradion of each Ray is greater or lefs without any 
certain Rule? That is, whether each Ray have a certain Degree o f  Refran- 
gibility, according to which its Refraélioii is performed ; .or is refraded 
•without that Regularity ?

3. Whether /¿ajyj, which are endued with particular Degrees of Refrangi- 
bility  ̂ when they are by any iVleans feparated, liave particular Colours conjlantly 
belonging to thsm\ viz. the lealt Retrangible, Scarlet; the moit Refrangible, 
deep Violet; the middle, Sea-Green; and others, other Colours? And on 
the contrary ?

4. Whether the Colour of any fort o f  Rays afart may be changed by Re- 
fraSiion ?

5. Whether Colours by coalefcing do really change one another to produce 
a f^ew Colour  ̂ or produce it by mixing only ?

, 6. Whether a due Mixture of Rays  ̂ indued with all variety o f  Colours, 
produces Light perfeftly like that of the Sun̂  and which hath all the fame 
Properties, and exhibits the fame Phenomena ?.

7. Whether the component Colours o f each Mixture be really changed; or be 
only [eparaied  ̂ when from that Mixture various Colours arc produced again 
by RefracTtion ?

. 8, Whether there be any other Colours produced by RefraSHon  ̂ than fuch 
as ought to refult from the Colours belonging to x\\tdiverfly Refrangible Rays  ̂
by their being feparated or mixed by that Refractan ?

T o  determine by Experiments thefe and fuch like Queries, which involve 
the propounded Theory, feems the moil proper and direit W ay to a Conclu- 
fion. And theretore I could wiih all Obje-ilions were fufpended, taken from 
Hypothefes, or any other Heads than thefe two; of ihewing the InfufRciency 
of Experiments to determine thefe Queric*?, or prove any other Parts of my 
Theory, by ailigning rhe Flaws and Defecfts in my Conclufiohs drawn from 
them ; or of producing other F.xperimehts which direéVIy contradidi me, i f  
any fuch-may (eem to .occur. For if the Experiments, which I urge, bedefe- 
¿tive» ic cannot be difficult to Hicw the Dcfcdls; but i f  valid- then by prO- 
.ving. the Theory they muil render all Objedlions invalid,

IV. I .  This ib extraordinary an Hypothefis, which overturns’ the very 
Bovindationx of Dioptrics, and makes uf- efs all the Practice that has hithertb"^’ '̂ *̂ 
obtained* is intireiy built upon that Experiment of the Cilafo Prifm, in which oaf¡caPa.du’s. 
the Ray5:of LJght entering at the Hole of a Window into a dark Risom, 2nd 
then tlriking againil the Wall, or r<;ceived upon a Paper, are not gathered"  ̂ ’ • •
into a round Spot, as Mr. Newton, icevned to exped from the received Laws 
of Rcfradtions, but appeared to be extended into an oblong Figure. Whence 
he concludcd, that this oblong Figure piocecded from this Caufe, that feme 
of the Rays were refradlcd-  ̂more and fome lefs.
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But it feems to me, that according to the common and received Laws of 

Dioptrics, that Figure ought not to be round but oblong. For fince the 
Rays proceeding from the oppofite Parts of the folar Diik have a different 
Inclination in paffing through the Prifm, they ought to be differently re
fracted ; and fince the Inclination of Ibme is greater than the Inclination of 
others by at leafl 30 Minutes, the Refra6lion alfo muft become greater.

Therefore the oppofite Rays, emerging from the other Superficies of the 
Prifm, diverge and divaricate more, than if all had proceeded without Re
fraction, or at leafl had been equally refracted. But that Reíraétion of the 
Rays is performed only towards thofe Parts which may be conceived to be in 
Plains perpendicular to the Axis of the Prifm : For there is no Inequality of 
Refradion towards thofe Parts which are underflood to be in Plains parallel 
to the A x is ; as may be eafily demonflrated. For the two Superficies o f  the 
Prifm may be judged as parallel to one another, in refpeft to the Inclination 
o f the Axis, fince each is parallel to the Axis. But the Refraction through 
two parallel plain Superficies is reckoned as none, becauie as much as the 
Ray is defie<Sed one Way by the firft Superficies, fo much it is turned the 
other Way by the other Superficies. Therefore fince the Rays o f the Sun 
paiTing from the Hole through the Prifm are not refraCled at the Sides, they 
proceed farther as if no Superficies o f  the Prifm had intervened, (refpeCt only 
being had, as I faid before, to that lateral Divarication j) but fince the fame 
Rays are refracted towards the upper or lower Parts, fome indeed more and 
fome leis, as being unequally inc ined ; it is neceíTar)' that they muft divari
cate more, and therefore mufl be extended into a longer Figure.

Now if a Calculation be rightly made; as the lateral Rays are found by 
the learned Newton in fuch a Breadth as fubtends an Arch o f 3 1 Minutes, 

"which Arch anfwers to the Sun’s Diameter •, fo I don’t at all doubt, but that 
Height alfo of the Image being found, which fubtends an Arch of 2^. 49'. 
is that itfelf which in that Cafe anfwers to the fame Diameter of the Sun af
ter the unequal RefraCtions.

And in reality, fuppofing the Prifm to be A  B C whofe Angle A  is 60 
Degrees, the Ray to be D E ,  which makes an Angle o f 30 Degrees with the 
Perpendicular E  H ; 1 find it at emerging through F  G to make with the 
Perpendicular F I  an Angle of 7 6 ° .  22'. But fuppofing another Ray i/E, 
which with the Perpendicular E H  makes an Angle of 29° . 30'; I find this, 
as it emerges through to make with the Perpendicular f t  an Angle of 
78*^. 45'. Whence thole two Rays D  E , c^E, which are fuppofed to pro
ceed from oppofite Parts of the Solar Diik, make an Angle with each other 
of 30 Minutes ; but the fame at emerging in the Lines F G ,  f g ,  fo diverge,

• as to conftitute an Angle of 2° . 23'. with each other. Now if  two other 
Rays were affumed, that approach more to the Perpendicular E H ,  (which 
make, for infliance, with the fame Perpendicular, one an Angle of 29“ . 
30', the other an Angle of 29^ . 0',) then the fame Rays at their em erging  

'would diverge ilill more, and would make a greater Angle, even ibmetimes 
more than three Degrees. And moreover.that Interval of the refraéteí

Rays is farther increafed from hence, that the two Rays D E ,  ¿/E, meeting
in
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in E, immediately begin to divaricate, and hit upon two feparate Points o f  
the other Superficies, that is, in F  and/. Therefore it is not fufficieñt for 
duly performing the Calculation, from the L.ensth of the 'Image projefted 
upon the Paper to fubtraft the Magnitude of the Hole of the Window j fmc6 
even fuppofing the Hole E  to be indivifible, there would be as it were an
other broad Hole in the other Superficies, which is F /.

As to what he calls Eicperimentum Crucis  ̂ to me it feems to fall in with 
the commonly received Rules of Refradion. For, as I have now ihewn, the 
Solar Rays, which approaching and converging make an Angle of 30 De
grees, after they have paiTed through the indivifible Foramen, diverge into an 
Angle of two or three Degrees. Therefore it is no wonder if the fame Rays  ̂
iingly impinging upon another Prifm which isalfo opened with a fmall Hole, 
ihould be unequally refraéled, fince their Inclination is unequal. Nor is it 
to the purpofe that thofe Rays are raifed or deprefled by the Rotation o f the 
firft Pnfm, the fecond Prifm remaining without Motion, (which yet cannot 
be done in every Cafe >) or that, the firft remaining immoveable, the fecond 
ihould be moved, that it may fuccefllveJy receive the coloured Rays o f the 
whole Image, and tranfmit them through its own Hole. For in either W ay 
it is necelTary, that thofe extreme Rays, that is the Red and Violet, ihould 
fall upon the fecond Prifm at an unequal Angie, and thereby that their Re- 
fra(5i:ion ihould be unequal, ib that That of the Violet Rays ihould be the
greater.

Since therefore a manifeft Caufe appears, why the Figure o f the Rays 
ihould be oblong, and that Caufe arifes from the very Nature of Refra6tion ; 
there feems no Occafion to have Recourfe to any other Hypothefis, or to ad
mit any different Frangibility o f the Rays.

What afterwards he has conceived concerning Colours, that indeed com- 
modioufly follows from rhe foregoing Hypothefis; yet even that is obnoxious 
to fome Difficulties. For as he affirms, that no Colour at all, but rather 
Whitenefs, will appear, when the Rays of all Colours are mixed promifcuoufly, 
that does not feem conformable to all the Phenomena. Surely the Varieties 
which are obferved in the mingling of different Bodies, which are imbued 
with different Colours, the very fame are perceived in the mingling o f  differ
ent Rays that are alfo imbued with different Colours. And he well obferves, 
that as from a Yellow and Blue Body a Green Colour arifes, ib from a Yel
low and Blue Ray a Green Colour will alfo arife. So that i f  all the Rays of 
all Colours were confounded together, it is neceifary in that Hypothefis, that 
the fame Colour ihould appear which really appears in a Mixture of all 
Paints. But now if thofe Colours, that is. Red and Yellow, together with 
Blue and Purple, and all others, if  there be more, were beaten together and 
mingled •, not White would appear, but a dark fad Colour. Therefore a 
like Colour would appear in the ordinary Rays of Light, it it confifted of a 
Mixture of all forts of Colours.

Now at firft Afpecb nothing feems more ingenious or more proper, than 
what he fays concerning the Experiment o f  the moft acute Mr. Hook, in 
which two different Liquors, the one Red the other Blue, and both fepa-
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lately tranfparent, but when mixed together become opaque. This, the 
learned Newton fays, arifes from hence, that one of the Liquors can only 
tranfmit the Red Rays, the other only the Blue ; whence being mingled they 
can tranfmit none. This, I íáy, at firft fight feems very oppofite j never- 
theiefs it íhould follow from hence, that a like Opacity would arife fiom the 
Mixture of any Liquors of different Colours, which yet is not true.

2. The Reverend Father Pardies makes the Reiradtions on tiie different 
Sides of the Prifm as unequal as. he can, whereas I make them equal, both 
in my Experiments, and in the Calculation founded upon thofe Experiments, 
Let A B C  be a Sedion of the Prifm perpendicular to its Axis, F L ,  K G , 
two Rays crofling one another in x the middle ot the Hole, and falling upon 
that Prifm at G  and L ,  and let their refradled Rays be G H , L  and again 
H I  and ntn. And whereas I have fuppofed that their Refra6lions at the 
Side A  C  are nearly equal to thofe at the Side B C •, if A  C and B C are put 
equal, the Rays G H  and L  m will have a like Inclination to the Bafe of the 
Prifm A B ;  and therefore the Angle CL»?, =  Ang. C H G, and Ang, 
C  mL. Ang. C  G H. Wherefore alio the Refraflions in G and m will be 
equal, as likewife in L  and H ,  and fo Ang. K  G A  =  Ang. n m B, and 
A ng. F  L  A  =  Ang. B H  I : And therefore the refraded Rays H  I and mn 
wiJ have the fame Inclination to one another as the incident Rays F  L  and 
K G .  Therefore if the Angle F ic K  be 30 Minutes, or equal to the Sun’s 
Diameter, then alfo the Angle comprehended by H I  and will be 30 
Minutes, i f  the Rays F  L  and K  G  are fuppofed equally refrangible. But to 
me, who have tried it, that Angle comes out about , 49', which the Ray 
H I  exhibiting the utmoft Violet Colour, contains with the Ray m « of a Blue 
Colour j and therefore it muft be neceffarily granted* that thofe Rays are dif
ferently refrangible, or that the Refradions are performed according to an 
unequal Ratio of the Sines of Incidence and Refradlion.

The Reverend Father adds befides, that for rightly performing the Calcu
lation, it is not fufficient to fubtraft the Bignefs of the Hole from the Length 
o f  the Image projeded on the Paper •, becaufe even fuppofing the Hole to be 
Indivifible, there would ilill be as it were another wide Hole in the poflerior 
Superficies of the Prifm. Yet this notwithftanding it feems to me, that the 
Refraftions o f the Rays, croffing at the anterior as well as pofterior Surface 
o f  the Prifm, may be rightly computed from the Principles laid down. But 
i f  the Matter were otherwife, the Breadth of the Chafm in the latter Super
ficies, which is as a Hole, could hardly make an Error of two Seconds; and 
in pr^ical Matter's I think it not worth while to take Notice o f  fuch minute 
Differences.

The Reverend Father does not contradidi that which I called Experimentum
Cnicis^ while he contends, that the unequal Refradions of the Rays, endued
with different Colours, are produced by the unequal Incidences. For when
the Rays pafs through two very fmall, diftant, and immoveable Holes, thofe
Incidences (as I made the Experiment) were plainly equal, and yet thefe Re-
fraélions were very unequal. But if he has any Doubt about my Experiments,
I beg that he would try himfelf, and meafure the Refractions of the Rays en
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dued with different Colours, from equal Incidences, and he will find them to 
be unequal. If he does not like the W ay I made ufe of to try this, (than 
which I think none can be more fatisfaftory) it is eafy to contrive others ; as 
I myfelf have experienced not a few, and with good Succefs.

It is objedied to the Theory about Colours, that Powders o f  different Co
lours being mixed, they exhibit not a White, but a dark Brown Colour.
Now to me White, Black, and all intermediate Brown Colours, which can 
be compofed of White and Black mixed, feem to differ not io much in their 
Species of Colour as in the Quantity of Light. And in the Mixture of 
Paints, fince the feveral Corpufcles refle£t only their own Colour, and there
fore the greateft Part o f  the incident Light is fuppreffed and ilifled; the re- 
fieftcd Light muft become obfcure, and mixed as it were with Darknefs, fo 
that it cannot exhibit intenfe Whitenefs, but fuch as would be caufed by a 
Mixture of Black, that is, a dark Brown.

It is then objeiled, that from any Liquors of different Colours mixed in 
the fame Veffel, as well as being contained in different VeiTels, Opacity 
Ihould be produced, which yet (he fays) is not true. But I do not fee the 
Confequence. For very many Liquors a6l upon one another, and fecretly 
induce a new Configuration o f  Parts upon one another ; whence they may 
become opaque, tranfparent, or endued with various Colours, fuch as could 
by no means arife from a Mi«ture of Colours. And for this I always thought, 
that Experiments of this kind were lefs fit, from whence Conclufions could 
be drawn. Yet here I will obferve, that for this Experiment Liquors are 
required, which are endued with ftrong and intenfe Colours, which tranfmic 
but few Rays except thofe o f their own Colour. Such are rarely to be met 
with, as may be feen by illuminating Liquors in a dark Room with the dif
ferent Colours of the Prifm. For few are found which appear very tranfpa
rent in their own Colours, and opaque in others. It is alio convenient, that 
the Colours made ufe o f  ihould be oppofite to one another, fuch as I think 
Red and Blue to bê  or Yellow and Violet, or alfo Green and that Purple 
which approaches to Scarlet. And perhaps fome o f  thefe Liquors, whofe 
tinging Particles will not come together, when mixed may become more 
opaque. But I am nothing folicitous about the Event, as well becaufe the 
Experiment will be more perfpicuous in Liquors when íéparate, as becauie I 
propofed that Experiment (as likewife that of the Rainbow, of the Tinfture 
of Lignum Nephriticum^ and the Phaenomena of other natural Bodies) not 
fo much to prove the Dodrine as to illuftrate it.

Now as to the Reverend Father’s calling my Theory an Hypothefis  ̂ I take 
it not amifs, becaufe to him it may not yet appear. But I propofed it with 
another Intent, and it feems to contain nothing elfe but certain Properties of 
Light, which being now found I think it not difficult to prove j and which 
if I did not know to be true, I ihould rather choofe to rejedt as vain and 
empty Speculation, than to own them as my Hypothefis.

3. In that Hypothefis which our Grimaldm explains at large, in which 
is fuppofed that Light is a certain Subftance moving with a moft rapid M o -pa/dS n .  8 5 . '  

tion, fome Diffufion of Light might be made after paffing through the Hole,^
TT - and-' ‘
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and the DecuíTation of the Rays. Alfo iri that Hypothefis, in which Light 
is fiippofed CO proceed through certain Undulations of fiibtiíé Matter, as lihe 
very ingenious Hook explains j Colours might be accounted for by fome kind 
o f Diffufion and Expanfion of Undulations, which may be made at the Sides' 
o f the Rays beyond the Hole, by Contail itfelf, and by the Continuation of 
the Matter. And indeed I have recourfe to fuch an Hypothefis, in the Dif- 
fertation concerning the Motion of Undulation, which is the fixth Part of my 
Mechanics. Where I fuppofe, that thoie appearing Colouts are produced 
by that Communication o f Motion alone, which is propa^ted at the Sides 
by the Undulations going direélly on. As if  Rays entering at the Hole a 
go on towards the direct Undulations (having regard to ilrait and natural 
Motion) ought to be terminated at the Right Line « ¿ ; yet becaufe of the 
Continuity of Matter, there will be fome CommunicatiorT of Motion towards 
the Sides ec, where a certain tremulous and iiibfultory SuccuiTion will be ex
cited. Now if Colours may be fuppoied to confift in that lateral fubHiltory 
Motion, I imagine all the PHienomena o f Colouts might be explained, as I 
have endeavoui'ed to do more at large in the Diflertation now mentionied. 
From which being llippofed it will alfo appear, why the Breadth of the Co
lours muft be expanded farther than the Divarication o f the Rays themfelves 
would require.

A s to the Eicperimenttnn Crucis  ̂ I do not at all doubt, but that in his Ex
periment he makes ufe o f  fuch a Situation, as that there may be an eqiiaf 
Inclination of the incident R a y s; fince he exprefly affirms it was fo done bf 
him. But I was not able to guefs that from what I had read before, where 
are fuppoftd two fmall and very diftant Holes, and one Prifm near the firit 
Hole which is in the Window ; through which Prifm the coloured Rays 
proceeding, fall upon the other diftant Hole. It was alfo added, that in or
der that all the Rays might fall fucceíTiveiy on that fecond Hole, the fíríl: 
Prifm v̂ as turned about its Axis. But by this means it muft neceíTarily be,' 
that the Inclination o f the Rays falling upon the fecond Hole muft be changed.
I alfo fnggefted, that the Thing would be the fame, whether the firft Prifm 
remaining immoveable, the fecond Hole was raifed or depreflfed, that it 
might receive fuccefllvely all the Rays of the painted Solar Im age; or, that! 
fecond Hole remaining immoveable, the firft Prifm was turned about, fo 
That the fame Image might change its Situation, and all the Parts might fiic- 
ceffively impinge upon the fecond Hole. But without doubt the moft faga- 
cious Newton made ufe o f other Cautions.

A s to what I had objefted about the Colours, I think it very well folved. 
And that I called his Theory an Hypothefis, I did it without any Defign, 
but made ufe of the Word that firft occurred. Therefore I defire him not 
to think, that I ufed that Word in any kind of Contempt.

4. T h e  Reverend Father fays, that it is poflible to explain the Length of 
md Colours, without a different Refrangibility o f  the different Rays j fup'
juVAn^i^z. pofe from the Hypothefis of P. Grimaldus  ̂ by the Diffufion of Light, which

is fuppofed to be a certain Subftance moved with the greateft Rapidity or
by t le Hypothefis of our Hook, by the Diffufion or Expanfion of Undula

tions,
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tions,- 'v̂ Iiich Fie pretends are excitéd in the ^ th er by Jucid Bodies, and fo 
be propagatéd every W ay. T o  which I add, that by the Hypothefis of 
Carteftus may alfo be imagined a like Diffufion or Endeavour of the PreiTiire 
of the Gbbules, in like MPanher as is fuppofed in the Explication o f  the Tail 
of a Comet. And the fame DifFufion or Expanfion may be feigned accor- 
dino- to any other Hypothefis, in which Light is fuppofed to be a Force, 
Aélion, Quality, or Subilance of any kind, emitted on all Sides from lumi
nous Bodies.

That I may anfwer this, it is to be obferved, that theDoflrine I have ex
plained concerning Refrañions and Colours, confiils only in certain Proper
ties o f Light, negleding all Hypotheies by which thofe Properties may be 
explained. Wherefore I thought proper here wholly to refrain from the 
Coniideration o f Hypothefes, as being no fit Place of Argumentation ; and I 
will abftraft the Force of the Objedlion, that it may receive a fuller and 
more general Anfwer.

Therefore by Light I underftand any Being or Power o f  a Being, (whe
ther it be a Subfiance, or any Power, Aftion, or Quality o f  it) which pro
ceeding direftly from a lucid Body is adapted to excite Vifion. And by 
Rays of Light Í underftand the leaft Parts o f it, or any indefinitely little Parts 
of it, which do not depend on one another; fuch as are all thofe Rays which 
luminous Bodies emit according to Right Lines, either at' the fame Tim e or 
fucceíTively. For thofe as well collateral as fiicceíTive Parts o f  Light are in
dependent, fince fome without others may be intercepted, and may be fepa- 
rately reflected or refradted any W ay. And this being allowed, all the Force 
of the Objeftion confiils in this, that the Colours may be ftretched out in 
Length by fome Diffufion o f the Light beyond the Hole, which does not 
arife from the unequal Refrangibility of different Rays, or of the independent 
Parts of Light.

But I have ihewn above, that they are not lengthened by any other Means; 
and that I might confirm the whole in the ilrifteft Manner, I have added 
that Experiment which now is well known by the Name o f Experimentum 
Crucis ; o f the Conditions of which fince the Reverend Father has had fome 
Doubt, I have thought fit to reprefent it by a Scheme. Let B C  be the 
former little Board to which the Prifm A is immediately prefixed, and let' 
D E  be the latter Board, at the Diftance of about 12 Feet from the former, 
behind which the other Prifm F is fix’d. But let the Boards be fo perforated 
at X andjy, that a little of the Light refratfted by the former Prifm may be 
tranfmitted through each of the Holes to the fecond Prifm, and there again 
be refraéled. Now let the former Prifm be converted about its Axis by a 
reciprocal Motion, and the Colours falling upon the latter Board D E ,  will' 
be raifed and depreffed by Turns, by which Means another and another Co
lour at Pleafure may be fucceffively made to pals through its Hole y  to the 
latter Prifm, while the other Colours will fal upon the Board. Then you 
will fee, that the Rays which are endued with different Colours will fufFer a; 
different Refraótion in that latter Prifm, becaufe. they will arrive to different 
Places of the oppofite Wall, or of any Obftacle G H  removed at the Diftance
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oF fome Feet farther. The Violet Rays will come fuppofe to H , the Red 
to G , and intermediate ones to intermediate Places. And yet becaufe of 
the determinate Pofition of the Holes, the Incidencc of the Rays o f each Co
lour paiTmg through each Prifm muft needs be alike. And thus it appears 
by meafuring, that the Rays affeiled with different Colours will have differ
ent Laws of Refraélions.

But I fufped what it was that led the Reverend Father into a State of 
Doubt •, he feems to have placed his firft Prifm A  behind the Board B C, 
and thus by converting it about its Axis, it is probable that the Inclination 
o f  the Rays, which come between the two Holes, may have fuffered fome 
Change becaufe of the intermediate RefraAion. But by the Defcription be
fore explained, that Board ought to be placed after the Prifm, that the Rays 
may fa 1 directly between the Holes, as may appear from my W ords; / look 
two Boards  ̂ and placed one of them clofe behind the Prifm at the IVindow. And 
the Defign oí the Experiment requires the fame Thing.

But farther I fliall obferve, that in this Experiment, becaufe o f the R e
fraction o f the fecond Prifm, the coloured Light is far lefs diffufed, and diva
ricates lefs, than when it is quite White, fo that the Image at G  or H  is al- 
moil Circular-, efpecially if the Prifms are made parallel, and in a contrary 
Situation of their Angles, as is reprefented in the Scheme. And farther, if 
the Diameter o f  the Holejy is equal to the Breadth of the Colours, there will 
be no Extenfion of the fame coloured Light in Length •, but the Image 
which is formed by any Colour at G or H  will be really Circular; fuppofing 
the Holes to be Circular, and the Refra6lion of the latter Prifm not to be 
greater than of the former, the Rays being nearly perpendicular to the Ob- 
itacle. This fhews the Diffufion mentioned before to proceed from a certain 
Law of the Refraftions of every kind of Rays, and not from the Contad or 
Continuity of Matter undulating or moving very fwiftly, or any the like 
Caufe. But why that Image iliould be Circular in one Cafe, and in others 
fomething ftretched out in Length, and how the Extenfion of the Light into 
Length may be leffened at Pleafure in any Cafe, I ihall leave to be deter
mined by Geometricians, and then to be compared with Experiment.

After the Properties o f Light have been fufficiently examined by thefe 
and the like Experiments, by confidering the Rays as Parts of it either col
lateral or fucceíTive, of which we have found by their Independence that they 
are diftind from one another •, Hypothefes are thence to be judged of, and 
thofe are to be rejedled which cannot be reconciled with the Phaenomena. 
But it is an eafy Matter to accommodate Hypothefes to this Doflrine. For 
i f  any one has a Mind to defend the Cartefian Hypothefis, he may fay that 
the Globules are unequal, or that the Preffures of the Globules are fome 
ñronger than others, and thence' they become differently refrangible, and 
proper to excite a Senfation of different Colours. And fo according to Mr. 
Hook's Hypothefis, it may be faid, that the Undulations o f the ^cher are 
fome greater or denfer than others. And fo o f  the refl. For this feems to 
be the moil neceffary Law and Condition o f Hypothefes, in which natural 
Bodies are fuppofed to confift o f  a Multitude o f Corpufcles cohering together,
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that From the different Particles of lucid Bodies, or from the different Parts of 
the fame Corpufcle, (according as they differ in Motion, Figure, Bulk, or 
any other Qualities) unequal Preffures, Motions, or moved Corpufcles, may 
be propagated every Way through the iEther, from v/hich being confufediy 
mixed together. Light may be fuppofcd to be conftituted. And nothing 
can be more difficult in theie Hypothefes than the contrary Suppofition.

From the Aperture or Dilatation of the Light in the latter Face of the 
Prifm, v.'hich the Rfeverend Father fays is a Hole as it were, it is fufficient 
that no fenfibie Error can arife, if  there is any at all. ■ And if  a Calculation 
is made exaclily according to the Obfervations, the Error will be none. For 
the Diameter of the Hole being fubtraóted from the Length o f  the Image, 
a Length will remain which the Image would have, if  the Hole before the 
Prifm were an indivifible Point, and that notwithflanding the aforefaid Dila
tation of the Light in the latter Face of the Prifm ; as may eafily be ihewn.
Then from that given Length of the Image, and its Diflance from the indi- 
vifible Hole, as alfo from the Pofition and Form o f the Prifm, and from the 
Inclination of the incident Rays to it, and from the Angle which the refracted 
Rays tending to the Middle of the Image make with the incident Rays frorn 
the Center of the Sun, all the other Things may be determined. ‘ And what 
determines the Refractions and Pofitions of the Rays are fufficient to make  ̂
true Calculation of thofe Refra6lions. But this Matter is not of fuch Conft;- 
quence as to make any Difficulty.

As to the Reverend Father’s calling our Do(5lrIne an Hypochefis, I believe 
it proceeded from nothing elfe, but that he ufed the Word which firft oc
curred to him , for a Cultom has prevailed, that whatever is explained in 
Philofophy is called an Hypothefis. And I had no other Defign in ihewing 
my Diflike to that Word, than to obviate an Appellation, which may mil- 
lead thofe who defire to philofophize the right Way.

5. Mr. Newion’s laft Anfwer to my Objedions has intirely fatisfied me.
The laft Scruple that I had, about the Experimentum Crucis., is fully 
moved. And now I clearly underftand by his Figure what I did not under-^- 
ftand before. When the Experiment was performed after his Manner, every '
Thing fucceeded, and 1 had nothing farther to defire.

V. The Confideration on my Tbeories confifts in ajcribing n̂ Irly 
to me, which is not mine; in afferting an Hpothefis, which, as to the prin-rwj. j iy •— 
cipal Parts, is not againft me ; in granting the greateilPart of m}'- Difcourfe, 
if explicated by that Hypothefis j  and in denying fome Things, the Truth ofj». 50S6. 

which wouid have appeared by an Experimental Examination. Nov. An, j6jz,
O f thefe Particulars 1 ihall difcourfc in Order. And ^rji of the Hypothe- 

fiy, which is afcribed to me in thefe Words: But grant this f r j l  Su^pofitioiiy 
that Light is a Body., and that as many Colours or Degrees as there may he., Jo 
many Bodies there may be j all which compounded together would make IVhitCy 
&c. This, it feems, is taken for my Hypothefis. *I'is true, that from my 
Theory I argue the Corporeity of Light j but I do it without any abfolute (■' 
Füfitiveneís, as the perhaps intimates; and make it at moil but a very |
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plaufible Confequence of the Dofbrine, and not a fundamental Siippofition, 
nor fo much as any Part of it j which was wholly compfehehded in the pre
cedent Propofitlons. And I fomewhat wonder, how the Objeftor jcould ima
gine, that, when I had aíTerted the Theory with the greateft Rigour, I fhould 
be fo forgetful as afterwards to aflfert the fundamental Suppofition itfelf with 
no more than a perhaps. Had 1 intended any fuch Hypothefis, I ihouki 
fomewhere have explained i t : But I knew, that the Properties, which I de
clared of Light, were in fome meafure capable of being explicated, not only 
by that, but by many other mechanical Hypothefes; and therefore I chofe 
to decline thém all, and to fpeak o f Light in general Terms, confidering it 
abílraétly, as fomething or other propagated every W ay in ftreight Lines 
from luminous Bodies, without determining what that Thing is •, whether á 
confufed 'Mixture of difForm Powers, or Beings whatfoever. And ifor the 
Tame Reafon I chofe to fpeak o f  Colours according to the Information o f our 
Senfes, as i f  they were Qualities of Light without us. Whereas by that H y
pothefis, I muft have confidered them rather as Modes o f Senfation, excited 
in the Mirid by various Motions, Figures, or Sizes of the Corpufcles of 
Light, making various mechanical Impreifions on the Organ of Senfe : as I 
éxprefíed it in that Place, where I fpake of the Corporeity of Light.

But fuppoiing I had propounded that Hypothefis, I underftand not why 
the Objefcor iliould fo much endeavour to oppofe i t ; For certainly it has a 
much greater Affinity with his own Hypothefis, than he feems to be aware 
o f;  the Vibrations of the ^ th er being as uieful and necefiary in this, as in 
his j for affuming the Rays of Light to be fmali Bodies, emitted evtry Way 
from ihining Subftances, thofe, when they impinge on any refrailing or re- 
flefting Superficies, muft as neceíTarily excite Vibrations in the ^ther, as 
Stones do in Water when thrown into it. And fuppofing thefe Vibrations to 
be o f feveral Depths or ThickneiTes, accordingly as they are excited by the 
faid corpufcular Rays o f various Sizes and Velocities; of what Ufe they will 
be for explicating the Manner o f Refleftion or Refradlion, the Produfli'on of 
Heat by the Sun-Beams, the EmiiTion of Light from Burning, Putrifying, 
or other Subftances, whofe Parts are vehemently agitated, the Phsenomena 
o f  thin tranfparent Plates and Bubbles, and of all natural Bodies, the Manner 
o f  Vifion, and the Difference of Colours, as alfo their Harmony and Dif- 
cord ; I fhall leave to their Confideration, who may think it worth their 
Endeavour, to apply this Hypothefis to the Solution o f Phsenomena.

In the fecond Place, I told you, That the Objeftor’s Hypothefis, as to the 
fundamental Part of it, is not againft me. That fundamental Suppofition is; 
^ a t  the Parts of Bodies  ̂ when brijkly agitated  ̂ do excite Vibrations in the M ‘  
ther, which are propagated every Way from thofe Bodies in fir  eight Lines, and 
caufe a éenfation of Light by beating and daflsing againji the Bottom of the Eyê  
fomething after the Manner that Vibrations in the Air caufe a Senfation of 
Sound by beating againJl the Organs of Hearing. Now, the moft free and na
tural Application o f  this Hypothefis to the Solution o f  Phsenomena, I take to 
be this ; That the agitated Parts o f  Bodies, according to their feveral Sizes, 
Figures, and Motions, do excite Vibrations in the iiEther o f  various Depths or
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Bigneffes, which being promifcuouny propagated through that Medium to 
our Eyes, eíFeél in us a Senfation of Light o f  a white Colour*, but if by any 
means thofe o f  unequal Bigneffes be feparated from one another, the Jargelt 
beget a Senfation of a red Colour; the lead or ihorteft, o f  a deep Violet; and 
the intermediate ones, o f  intennediate Colours j much after the manner that 
Bodies, according to their feveral Sizes, Shapes, and Motions, excite Vibra
tions in the Air of various Bigneffes, which, according to thofe Bigneffes, make 
feveral Tones in Sound : That the largeft Vibrations are bell able to overcome 
the Refiftance o f a refracting Superficies, and fo break through it with leail 
Refradion; whence the Vibrations of feveral Bigneffes  ̂ that is, the Rays of 
feveral Colours, which are blended together in Light, muil be parted from 
one another by Refraition, and fo caufe the Phenomena of Prifms, and 
other refraéling Subftances : And that it depends upoh the Thicknefs o f a 
thin tranfpareiit Plate or Bubble, whether a Vibration ihall be reñe¿ted at 
its further Superficies, or tranfmitted j fo that, according to the Number of 
Vibrations interceding the two Superficies, they may be refleéled or tranf
mitted for many fucceffive Thickneffes. And fince the Vibrations which 
make Blue and Violet, are fuppofed fhorter than thofe which make Red and 
Yellow, they muft be refleded at a lefs Thicknefs of the Plate: Which is 
fufficient to explicate all the ordinary Phasnomena o f  thofe Plates or Bubbles, 
and alfo of all natural Bodies, whofe Parts are like fo many Fragments of 
fuch Plates.

Thefe feem to be the moft plain, genuine, and neceffary Conditions of this 
Hypothefis. And they agree fo juftly with my Theory, that if the Animad- 
verfor think fit to apply them, he need not, on that Account, apprehend a 
Divorce from it. But yet how he will defend it from other Difficulties, I 
know not *, for to me the fundamental Suppofition itfelf feems impoilible, 
namely, that the W^aves or Vibrations of any Fluid, can, like the Rays ot 
Light, be propagated in ftreight Lines, without a continual and'very extra
vagant fpreading and bending every W ay into the quiefcent Medium, where 
they are terminated by it. I miftake, i f  there be not both Experiment and 
Demonftration to the contrary. And as to the other two or three Hypothe- 
fes, which he mentions, I had rather believe them fubjed to the like Diffi
culties, than fufped the Animadverfor fhould felecl the worft for his own.

What I have faid of this, may be eafily applied to all other mechanical 
Hypothefes, in which Light is fuppofed to be caufed by any Preffion or Mo
tion whatfoever, excited in the ^ ’ther by the agitated Parts o f luminous 
Bodies; for it feems impoffible that any o f thoíe Motions or Preffions can 
be propagated in ftreight Lines, without the like fpreading every Way into 
the ihadowed Medium on which they border. But yet, if  any Man can 
think it poffible, he muft at leail allow, that thofe Motions, or Endeavours 
to Motion, caufed in the ^ th er by the feveral Parts of any lucid Body, that 
differ in Size, Figure, and Agitation, muft neceffarily be unequal: Which is 
enough to denominate Light an Aggregate o f  Bifform Rays, according to 
any of thofe Hypothefes. And if thofe original Inequalities may fuffice to 
difference the Rays in Colour and Refrangibility, I fee no reafon, why they.
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