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CHAPTER 0. INTRODUCTION



Chapter 1

Introduction

Multisymplectic geometry [1-4] considers generalizations of symplectic manifolds! called n-plectic mani-
folds. A differentiable manifold M is n-plectic if it is equipped with a closed non-degenerate (n+1)-form,
which defines a n-plectic structure on M.

In symplectic geometry, one can equip the space of functions on a symplectic manifold with the
structure of a Poisson algebra by means of the symplectic form [5, 6]. It turns out that in multisymplectic
geometry, the n-plectic structure present on a n-plectic manifold gives the structure of Lie-n algebra to
a particular complex L constructed out of the complex of differential forms on the manifold [7-11]. Lie
n-algebras are particular instances of strongly homotopy Lie algebras [12], or Lo -algebras, in which the
underlying complex is finite. Therefore, we see that the familiar Poisson algebra appearing in symplectic
geometry extends to multisymplectic geometry in the form of an appropriate Lo.-algebra.

In symplectic geometry it is very important to consider symplectic manifolds admitting Lie-group
smooth actions that preserve the symplectic structure. These smooth actions are hence called sym-
plectic. Among all symplectic actions there exists a very important class which intuitively speaking is
characterized by being generated by Hamiltonian vector fields and is hence called Hamazltonian. More
precisely, the action of a Lie group G, with Lie algebra g, on a symplectic manifold (M, w) is said to be
Hamiltonian if it admits a moment map, that is, a map [5, 6]:

w: M — g, (1.1)

such that the following conditions are satisfied:

1. For each z € g, let

o u*: M — R, given by u*(p) =< u(p),z >, where < -,- > is the natural pairing of g and g*.
e v, be the vector field generated by the one-parameter subgroup {e® | t € R} C G.

Then:

du® = —iyw, (1.2)

that is, u® is a Hamiltonian function for the vector field v,.

2. The map p is equivariant with respect to the given action and the coadjoint action Ad* of G on
*

g .

! A symplectic manifold is adifferentiable manifold equipped with a closed non-degenerate two-form

9



10 CHAPTER 1. INTRODUCTION

In particular, from its definition we see that if an action is Hamiltonian then its infinitesimally gener-
ated by Hamiltonian vector fields. The notion of Hamiltonian action on a symplectic manifold can be
equivalently defined? in terms of a comoment map, that is, a Lie algebra homomorphism:

uwig— C®°WM), (1.3)

such that du* (z) = —t,,w, <z € g, v, € M. That is, p*(z) is the Hamiltonian vector field of v, €
X(M). Associated to the Hamiltonian action of a Lie group G on a symplectic manifold (M, w) with
moment map ¢ we can define the concept of symplectic reduction or Marsden Weinstein quotient
[13]. Under some suitable assumptions, this construction gives a new smooth symplectic manifold out
of (M, w) as the quotient by G of the preimage of 0 € g* by .

Hamiltonian actions of a Lie group G on a symplectic manifold and the associated symplectic
reductions are of utmost importance in various areas of geometry and mathematical physics. For exam-
ple, the concept of moment map and symplectic reduction plays an important role in the description
of various moduli spaces of relevance in mathematics and mathematical physics. Particular instances
include the seminal description of flat connections on a Riemann surface given in reference [14], the
Donaldson—Uhlenbeck—Yau equations [15, 16] or the Einstein equations for K&hler metrics, see the
book [17] for more details and further references.

Remarkably enough, the notion of Hamiltonian action can be also defined for the action of a
Lie group acting on an n-plectic manifold by defining the so-called homotopy moment map [18], a
generalization of the comoment map construction (1.3) for n-plectic manifolds. Intuitively speaking, it
consists on a Ly,-morphism:

frg9—-1L, (1.4)

that lifts, in a suitable sense, the map from g to the set of Hamiltonian vector fields which is assumed to
exist from the onset. We can define then, following [18], the Hamiltonian action of a Lie group G on a
n-plectic manifold as an action that preserves the n-plectic structure and in addition admits a homotopy
moment map.

This master thesis is devoted to the study of L.,-morphisms between Lie-n algebras constructed
on n-plectic manifolds, as well as the study of homotopy moment maps on n-plectic manifolds equipped
with the Hamiltonian action of a Lie group.

One feature of multisymplectic geometry, is that it admits a natural operation which has no
counterpart in symplectic geometry, namely the wedge product: let (M,,w,) be a n,-plectic manifold,
and similarly let (Mp,wp) be a np-plectic manifold. Then

(M, &) = (M, x My, ws A ws) (1.5)

is also a multisymplectic manifold, since w is a non-degenerate (n, + np + 2)-form. Notice that while
this structure is natural and always well-defined, the structure on M that is familiar from symplectic
geometry — namely the sum w, + wp — is of little use since it is not a form of well-defined degree except
in the case ng = ne.

The main goal of this thesis is to show that both the L..-algebra of observables and homotopy
moment maps are well-behaved with respect to the above wedge product operation in multisymplectic
geometry.

More precisely, assuming that a Lie group G¢, with Lie algebra g¢, acts on (M¢e,we) with homo-
topy moment map f€ : g¢ — Leo (Mg, we), for C = a,b:

2For a connected Lie group G.
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1. We construct a homotopy moment map
F:go®gs— Leo(M,d)
for the product manifold (J\;I , d)), out of the homotopy moment maps f€ for the individual factors.
2. We construct an L,-embedding
H: Loo(My,ws) ® Loo( My, wy) — Leo(M,d)

from the direct sum of the L.,-algebras of the factors, to the L,-algebra of the product manifold.

We will see that the two questions addressed above are closely related. Indeed, rather than approaching
directly question (2), we first construct F' as in question (1), and using its explicit formula we are able
to make an educated guess for H as in question (2) so that the following diagram of L.,-morphisms
commutes:

Leo (Ma,we) @ Leoo (M, ws) Loo (11,0)

fa @fb (16)

ga@gb

We explicitly construct the homotopy moment map F out of f¢ and f° (see theorem 6.4.3), making use
of the machinery developed in [19, 20], and we compare our construction with the one given by [18] for
homotopy moment maps arising from equivariant cocycles. In addition, making an educated guess based
on the existence of F', we will explicitly construct the map:

Loo (Ma,wa) @ Loo (Ms, ws) = Loo (M,&) (1.7)

see theorem 6.6.2. The study of differentiable manifolds equipped with closed non-degenerate forms
can be justified from different points of views in mathematics as well as in physics. Standard motiva-
tions correspond to the important role that symplectic and multisymplectic manifolds play in classical
mechanics, classical field theory and also in the corresponding quantization procedures. In addition,
n-plectic manifolds® may be physically relevant on another level: the space-time manifold that describes
the universe, at least up to some energy scale, could have the structure of an n-plectic manifold.

Such possibility naturally arises in Superstring Theory [21-31], a very promising candidate theory
for the quantum description of all the known interactions of nature. Superstring theory implies the
existence of several differential forms defined on the space-time manifold, some of them closed, corre-
sponding to field strengths of the Ramond-Ramond and the Neveu-Schwarz Neveu-Schwarz forms of the
corresponding Supergravity. Therefore the space-time manifold in Superstring theory is going to be at
least a pre-n-plectic manifold. The non-degeneracy properties of the forms will depend on the particular
solution to be considered.

3Maybe dropping the non-degeneracy condition on the (n 4+ 1)-form. The corresponding manifold is then called pre-n-
plectic. Note however that most of the results about n-plectic manifolds can be extended in a suitable way to pre-n-plectic
manifolds.
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The space-time that we observe is four-dimensional, yet Superstring theory predicts that the space-
time must be ten-dimensional. In order to fix this apparent contradiction, several mechanisms have been
proposed in the literature [32-37]. One of them, the Kaluza-Klein reduction [34], consists in assuming
that the space-time manifold M is locally the product of a four-dimensional non-compact manifold My
and a six-dimensional compact manifold Mg

M= M4 X Mﬁ, (1.8)

small enough to not be accessible in current high-energy experiments. Superstring theory constrains the
different manifolds Mg that we can consider as compact manifolds [37]. In particular, for supersymmetric
compactifications, the existence of one or several globally defined spinors on the compact manifold implies
the existence of globally defined forms, which, depending on the details of the compactification, may be
closed and non-degenerate. As an example, we can consider M-theory [38], closely related to Superstring
Theory, which is a theory that predicts the space-time manifold to be eleven-dimensional. The fluxless
compactification of such theory on a seven dimensional compact manifold M7 implies that M7 must be
a manifold of Go-holonomy [34, 39-41]. Therefore, it has a globally defined, closed and non-degenerate
three-form [42] and thus it is a two-plectic manifold.

It is worth pointing out that the interpretation of the Lie-n algebras associated to the space-
time manifold or the compactification manifold is not known, and it would be interesting to find out
if it encodes any physical information about the theory itself. Notice that L.,-algebras have appeared
already in Superstring Theory and Supergravity. For example, the algebra of states in the Fock space of
closed String Field Theory is a strongly homotopy Lie algebra [43]. For more applications of L.,-algebras
to Superstring Theory and Supergravity the interested reader may consult [44-52]. It is clear then that
multisymplectic geometry and L.-algebras play an important role in theoretical physics and in particular
in Superstring Theory and Supergravity, and thus more effort is needed in order to uncover the role that
these mathematical structures play in the theories that describe the fundamental interactions of nature.

The outline of this work is as follows. In chapter 2 we introduce some background mate-
rial relevant for the rest of the paper, which includes basics of fiber bundles, Lie groups and Courant
algebroids. It is intended for non-experts, perhaps interested physicists, and therefore can be skipped
by experts. In chapter 3 we consider symplectic manifolds, moment maps and the Marsden-Weinstein
quotient. In chapter 4 we introduce some background on algebras, coalgebras and categories. In chap-
ter 5 we introduce L,-algebras and define L.,-morphisms in an independent way, not related yet to
multisymplectic geometry, giving explicit formulae relating Lo, [1]-algebras and L..-algebras. Chapter
6 contains the new results present in this thesis. We first introduce n-plectic manifolds and connect
them to Lo.-algebras. Then we introduce, closely following [18], the concept of homotopy moment map.
In section 6.2 we obtain specific conditions under which two n-plectic manifolds with strictly isomor-
phic Lie-n algebras are symplectomorphic. In section 6.3, we study the construction of an homotopy
moment map for a product manifold assuming that the factors are n-plectic manifolds equipped with
the corresponding homotopy moment maps. Then in section 6.5 we specialize to the case of iterated
powers of the same multisymplectic form, i.e. (M,w™), displaying explicit formulae for the case (M, w?)
and discussing Hyperkéhler manifolds as an example. In section 6.6 we construct the L..-embedding H
(by Lo-embedding we mean an L,-morphism whose first component H; is injective). We do this in
theorem 6.6.2, using the formulae for F' as a guide.



Chapter 2

Background material

In this section we introduce some basic material which will be used through the rest of the document.
Standard references for this chapter are [53-56].

2.1 Manifolds and Lie groups

A topological space M is said to be Hausdorff or Ty if for every pair points p,qg € M there exist
neighbourhoods U(p),U(q) of p and ¢, such that U(p) NU(g) = {0}. In addition, M is a second-
countable space if it has a countable base, that is, if there exists a countable collection {U;};2, of open
sets such that any open set in M can be written as a union of open sets in the collection {¢};°,. A
coordinate chart on M is a pair (U, ¢), where U is an open subset of M and ¢ is a homeomorphism of
U onto an open subset of R™.

Definition 2.1.1. Let M be a Hausdorff, second-countable, topological space. A differentiable struc-
ture on M is a collection of coordinate charts {L{a,q[)a}a6 ; on M such that the following conditions
hold

1. M = Uaelua

2. ¢o (Us) is an open set of R™ for all a € I and for each pair o, € I, ¢p o ¢, " is a differentiable!
mapping of ¢ (Us NUg) onto ¢g (Us NUg).

3. The collection (Uy, Pa)acr is @ maximal family of open charts for which conditions 1 and 2 hold.
The family (Uy, Pa)acr is then called the mazimal atlas of M.

Definition 2.1.2. A differentiable manifold of dimension n is a Hausdorff, second-countable, topolog-
ical space equipped with a differentiable structure of dimension n.

If M is a manifold, a local chart or local coordinate system on M is a pair (Uy, ) where o € I.
For every p € Uy,a € I, U, is called a coordinate neighbourhood of p and the numbers ¢,(p) =
(x}(p),...,x™(p)) are the local coordinates of p. Condition 3 is not essential in the definition of a
manifold, since if only 1 and 2 are satisfied, the family (Uy, do)acs can be extended in a unique way to
a family of charts such that 1, 2 and 3 are fulfilled.

Since a manifold M is locally homeomorphic to R™, they share the same local topological properties. In
particular, manifolds are locally compact and locally connected. That means, respectively, that every
point p € M has a compact neighbourhood and a connected neighbourhood. Using that the topology
of M has a countable basis and it is locally compact, it can be shown that M is paracompact, that is,

!By differentiable we will always mean, unless otherwise stated, infinitely differentiable or C*°.

13



14 CHAPTER 2. INTRODUCTION

every open cover of M admits a locally finite refinement. Paracompactness is a sufficient condition for
partitions of unit to exist, and therefore M admits a Riemannian metric, which implies in particular
that it is metrizable. Schematically we can write:

M Hausdorff @ Ty & locallyR™ — Paracompact and metrizable. (2.1)

In order to give some intuition or justification to the various conditions included in the definition of a
manifold, let us take an example from Physics, in particular from General Relativity. In the context of
General Relativity, the space-time is usually described as an n-dimensional differentiable manifold M.
In that context, the Hausdorff condition is natural since it is experimentally observed. On the other
hand, the gravitational interaction is described by a Lorentzian metric g on M. The condition that
M is paracompact ensures the existence of a partition of unity, which in turn ensures the existence of
a Riemannian metric on M. When M is non-compact, it also ensures the existence of a Lorentzian
metric?, as required in General Relativity. The second-countable condition is a reasonable assumption
for topological spaces locally homeomorphic to R”, since otherwise the space would not be adapted to
be locally lzke R™. If we want to use M to describe the space-time, this is a very natural assumption
since it is experimentally observed that, at least at some scales, the space-time actually locally looks like
R™.

A function f : M — R is differentiable at p € U, C M if fo ¢! : ¢o(Us) C R® — R is
differentiable at ¢,(p) € R™. A function f is called differentiable if it is differentiable at every point
p € M. We denote by C*®°(M) the set of differentiable functions from M into R and by C*°(M, p) the
set of functions from M into R differentiable at p € M.

Let M be a manifold with differentiable structure {Ua, $a},c;. There are three basic and equiva-
lent ways to define the tangent space T, M of a differentiable manifold M at a point p € M:

1. Let %, be the set of all pairs (¢, u), where p € U, and uw € R™. We define an equivalence relation
~ on ¥, by declaring (¢, %) ~ (¢p,v) if and only if :

dgatr) ($500a") (w) = v, (2.2)

for every other coordinate chart (Ug, ¢g) such that p € Ug. The equivalence class of (¢, u) will
be denoted by [¢q,u]. The set T,M = T,/ ~ is then the tangent space at the point p € M. If

{e;},1=1,...,n, is the canonical basis of R™ we define the partial derivatives respect to x* by:
o] .
i = [Pa, €3] » i1=1,...,n. (2.3)

2. A curve in M is a map c: [0,1] - M. A curve c is differentiable at ¢o € (0,1),c(to) € Uy C M, if
¢o 0 c:[0,1] — R is differentiable at ¢5. Let be T, the set of all the curves in M passing through
P € U,. We define the following equivalence relation ~: two curves ci(¢) and c(t) on M passing
through p are related by ~ if and only if:

0; (¢a © c1) (to) = B: (¢ © C2) (t0) (2.4)

where to € (0,1) is a fixed real number. We denote by [c] the class of equivalence of ¢. Then the
tangent space is T,M =T,/ ~.

3. A derivation at p € M is a linear application D : C*°(M) — R such that

D(fg)lp=Ff(®)D(9)lpr+9®)D(f)lp- (2.5)

2When M is compact, the topological obstruction for the existence of a Lorentzian metric is given by the vanishing of
its Euler characteristic.
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for every f,g € C*® (M, p). We denote the space of derivations at p € M by Der (M, p). Then we
have T, M = Der (M, p).

Let M be a differentiable manifold of dimension n with atlas (Uy, du)acs and let N be a differen-
tiable manifold of dimension m with atlas (Vg,%s)scs. Let & be a mapping from M to N. The map ¢
it is said to be differentiable at a point p € U, if the map 9o ® o ¢! : R® — R™ is differentiable at
do(p) € R™. The map & is said to be differentiable if it is differentiable at every point p in M. The map
® is said to be a diffeomorphism if it is a differentiable biyective map with differentiable inverse. The
map & is said to be a local diffeomorphism if for every p € M there exists an open set U € M containing
p such that & restricted to U is a diffeomorphism into its image, which is automatically open in N.

Let us define ®(p) := q¢ € Vg. The differential d,® of ® at a point p € M is a linear map
dp® : TpM — T,N which can be naturally defined, for each of the equivalent definitions of the tangent
space introduced above, as follows:

L dp® : [fo 8] = [, dgfr) (P © B 0 051 (w)]
2. dp®:c]— [Po(]
3. dy®: D $,D, where $,D (h) = D (ho $) for every h € C*® (N, q).

We are ready to introduce the tangent bundle of M, which is a special instance of vector bundle,
which will be defined in section 2.2. Let us consider the set

TM=A{(p,v):peM,veT,M} = U {p} x TpM. (2.6)
PEM

There is a natural projection map 7 : TM — M given by 7(p,v) = p for every (p,v) € TM. The
tangent bundle T M admits a natural topology and differentiable structure for which 7 is a continuous
and in fact smooth map. We topologize T'M by taking as open sets the sets of the form 7! (), where
Uy C M is an open set of the maximal atlas of M. We define a differentiable structure on T M by
defining on every open set m~! (U, ) the following coordinates J)a:

&a(pfu) = (¢a(p): dp¢a('u)) € Rzn: (27)

where p € Uy, C M and v € T, M. Therefore, TM is a 2n-dimensional manifold which is in particular a
vector bundle of rank n and fibre at a point p € M given by the vector space T, M.

Smooth sections® of TM are smooth maps v: M — TM such that m o v(p) = p for all p € M.
A smooth vector field on M is a smooth section of T M, and the C*°(M)-module of all vector fields
in M is denoted by X(M). Vector fields on a manifold M can be integrated along curves on M. Let
v € X(M) be a vector field on M and fix a point p € M. Then, there exists a positive number € and a
unique curve 7: [—¢, €] — M with parameter ¢ such that:

Bvlo = vlp, (2:8)

and:

8y(t) = vly@ey (2.9)

for every t € (—e,€). A vector field v € X(M) is said to be complete if the parameter of each integral
curve extends to (—o00,00). A complete vector field v € X(M) generates a one-parameter family of
diffeomorphisms p; : M — M, t € R, as follows. For each p € M and ¢t € R, we define p:(p) to be the
value in M at t of the unique integral curve of v passing through p at ¢ = 0.

3See also definition (2.2.3).
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Definition 2.1.3. Let v € X(M) be a complete vector field on M. The one-parameter group of
diffeomorphisms {p;}, . associated to v € X(M) is defined as:

pr: M — M,
P = T,(t), (2.10)

where 7,,: R — M is the unique smooth complete curve in M such that 8;ylo = v|, and &4y = v/, (p).
Equivalently, we define the flow of the complete vector field v € X(M) as:

Yy RXxM — M,
(t,p) — p(p), (2.11)

Remark 2.1.4. It can be can be seen that the map R — Diff (M) defined by ¢t — p; is a group homo-
morphism. Therefore, every complete vector field on M defines a smooth action of R on M (see section
2.1.2 for more details).

At every point p € M we denote the dual space of T, M as Ty M. Elements of T M are called one-forms
at the point p. Similarly, the dual bundle of T M is denoted by T* M. Sections of T* M one-form fields
on M. They correspond simply to a smooth choice of one-form in T; M at every point p € M. The
set of all the one-form fields in M is denoted by Q!(M) or equivalently by I'(T*M). Analogously, an

®r
element T, of (T, M)®* ® (T;‘M) is a (7, s) tensor* and a section T of T" ((T/\/l)®s ® (T*M)®r> is a
(r, s) tensor field on M.
Of utmost importance in differential geometry are the tensor algebra® (T (M), ®) and the exterior

algebra of differential forms (A (M), A). Let T, s (M) denote the set of all tensor fields on M of type
(r,s), and let Q% (M) denote the set of all k-form fields on M. Then we have®

TM)= > TupgM), AM)=> QFM). (2.12)
k=1

r,s=1

Note that the infinite sum in the definition of A (M) is only formal; for finite-dimensional manifolds
it will contain only a finite number of terms. With this definition, A(M) is a Z-graded commutative
algebra.

There are several important operators that can be defined on T (M) and A (M). Here we will
consider the interior product ¢,, the exterior derivative or de Rham differential d and the Lie derivative
Ly, v el (TM).

The interior product ¢, The interior product ¢, : Q (M) — Q¢ (M) is a —1 degree derivation on
the exterior algebra of differential forms A (M). It is defined to be the contraction of a differential form
with a vector field v € M as follows:

(Lyw) (vl, AU v(i,l)) =—w (v,vl, .. ,'u(p,l)) , VU1, Yp-1) € X(M) . (2.13)

The interior product is the unique derivation of degree minus one on the exterior algebra such that on
one-forms corresponds to the natural pairing of one-forms and vectors.

*For the definition of tensor product see 4.1.9.
®For the definition of algebra see 4.1.1.
5For more details and general definitions, see section 4.1.
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The exterior derivative d The exterior derivative d is defined to be the unique R-linear mapping
d: Q' (M) — QE+D (M) such that

e df is the differential of f for every function f € C* (M).
e dodf = 0 for every function f € C* (M).

e d(aNB)=daAB+(1)PaAdp, where o is a p-form and B is any form.

Since the second defining property holds in more generality, that is, d o dao = 0 for any p-form ¢, it is
usually written as d> =dod = 0.

The Lie derivative £, The Lie derivative can be defined acting on tensor fields of any type (7, s),
that is, it has a well defined action on T (M). Intuitively, the Lie derivative £, evaluates the change of
a tensor field along the flow of the vector field v. It is defined point-wise as follows

(P(4:2). Tpuir)) = %

where T is a (7, s) tensor field on M and p € M. It can be checked that with the definition (2.14) £, ¥
is again a (7, s) tensor field on M. We now give an algebraic definition. The algebraic definition for the
Lie derivative of a tensor field follows from the following four axioms

(£o3), = o (o(t,9)"), (214

t=0

t=0

Lyf =v(f) for all f € C®(M).

The Lie derivative £, obeys the Leibniz rule. That is, for any tensor fields G and ¥, we have

L,(6®TF)=(L,B)®T+6®(L,3),. (2.15)

The Lie derivative, when applied to forms, obeys the Leibniz rule with respect to contraction

Lo(T(Yi, .., V) = (LoT)(Yay .., Vi) + S((LoY), ..., Vo) - + T(Vh,..., (LsY0))  (2.16)

The Lie derivative, when applied to forms, commutes with the de Rham differential d, that is

[Ly,d] =0, (2.17)

The Lie derivative £, can be compactly written as

Ly =tyod+doi,, (2.18)

which is known as the Cartan formula.

2.1.1 Cartan calculus
Let us denote by X (M) the C*° (M)-module of vector fields on M. Then

dim M
X (M)= P AFx (M), (2.19)
k=0
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is a graded commutative algebra, the so-called graded commutative algebra of multivector fields, where
the corresponding algebra product is given by the wedge product, denoted by A. X* (M) can be equipped

with a degree minus one Lie bracket [, -] : X* (M) x X* (M) — X* (M) that satisfies the (graded) Leibniz
rule with respect to the algebra product, that is, the wedge product. [-,-] is given by
m n . .
(UL Ao A, UL A AUn] = D> (=1 [ug, 0] AU Ao Allg A Aty AL A= ADj A=+ AU,
i=1j=1

where U1 A AUm , V1A -Av, € X* (M) and [u;, v;] is the standard Lie bracket of vector fields. This is
the so-called Schouten bracket, and it makes (X°* (M), A, [+, ]) into a particular instance of Gerstenhaber
algebra’.

We can define also the interior product of any decomposable multivector field, say v1 A -+ A vn,
with any g € Q°*(M) is given by
[’('Ul ARREIA 'Un)/8 =ly, ['v1/8: (2'20)

where ¢, is the stands for the usual interior product of vector fields and differential forms. The formula
for the interior product of any multivector can be obtained by extending using C* (M) linearity.

The Lie derivative £, of any differential form § along any given multivector field v € X* (M) can
be written in terms of the graded commutator of d and ¢, as follows

LB =difB — (—1)"l,dp, (2.21)

where ¢, must be understood as a degree —|v| operator. We will need one more identity. Let u,v €
X* (M). Then it can be proven that

Luw)B = (—1)(‘”|_1)‘“‘Eu1,vﬁ — LB (2.22)
The graded commutative algebra of multivector fields X* (M) together with the Schouten bracket is
therefore a particular instance of a Gerstenhaber algebra that can be constructed in any differential
manifold M.
2.1.2 Lie groups

Definition 2.1.5. A Lie group is a smooth manifold G which is also an abstract group such that the
multiplication map - and the inverse map are C*°-maps.

Definition 2.1.6. A Lie subgroup H of a Lie group G is an abstract subgroup H C G such that the
canonical inclusion is an immersion.

Remark 2.1.7. The canonical injection is an embedding if and only if H is closed in G.

Remark 2.1.8. By Cartan’s theorem, every closed subgroup of a Lie group is a Lie subgroup.

Definition 2.1.9. For a Lie group G and an element g € G, left-translation Ly : G — G and right-
translation Ry : G — G are smooth maps defined by:

Ly(h)=g-h, Ryh)=h-g, VhEQG. (2.23)

The maps:

"See definition 4.1.13.
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£:9— Ly, R:g— Ry, (2.24)

are homomorphisms from G into the diffeomorphism group Diff(G) of G. In other words, we have:

(Lg)il =L, Lg, 0 Lg, = Lgyg, , (2.25)

g—l

and similarly for R,;. Notice also that left and right translations commute.

Ezample 2.1.10. The group Gl(n, R) of n x n invertible real matrices is a real Lie group of dimensions n?.
Its differentiable structure its induced from the canonical one of R™ after identifying Mat(n, R) ~ R

and after noticing that by definition Gl(n,R) is an open subset of R™ of dimension n?.

Definition 2.1.11. A vector field X € X(G) is called left-invariant if L,,X = X for all g € G.
Likewise, a vector field X € X (G) is called right-invariant if R, X = X for all g € G.

We will denote the set of left-invariant vector fields by X (G)®. Standard addition of vector fields and
scalar multiplication by real numbers make X" (G) into a real vector space.

Lemma 2.1.12. The vector space of left-invariant vector fields X' (G) is closed under the Lie
bracket operation given by the standard commutator of vector fields [-,-] : X(G) x X(G) — X(G) and
hence (XL(G),[,]) is a Lie sub-algebra of (X(G),[,"]).

Proof. Follows from the identity:

Lg«[v1,v2) = [Lgxv1, Lgxv2], Y v, v2 € X(M). (2.26)
O

The vector space of left-invariant vector fields X* (G) equipped with [-, ] is defined to be the Lie algebra
g := (XY (G),[-,"]) of G. Left-invariant vector fields are completely determined by their value at one
point, say go € G, since they can always be unambiguously reconstructed by left-translation, i.e.:

"’L’g = (L

ggo_l)*ugo , Vol ext(m), (2.27)

where ¢ € G. Since Lie groups have a distinguished point, namely the identity element e € G, left-
invariant vector fields X" (G) can be canonically identified with elements of the vector space T.G. The
tangent space at the identity T.G equipped with the binary operation induced by the standard bracket
[-,-] of left-invariant vector fields is isomorphic to the Lie algebra g of G. This in turn proves that
the dimension of the Lie algebra g is equal to the dimension of G. Similar remarks apply to set of
right-invariant vector fields X% (G). Under some hypothesis, Lie algebras determine completely the
corresponding Lie group.

Theorem 2.1.13. EBvery finite-dimensional real Lie algebra g is isomorphic to the Liea algebra
of some real Lie group G. If G is connected and simply connected then g determines G up to
1somorphism of Lie groups.

This is the so-called Lie’s third theorem, and its proof can be found for example in reference [57]. For
general Lie groups we have the following theorem.

Theorem 2.1.14. Two Lie groups are locally isomorphic if and only if their Lie algebras are
1somorphic.

Proposition 2.1.15. Any Lie group G 1s parallelizable, that 1s TG ~ G X g.

8In the following discussion, similar remarks apply to the set of right-invariant vector fields. It is standard in the
literature to consider left-invariant vector fields.
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Proof. A basise;, 1 =1,...,n, of g and extending it over G by left-translation, we obtain n everywhere
non-zero and independent vector fields on G. O

Definition 2.1.16. A one-parameter subgroup of a Lie group G is an injective smooth homomor-
phism ¢: (R, +) — G.

Hence, ¢: R — G is a smooth curve that satisfies ¢(s + ¢) = ¢(s)#(t) and ¢$(0) = e. For example, e’ is
a one-parameter subgroup of the circle St = U(1).

Definition 2.1.17. We make the following definitions:

e Let z € g. We define v, € XL(G) as the unique left-invariant vector field on G such that:

Ugle = 2. (2.28)

e A one-parameter subgroup generated by an element z € g is the homomorphism ®,: R — G
defined as:

R —» G,
o pulte), (2.29)

where ¢, (¢, e) denotes the flow associated to v, € X%(G). For simplicity we will sometimes denote
Pv, BY Pq.

e The exponential map Exp of G is the map:

Exp:g — G,
z = @, (le). (2.30)

We will sometimes denote Exp(z) by e®.

Proposition 2.1.18. Let g € G. The following equalities hold:

wz(t, 9) = gExp(tz), Exp((t + s)z) = Exp(tz)Exp(sz), (2.31)

where t,s € R.

Proposition 2.1.19. The map ¢ — (dp)|o(1) defines a one-to-one correspondence between one-
parameter subgroups of G and T.G.

Proposition 2.1.20. Let G be a compact and connected Lie group. Then the exponential map
Exp: g — G 1s surjective.

We define now the adjoint representation of a Lie group. Every Lie group acts on itself by conjugation.
Given an element g € G, we define the conjugation map C, as follows:

C,:G — G
h — ghg . (2.32)
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The tangent map of Cy : G — G is an un-based morphism of the tangent bundle TG whose evaluation
at a point A € G is a linear map of the form:

(ng) ‘h : ThG — Tghg—lG . (2.33)

Therefore, for each g € G, (dCy)|e : T.G — T.G is an endomorphism of the tangent space of G at the
identity which can be seen to be an automorphism. In addition, (dCj)|e is compatible with the Lie
bracket in T.G ~ g and therefore is a Lie-algebra automorphism of g.

Definition 2.1.21. We define the adjoint representation Ad: G — Gl(g) of G as:

Ad: G — Gl(g),
g — Ady,=(dCy)|e- (2.34)

Hence, the adjoint representation of G assigns to every element g € G an element of Gl (g) and therefore
is a representation of G on the vector space g. The adjoint representation ad of g on itself can be obtained
from the adjoint representation of G as follows:

s}
adx(y) = a 0 Adem(y) ) T,y € g. (235)

One can show that ad.(y) = [z,y] , Vz,y € g.

2.1.3 Lie group actions on a manifold

In this section we consider the left action of a Lie group G on a differentiable manifold M. Right actions
are defined similarly.

Definition 2.1.22. A left action of a Lie group G on a manifold M is a differentiable map:

. GxM = M
(,9) = %(g9,p), (2.36)

satisiedfying the following conditions:

e For every p € M we have ®(e,p) = p.

e For every g1, 92 € G and for every p € M we have ®(g2, ®(g91,9)) = $(9291, ).

In order to simplify the notation we will sometimes denote ®(g,p) = g - p, where p € M and g € G.
Remark 2.1.23. For g € G fixed, we denote by &,: M — M the map defined as:
&M = M,
p — 29(p) =2(9,p). (2.37)
For each g € G, &, is a diffeomorphism with inverse given by <I>g_1 =&, 1.

g
Ezample 2.1.24.
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The map ®: G x G — G given by I(g,h) = Ly(h) is an example of left action of G onto itself.
Given a left action ®: G x M — M and a fixed point p € M,

Definition 2.1.25. Let $: G - M — M be a left group action. The isotropy group of ¢ on p is
defined to be
Gp={9€G:g-p=p}. (2.38)

It can be seen that G, is a closed subgroup of G and hence it is a Lie subgroup of G by Cartan’s
theorem. In addition, for every other point ¢ € M, G, and G, are conjugate to each other in G. Let
$: G x M — M be a left group action.

Definition 2.1.26. The orbit of G through p € M is O, = {®(g,p) | g € G}.
Definition 2.1.27. An action ®: G x M — M is said to be:

e transitive if O, = M, Vpc M.
e free if G, is trivial V p € M.
e locally free if G, is discrete Vp € M.

e effective if for each g € G there exists a p € M such that g-p # p.

Definition 2.1.28. Let ®: G x M — M be a left group action. If the differentiable map P: G x M —
M x M defined by (g,p) — (®(g,p), p) is proper, the action is said to be proper®.

Definition 2.1.29. Let g be a Lie algebra. A Lie algebra action of g on a smooth manifold M is a
smooth vector bundle map:

gxM — TM,
(z,p) = (P,V2p), (2.39)
such that the associated map g — X(M) given by £ — v, where v;|, = v3p, is a Lie-algebra homomor-

phism.

Proposition 2.1.30. Let G be a Lie group with Lie algebra g. For any action ®: G X M — M of
a Lie group G on a manifold M the induced map:

g = XWM),
T = Ug, (2.40)
where:
d —tz
Ug|p = at (e ’ 'P) lt=0, (2.41)

1s a Lie algebra action of g on M. In addition, for g € G we have:

9+Vz = Uad,e - (2.42)

If G is simply connected and M is compact, then the converse is also true, and every g-action on M
integrates to a G-action.

A map of topological spaces is said to be proper if inverse images of compact subsets are compact.
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Ezample 2.1.31. If v is a complete vector field on M, then

p: R — Diff (M)
t = pe, (2.43)

is a smooth action of R on M.

Let ~ be the orbit equivalence relation on M defined by

p~qg & p,geEO,. (2.44)

The space of orbits M/ ~:= M/G is called the orbit space of the G-action ® on M. The orbit space
M/G can be a very sick space, and in general it will not be a manifold. In fact, it may not be even a
Hausdorff topological space. However, there are some simple conditions which guarantee that M/G can
be equipped with a unique smooth structure such that the canonical map 7: M — M/G is a smooth
map of manifolds. Let then:

T M = M/G
p = Gp. (2.45)

be the canonical projection. We can equip M /G with the weakest topology for which 7 is continuous,
namely, U C M/G is open if and only if 7! (i) is open in M. This is the so-called quotient topology.
Proposition 2.1.32. If ®: G x M — M 1s free and proper then M/G s Hausdorff.

Theorem 2.1.33. Let ®: G x M — M be a free and proper group action. Then, there erists a
unigue smooth structure on M/G such that:

e the induced topology s the quotient topology and M /G ts a smooth manifold.
e the projection m: G — M/G 1is a submersion.

e dimM/G =dimM — dimG.

Remark 2.1.34. If G is compact, every smooth action ®: G x M — M is proper.

2.2 Locally trivial differentiable fiber bundles

In this section we are going to introduce the concept of locally trivial differentiable fiber bundle. Differ-
entiable fiber bundles are in particular manifolds, i.e., they are manifolds equipped with a very particular
extra-structure. We start with the definition of locally trivial differentiable fiber bundle, to which we
will refer simply as a fiber bundle.

Definition 2.2.1. Let 7, M and &£ be differentiable manifolds and let 7 : £ — M be a differentiable
surjective map. The quadruple (€, m, M, F) is a locally trivial differentiable fibre bundle if for every
p € M there is an open set U containing p and a diffeomorphism ¢ : 7! (U) — U x F such that the
following diagram commutes
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71 (U) UxXF

pr;

u

where pr; is the proyection on the first factor. £ is the total space, M is the base space, F is the typical
fibre and 7 is the bundle projection. For each p € M, the set £, = 7! (p) is the fibre over p, which is
diffeomorphic to F. The maps ¢ : =1 (U) — U x F are called the local trivializations of the bundle.

Such a local trivialization must be of the form ¢ = (ﬂ'ﬂ-—l(u), {>) where

:7tU)— F, (2.46)

is a differentiable map such that

Bg & F, (2.47)

is a diffeomorphism. The pair (U, ¢), where ¢ is a local trivialization over the open set & C M is called
a bundle chart. A family (Us, o),y Such that (Us),c; is a cover of M is a bundle atlas. Given two
different bundle charts (Uy, po) and (Up, ) such that U, NUg # O we have the overlap map

$a 0 Bt i Us NUp X F — Uy NUg X F, (2.48)

which can be written as follows

$a 05 (p,q) = (0, Pap(P)(@), DPEM, gET, (2.49)

where $,p : Uy NUg — Diff (F) is given by

P ®ap(p) = Eaje, 0 Epg, - (2.50)

The functions ¢,z are called the transition maps, and satisfy

* &,4(p) = Idpig(7), PEU,
o ®ap(p) = Bpalp) !, PEUNUp,

* 2,5(p) 0 Bpy(p) © Bya(p) = ldpig(r), P EUaNUs NUy,

forall @, B, € I. The characterization just given of the transition maps as a map to the diffeomorphisms
of F can be usually restricted to a map onto a lie group G acting on F by a particular action ¥ : G X F —
F. The reader is invited to consult [54, 58] for more details.

Definition 2.2.2. Let & = (&1, 71, M1, F1) and & = (&2, 2, Mo, Fo) differentiable fibre bundles. A
morphism from &; to £ is a couple of maps F : &1 — & and f : Mj — My such that the following
diagram commutes
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gl F <92

m 2

Ml M2

If F and f are diffeomorphisms, then (F, f) : {1 — &2 is a bundle isomorphism.

Definition 2.2.3. A differentiable global section of a fibre bundle ¢ = (&, 7, M, F) is a differentiable
map o : M — & such that moo = Idp4. A differentiable local section over an open set I/ is a differentiable
map o : M — U such that 7 o o = Idy,.

The set of differentiable sections of ¢ is denoted by I' (§) or I'(€). Notice that a fibre bundle may not
have any global section.

Definition 2.2.4. Let V be a finite dimensional vector space over the complex or real numbers. A
smooth vector bundle with typical fibre V is a fibre bundle (&, 7, M, V) such that

e for each p € M we have that £, = 7w~ 1(p) is a vector space isomorphic to V.

e for every p € M there exist a bundle chart (U, po) containing p such that
Plg, &2V, (2.51)
is a vector space isomorphism, where ¢ = (Ww—l(u), <I>).

The typical example of vector bundle is the tangent bundle TM over a manifold M. The notion
of bundle morphism, given in definition (2.2.2) specializes to vector bundles by requiring F| T ip)

77 (p) — 75t (f(p)) to be linear.

Given two vector bundles m; : &1 — M and s : &5 — M, we can define the Whitney sum bundle
T DTy E1 @ Ey — M such that the fibre at a point p € M is given by (&1 & Sg)p =E&1p 0 Enp.

The pull-back of a vector bundle 7 : &€ — M by a smooth map f : N — M, where N is a
differentiable manifold, is the vector bundle (f*£) over N defined as follows

ff€={(g,e) e N x&| flqg) =w(e)} CN x &, (2.52)

and equipped with the subspace topology and the projection map pr; : f*€ — N given by the projection
onto the first factor

pri(g,e) =q. (2.53)

Notice that the following diagram commutes
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r
& prs £
pry T
f
N M

where pr,, is the projection on the second factor. If (U, ¢) is a local trivialization of &, then (=1 (U),9)
is a local trivialization of f*& where

¥(g,e) = (¢, pr2(p(€))) ,  Vge) € €. (2.54)
Therefore, the fibre at a point ¢ € N is given by

(f*€)g = €19 - (2.55)
A section o € T'(€) induces a section f*o € I' (f*€) defined by f*oc = oo f.

Ezample 2.2.5. As an example of pull-back of a vector bundle we are going to consider the pull-back of
the tangent bundle T M of a differentiable manifold M. Let N be a differentiable manifold and let

f N> M (2.56)

be a map. The pull-back bundle is defined as follows

f*TM={(g,e) e N xTM| f(g) =7(e)} CN xTM. (2.57)

Notice that the following diagram commutes

r
F*TM Pt TM
Pr; Vi
f
N M

Notice that in general f*T"M is not equal to TN. Only when f is a diffeomorphism we have f*TM ~
TN.

2.3 Courant algebroids

In this section we consider a particular type of vector bundle called Courant algebroid. A Courant
algebroid is, roughly speaking, an extension of the tangent bundle of a smooth manifold M by means
of an extrinsic vector bundle E — M equipped with a non-degenerate symmetric bilinear form and a
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bracket satisfying a particular relaxed version of the standard condition of anitsymmetricity, Leibniz rule
and Jacobi identity.

The canonical example of Courant algebroid was first introduced by T. Courant in reference [59]
in order to obtain a unified description of pre-symplectic and Poisson structures in Dirac’s theory of
constrained mechanical systems. Courant algebroids were then abstractly defined for the first time by
Liu, Weinstein and Xu in reference [60], and by know there are several equivalent definitions of Courant
algebroids available in the literature. Here we will use the definition given in reference [61] by Severa:

Definition 2.3.1 ([61]). A Courant algebroid (E, (-,), [, ], *) over a manifold M consists of a vector
bundle E — M together with a nondegenerate symmetric bilinear form (-, -) on E, a (Dorfman) bracket
[-, -] on the sections I'(£), and a bundle map 7 : B — T'M such that the following properties are satisfied,
for e1,es,es € I'(E) and ¢ € C*(M):

(C1): [e1, [e2, €3]] = [[e1, 2], €3] + [e2, [e1, €3]],
(C2): m(le1, e2]) = [m(er), w(e2)],

(C3): [e1, pez] = m(e1)(d)ez + dlex, ez],

(C4): m(e1)(ez, es) = ([e1, e2], e3) + (e, [e1, e3]),
(C5): [e1,e2] + [ez2, e1] = m*d(e1, e2).

The map 7: E — TM is usually called the anchor map. Notice that given an Courant algebroid E, we
can always identify £* ~ F by using the bilinear (-,-) and hence we obtain a map:

™. T"M — E, (2.58)

dual to w: E — T'M. This is the map appearing in item Cb5 of definition 2.3.1. The bracket in Definition
2.3.1 goes under the name of Dorfman bracket [-,-]. It satisfies the Jacobi identity, namely item C1, but
fails to be antisymmetric, and relates to the skew-symmetrized Courant bracket [-, ], by

[ =[] +7"a,-). (2.59)

The definition in the original reference [60], differs from definition 2.3.1 in the bracket used (see also
[62]). An explicit example of Courant algebroid is now in order.

Ezample 2.3.2. The simplest example of Courant algebroid is the standard Courant algebroid £ =
TM & T* M over a manifold M, equipped with the standard Dorfman bracket:

[v1 4 a1, v2 + ag] = [v1, v2]p + Ly, 02 — Ly,day, vy, V2 € X(M), a1, s € QY (M), (2.60)

and the standard symmetric pairing:

1
(11 + ag,v2 + ag) = 5(1,1,1(12 + Ly, 1), (2.61)
where [, -] denotes the standard Lie bracket on X(M). The anchor map m: E — TM is simply the
obvious projection on the tangent bundle.

It was noticed in reference [61] that one can twist the standard Dorfman bracket by using a closed
three-form H as follows:

[U1 + a1, V2 + ao)g = [v1, Vo)L + Ly, 02 — Ly, day + Ly, Ly, H (2.62)

and still obtain a Courant algebroid in "M & T* M, with the same anchor and symmetric product. This
way, it is obtained the so-called H-twisted standard Courant algebroid. The standard Courant algebroid
is, as we will see in a moment, the prototype of an exact Courant algebroid.
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Definition 2.3.3. [61] A Courant algebroid (E, (-, -), [, -], 7) over M is exact if and only if the following
sequence of vector bundles

0-T*MIS5ES TM -0, (2.63)

1s exact.

Definition 2.3.4. [61] A splitting of an exact Courant algebroid (Z, (-,-), [, ], 7) over a manifold M is
a map of vector bundles s: TM — E such that

1. WOSZ]ITM,

2. (s(v1),s(v2)) = 0 for all vy, vy € X(M).

Definition 2.3.4 means that a splitting of an exact Courant algebroid is an isotropic splitting of the
sequence of vector bundles 2.63. Notice that 7* (T*M) N s (T'M) = {0}. The exactness condition in the
definition 2.3.3 forces 7*(T™* M) to be isotropic in £ and thus the symmetric pairing (-,-) is bound to
be of split signature. If s is an splitting, then for every two-form b € Q2(M) we can construct another
splitting s’ as follows

s'(v) = s(v) + %ﬂ*b(v), (2.64)

and in fact every two splittings of a Courant algebroid differ by a two-form on M in this way [63]. In
other words, the space of splittings of a Courant algebroid is an affine space modeled on Q?(M). Given
an exact Courant algebroid (Z,(-,-),[,],m), any isotropic splitting s: TM — FE, has an associated
three-form curvature:

H(v1,v2,v3) = ([s(v1), s(v2)], s(v3)), v1,U2,v3 € X(M). (2.65)

It can be proven that given another splitting s’ then the corresponding three-form:

H'(v1,v2,v3) = {[s'(v1), $'(v2)], 8’ (v3)), vy, V2,03 € X(M). (2.66)

1s related to H as follows:

H' =H+db, (2.67)

where s — s = b € Q3(M). As observed first by Severa [61], given an exact Courant algebroid
(E,{(-,"),[,"],), the class [H] € H3(M) does not depend on the splitting. It is called the Severa class
of the exact Courant algebroid and its importance steams from the fact that it classifies exact Courant
algebroids up to isomorphism. In other words, two exact Courant algebroids are isomorphic if and only
if they have the same Severa class.

Notice that for an exact Courant algebroid (E, (-,), [, ], 7), any isotropic splitting s: TM — E
determines an isomorphism

1
s+§7r*:TM69T*M—>E,

and the trasported bracket and pairing are given by 2.62 and 2.61, respectively. Therefore, exact Courant
algebroids over a manifold M can be always modeled by the corresponding generalized tangent bundle
TM & T*M equipped with the standard symmetric pairing and the H-twisted Courant bracket 2.62.
Exact Courant algebroids are intimately related to two-plectic manifolds (see section 6 for more details)
as they are canonically equipped with a closed three-form, its Severa class.



Chapter 3

Symplectic Geometry

Symplectic geometry/topology is a classical and well-established branch of differential geometry/topology,
with its roots and original motivation lying in the mathematical description of classical mechanical sys-
tems as well as in their quantization. Symplectic manifolds are also interesting mathematical objects by
themselves, and play a crucial role in many different areas of physics and mathematics. Symplectic ge-
ometry is nowadays a very active research field, with applications extending through numerous branches
of geometry, topology and theoretical physics. The goal of this chapter is to introduce the concept of
(co)moment map [64, 65] and symplectic reduction [66]. References for this chapter include [5, 6, 67].

3.1 Symplectic vector spaces

The simplest type of symplectic manifold is a symplectic vector space. In addition, the tangent space
of every symplectic manifold is canonically a symplectic vector space. Therefore, it is reasonable to
consider in some detail symplectic vector spaces before dealing with general symplectic manifolds.

Definition 3.1.1. Let V be a vector space. The pair (V,w) is a symplectic vector space if w € A2V* is
non-degenerate, that is, if the kernel:

kerw={veV |w(v,w)=0, VweV}, (3.1)
is trivial.

Remark 3.1.2. Symplectic vector spaces must be even-dimensional, since a symplectic form on an odd-
dimensional vector space necessarily has a kernel.

A morphism of symplectic vector spaces (Vi, wi) and (Vi, wi) is a linear map F: V; — V5 that
preserve the corresponding symplectic structures, namely that satisfy F*ws = w;. Two symplectic vector
spaces (V1, wy) and (V4, wy) are said to be symplectomorphic if there exists an injective and surjective
morphism between them.

Ezample 3.1.3. The canonical example of symplectic vector space consists of R?", for some n € N, with
basis {e1,...,en, f1,..., fn} equipped with the bilinear form w given by:

wo (es,e5) =0, wol(fi,f;) =0, woles,f;)=—wo(fj,e:)=70;;. (3.2)

The two-form w € A?(R?™)* is a symplectic structure on R2". Every symplectic vector space is non-
canonically symplectomorphic to (R?",w) for the appropriate n.

Ezample 3.1.4. Let E be a complex vector space of dimension 7, equipped with a complex, positive
definite inner product h: E x E — C. Then E, taken as a real vector space, equipped with the bilinear
form w = Sm (h), is a symplectic vector space. The condition A (v1,v2) = h(v2,v1) translates into the
antisymmetry of w = Sm (h) as a real form on V.

29
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Definition 3.1.5. Let (V,w) be a symplectic vector space. The symplectic complement of a linear
subspace W C V with respect w is defined to be:

WY ={veV|wkw)=0, YweW}. (3.3)
Remark 3.1.6. The symplectic complement W* need not be transversal to W.

Definition 3.1.7. Let W C V' a vector subspace of a symplectic vector space (V,w).

e WV is isotropic if W C W¥.

e IV is coisotropic if W« C W.

e W is symplectic if W N W« = {0}.

e W is Lagrangian if W = WY.
Remark 3.1.8. We have that W is isotropic if and only if w|y = 0. In addition W is symplectic if and
only if w|y is non-degenerate.

Lemma 3.1.9. Let (V,w) be a symplectic vector space. Then, for any vector subspace W C V we
have:

(We) =w, dim W + dimW* =dimV . (3.4)

Proof. The symplectic form w defines an isomorphism of vector spaces &: V — V* given by v — 1,w.
It follows that &(W*) = W+, where W+ denotes the annihilator of W in V*. The result follows. [

The following is the main theorem on symplectic vector spaces.

Theorem 3.1.10. Let (V,w) be a symplectic vector space of dimension 2n. Then, there exists a
basis (e1,-.-,€ny f1,---, fn) Of V such that:

w(ei7ej):01 w(f'uf]):O: w(e’baf]):_w(fjrez)zéz] (35)

Such basis 1s called a symplectic basis. Moreover, there exists a symplectomorphism from (V,w)
to (R?", wy).

Proposition 3.1.11. A two-form w on V is non-degenerate if and only if w™ 15 non-zero.

Proof. If w is non-degenerate then clearly w™ # 0. Let now assume that w™ is non-degenerate. Then,
given a v € V we have t,w™ = nt,w Aw™ ! # 0 and the result follows. O

Lemma 3.1.12. Any isotropic subspace W C V 1s contained in a Lagrangian subspace. Moreover,
any basis of a Lagrangtan subspace can be extended to a symplectic basis of (V,w).

The quotient of every coisotropic subspace W C V by its symplectic complement canonically yields a
new symplectic vector space. This construction is usually called symplectic reduction.

Lemma 3.1.13. Let (V,w) be a symplectic vector space and let W C V be a cotsotropic subspace.
Then the following hold:

o The quotient V = W/W* carries a canonical symplectic structure induced by w.
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e If L CV 1s a Lagrangian subspace of V, then:

~

L=(LNnWeW")/W¥, (3.6)
is a Lagrangian subspace of V.

Given a symplectic vector space (V, w), the group of automorphisms that preserve w is denoted
by Sp(V), which is a closed Lie subgroup of Gl(V'), the group of automorphisms of V. Since every
symplectic vector space (V,w) is symplectomorphic to (R?"®,wy), it is enough to consider the later case,
which shows that:

Sp(V) ~ Sp(2n, R) ~ {A € GI(R®™) ~ G1(2n, R) | A*wp = wo} . (3.7)

In particular, equation (3.7) clearly shows that Sp(2n,R) is a closed Lie subgroup of Gl(2n,R). Let Jy
denote the complex structure on R>" associated to wy by means of the standard euclidean metric on
R2". The complex structure Jy on R?" allows for the following standard identification:

(R2", Jo) ~ (C™,1). (3.8)

Let us denote by N (V) C A2V* the subspace of non-generate two forms in A2V*. The fact that every
symplectic vector space is symplectomorphic to the canonical example (R?",wp) implies that GI(V)
acts transitively on N(V). Since, every non-degenerate two-form is stabilized by Sp(V'), we obtain the
following diffeomorphism:

(3.9)
We have:

n(n+1) n(n — 1)

2 ' 2 '
and hence N (V) is of the same dimension of A2V*. In particular, N(V) is open in A2V*. The Lie
algebra sp(V') of Sp(V') is given by the endomorphisms A € gl(V) such that:

dim Sp(V) = dim N(V) = dim GI(V) — dim Sp(V) = (3.10)

WA ) +w(,A)=0. (3.11)

3.2 Symplectic manifolds

Definition 3.2.1. A symplectic manifold (M, w) is a real manifold equipped with a smooth, point-wise
non-degenerate , global section w of A?T* M. Therefore, at every point p € M, TpM is a symplectic
vector space equipped with the symplectic form w/,.

Given two symplectic manifolds (M7, wy) and (M>, w), a symplectomorphism is a diffecomorphism F :
M; — My such that F*wy; = w;. The group of symplectomorphisms of a symplectic manifold (M, w)
onto itself is denoted by Symp (M, w). The non-degeneracy of w has very important consequences on
the geometry and topology of a symplectic manifold (M, w), for instance:

e Every symplectic manifold is orientable, with volume form given by the Liouville form

wn
Ay=— #0, (3.12)

where 2n is the dimension of M.
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e Every symplectic manifold is almost-complex, namely it admits almost-complex structures.

e There exists a canonical isomorphism between the vector fields and one-forms on M, given by

w:XM) = QM)
U = LW, (3.13)
Ezample 3.2.2. The simplest example of symplectic manifold is a Riemann surface equipped with its

volume form, which is clearly non-degenerate and closed. A symplectomorphism is then just a volume-
preserving diffeomorphism.

We denote by Xsym (M) the set of all vector fields in M that preserves w, that is

Low = diyw + tydw = dityw = 0, (3.14)

where we have used (2.18). An element of Xsym (M) is called a symplectic vector field, and generates
symplectomorphisms through the corresponding flow. As already mentioned, due to the non-degeneracy
of w, for every one-form ¢ € Q (M) there exists a unique vector field v € X (M) such that:

Lyw =¢§. (3.15)

In particular, for any function f € C'° (M) there exists a unique vector field vy € X (M) such that

by w = —df . (3.16)

f

Ly, 18 the so-called Hamiltonian vector field associated to f. The space of vector fields satisfying equation
(3.16) for some function f € C*® (M) is denoted by Xgam (M), the space of hamiltonian vector fields.

Proposition 3.2.3. Every Hamziltonian vector field 1s a symplectic vector field. That s

Xtam (M) C Xgym (M) . (3.17)

Proof. Given a Hamiltonian vector field vs respect to some function f € C* (M), we have, using
Cartan’s identity (2.18), L,,w = d*f = 0. O
Therefore, from Eq. (3.14) and (3.16) respectively, we see that ¢,w is closed for a symplectic vector field
and exact for a hamiltonian vector field. Restricting & in Eq. (3.13) to the set of hamiltonian vector
fields Xyam (M) we obtain a new isomorphism

W2y : XHam (M) = B} (M), (3.18)

where B! (M) = Q' (M) N Imd is the space of exact one-forms. Similarly, restricting & to the set of
symplectic vector fields Xgym (M) we obtain another isomorphism

w’xSym : xHam (M) — Zl (M) ] (319)

where Z' (M) = Q' (M) N Kerd is now the space of closed one-forms. Therefore, the quotient of
symplectic and hamiltonian vector fields is just the first de Rham cohomology group:

Hl (M) _ %Sym (M)

= R (M) (3.20)

Therefore, the following exact sequence of vector spaces holds
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0 — Xgam (M) = Xsym (M) — H' (M) — 0. (3.21)

Hence, if H! (M) = 0, every symplectic vector field is Hamiltonian.
Proposition 3.2.4. Given two symplectic vector fields vy, Vs, € Xgym (M) we have that [vy,vy,] 1S

Hamailtonian, with Hamiltonian function w(vy,,vy,).

Proof. Let vy,,vf, € Xsym (M). Then we have

dw (vs,,v5,) = Ay, Loy W = Loy Tos W — Ty, dlyy W= Uus v, @ = Uy 0@ (3.22)

d

Therefore, [Xsym (M), Xsym (M)] C Xnam (M), and in particular Xpam (M) is an ideal in the Lie algebra
Xsym (M), and the quotient Lie algebra is abelian. Hence, 3.21 is an exact sequence of Lie algebras,
where H'! (M) carries the trivial Lie algebra structure.

Consider now the following surjective map

h: C®(M) — Xgam (M)
fo—= v (3.23)

The kernel of h is the space Z° (M) = H® (M) of locally constant functions. Therefore, we can write
the following exact sequence of vector spaces

0— Z°(M) = C® (M) = XHam (M) — 0. (3.24)

It is possible to define a Lie algebra structure on C'*° (M) such that (3.24) is an exact sequence of Lie
algebras.

Definition 3.2.5. Let (M,w) be a symplectic manifold. The Poisson bracket of two funcions f,g €
C (M) is defined as

{f,9} = w(vf,vg). (3.25)

The Poisson bracket is anti-symmetric. Using Cartan’s identity (2.18), the Poisson bracket can be
rewritten as follows

{fi9y=Lv;g=—Ly,f. (3.26)
Therefore, if {f, g} = 0, then f is constant along solution curves of v, and vice-versa.

Proposition 3.2.6. The Poisson bracket defines a Lie algebra structure into C*®° (M,R). The map

C® (M) - X(M)
fo—= vy, (3.27)

1s a Lie algebra isomorphism, that is

Uif,gr = (V51 V] (3.28)
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Proof. We have to prove that the Poisson bracket satisfies the Jacobi identity. This follows from

{f7 {97 h}} = ["Uf {91 h’} =w ([’Uf,'l)g] 7IU77-) +w (’Ug, [’Uf,'llh]) =
w (v{f,g}’ vh) +w (vg, v{f,g}) ={nr,{f 93} +{9.{f, h}} . (3.29)

Equation (3.28) is a particular instance of proposition 3.2.4. O

Proposition 3.2.7. The algebra (C*® (M,R),{:,-}) 1s a Poisson algebra’.

Proof. We have to proof that the Poisson bracket satisfies equation (4.36). Indeed we have

{fg)h’} = _Evh(fg) = _Evh(f)g - fﬁvh(g) = _{f1 h’}g - f{gxh'} : (3'30)

d

We will define now submanifolds of a symplectic manifold (M, w) that can be defined in a natural
way using the symplectic form w.

Definition 3.2.8. A submanifold @ C M is is called {symplectic, isotropic, coisotropic, Lagrangian} if
for every g € Q the tangent space T,Q is respectively {symplectic,1sotropic, coisotropic, Lagrangian}.

Ezample 3.2.9. Given a symplectic manifold (M, w) the manifold M x M is a symplectic manifold with
symplectic form —w X w. For every p € M, the manifold M x p or p x M is symplectic, whereas the
diagonal of M x M is Lagrangian.

As an application of the previous example we have the following result.

Proposition 3.2.10. Let (M,w) be a symplectic manifold and let f: M — M be a diffeomorphism.
Then f 1s a symplectomorphism if and only if:

graph(f) = {(p, f(p)) [P € M} C M x M, (3.31)

18 a Lagrangian submanifold of (M x M, —w X w).

3.3 Moment maps and symplectic reduction

Let (M, w) be a symplectic manifold. In this section we will consider the G-action $: G x M — M of a
Lie group G on a symplectic manifold (M, w). As usual, for every g € G we define &, := &(g,"): M = M
and we denote the fundamental vector field associated to the G-action $ as follows:

d —tz
”m|p:a<e i 'P)|t:0, €9, peM. (3.32)

Definition 3.3.1. The G-action ¢ is said to be symplectic if the Lie group G acts on (M,w) by
symplectomorphisms, i.e., if for all ¢ € G we have:

Pw=w. (3.33)

Proposition 3.3.2. Let ® a symplectic G-action on (M,w), and let f,h € C®°(M) functions such
that:

®f=f, @®h=h, Vgeaq. (3.34)

1See definition 4.1.14.
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Then &, {f, g} = {f, 9} In addition, let O, be the orbit of the G-action passing through p € M2 and
let 1: O — M be the canonical inclusion. Then, i*w 1s a constant-rank two-form on O invariant
under the restricted action $|p: G x O — O.

Proof. Since &, is a diffeomorphism for every g € G, the first statement simply follows from the identity:

®;{f,9} = {&}f, 259} - (3.35)

To prove the second statement notice that the canonical injection 2: O — M satisfies:

®y01=(Plp)got. (3.36)

Hence:
t*w=1"®w = (®|o)yt*w, (3.37)
and we conclude. O

Proposition 3.3.3. If the G-action ® on M 1s symplectic, the corresponding fundamental vector
field vy, € g s locally hamiltonian. Conversely, if G s connected and for every = € g the vector
field v, 1s locally Hamailtonian then the corresponding G-action ® s symplectic.

Proof. The flow of v, is given by:

p(t,p) =e - p. (3.38)

The fact that ® is symplectic implies that ¢} _,,w = w, which is equivalent to £, ,w = di,,w = 0. For
the converse, it is enough to notice that since G is connected ever element g € G can be written as a
finite product on elements of the form e*:, where z; € g. O

The assumption in proposition 3.3.2 may be too restrictive. For example, if the G-action ¢ has a dense
orbit in M, the only G-invariant functions are constants. The following is a local version of 3.3.2 and
follows by direct computation.

Proposition 3.3.4. Let ¢ be a G-symplectic action. Let U C M be an open set in M. If f,g €
C*®(U) are locally invariant, namely:

L, f=0, L,,h=0, Vzeg. (3.39)
Then {f, g} is also locally invariant, i.e., L, {f,g} =0.

Definition 3.3.5. The action & is said to be weakly Hamaltonian if it is symplectic and in addition
Uy € XHam(M) for every z € g.

Let ® be a symplectic action. Then & is weakly Hamiltonian if and only if there exists a basis {z;} of g
such that the corresponding fundamental vector fields v,, are Hamiltonian. We have then:

Log, W = —dfy, (3.40)

for a unique (up to a constant) function f,, € C°°(M). For simplicity we will usually denote f,, by
fz,- The Hamiltonian function p*(z) of any element z = A'z; € g is now given by:

W (@) = Nfa, . (3.41)

2For simplicity we will sometimes omit the subscript specifying the point.
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We obtain then a linear map p*: g — C*°(M) defined by sending every z € g to its Hamiltonian function
p*(z) := p® € C*°(M), which is unique up to the addition of a constant. We will call u*: g — C®(M)
the weakly comoment map associated to the weakly Hamiltonian action &.

Definition 3.3.6. A weakly Hamiltonian action & is said to be Hamzltonian if it admits a weakly
comoment map that is a Lie-algebra morphism from (g, [, -]) into the Poisson algebra (C*°(M),{:, }).

Remark 3.3.7. A weakly Hamiltonian action need not be Hamiltonian. Let  be a weakly Hamiltonian
action, and let p*: g —» C°°(M) be a weakly Hamiltonian comoment map for $. Then, there exists a
unique map:

T:gxg— R, (3.42)

satisfying:

w2, 9]) — {w*(2), " (¥)} = 7(2, 1), (3.43)

for every z,y € g. The map 7 satisfies in addition:

T([z,v],2) + 7([y, 2], z) + 7([2,z],y) = 0. (3.44)

Therefore 7 is a Lie algebra cocycle. Changing p* modifies 7 by a coboundary and hence every weakly
Hamiltonian action defines a Lie algebra cohomology class [7] € H?(g, R).

Definition 3.3.8. A weakly Hamiltonian action & is is said to be Hamiltonian if [7] = 0. In that case
p*: g — C®(M) is called the comoment map associated to &.

Proposition 3.3.9. Let & be a Hamiltonian action with comoment map u*: g — C®(M). We
have:

p*(Adgz) = p*(z) o0 &4, geq, TEy, (3.45)

Therefore, a comoment map can be understood as a lift of the g-action z — v,:

(C=M),{})

g (%Ham (M) ) [': ])

where 7 denotes the canonical map sending each function to its unique hamiltonian vector field. In
section 6.6.2 we will generalized the comoment map construction to the case of Lie groups acting on
multisymplectic manifolds by multisymplectomorphisms.

Definition 3.3.10. Let (M, w) be a symplectic manifold and G a connected Lie group with Lie algebra
g. Let us denote by g* the dual vector space of g and assume that:

:GXxM- M, (3.46)
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is a symplectc G-action on (M, w). Given z € g, the action ® induces a g-action z — v, by symplectic
vector fields. The G-action & is said to be Hamiltonian if there exists a map:

w: M— g, (3.47)

satisfying the following conditions:
1. For every z € g the corresponding vector field v, satisfies:

du® = —tyw, (3.48)

4

Here p® : M — R is the function p® := p(z) on M given by the natural pairing of g and g*.
Therefore, v, must be Hamiltonian with Hamiltonian function given by p®.

2. u: M — g* is equivariant with respect to the given action ¢ and the coadjoint action Ad* of G on
g%, namely:

po®,=Ad;ou, geG. (3.49)

(M, w, G, 1) is then called a Hamiltonian G-space with moment map . We have defined, for G connected,
Hamiltonian actions as actions admitting a moment maps because if they are Hamiltonian and G is
connected then a moment map is equivalent with a comoment map. Therefore the definition is, for
G connected, equivalent to definition 6.1.13. If G is not connected, then the existence of moment map
implies the existence of a comoment map but the existence of a comoment map only implies the existence
of a moment map for the connected component of the identity in G.

Ezample 3.3.11. As an example let us consider let us consider the infinite-dimensional space of con-
nections on the trivial principal bundle P = X x G, where X is a compact Riemann surface and G is a
compact Lie group [14]. The space A = Q!(3, g) of connections on P can be identified with one-forms on
¥ taking values on g. It can be seen that A is an infinite-dimensional K4hler manifold, with symplectic
form and Kahler structure given by:

w]A(a,ﬂ):/E<a/\ﬂ>, a = xa, a,f ETLA~ QYT g). (3.50)

where A € A and < -,- > is an invariant inner product on g. Since we assume P to be a trivial principal
bundle, the gauge group is given by G = Map(Z, G) and it acts as usual on connections:

u-A=vutAu+udu. (3.51)

Hence, we have an action ¢: G x A — A which in fact preserves the Ké&hler structure on A and is
Hamiltonian. For every z € Lie(G) ~ Q°(%, g), the infinitesimal action is given by:

Lie(G) x A > TA,
(z,4) = (4, daz), (3.52)

where ds: Q°(Z,g) — Q(Z, g) denotes the connection induced by A on the trivial adjoint bundle of
algebras. At each A € A the corresponding comoment map is given by:

o a(z) = /E <Faz>, welLie), (3.53)

3Strictly speaking, A is an infinite-dimensional affine space modelled on Q*(X, g).
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where Fy € Q?(Z, g) denotes the curvature of A € A. The associated moment map is thus given by:

pr A = Q%(Z,9),
A — Py, (3.54)

where we have used Lie(G)* ~ Q%(Z, g).

3.3.1 Symplectic reduction

One of the most important applications of the existence of a moment map is the canonical construction
of a symplectic submanifold of the given symplectic manifold, which in addition is of physical importance
in the description of the phase space of mechanical systems as symplectic manifolds. This construction
is usually named in the literature as symplectic reduction or Marsden- Weinstein quotient [13].

Let (M, w) be a symplectic manifold admitting a moment map wu: M — g* for the action ® of a
Lie group G. We define:

Mo ={p € M| u(p) =0} . (3.55)

If 0 € g* is a regular value, namely if du,: T,Mq — g* is surjective for every p € M, then My is
a closed submanifold of M. Using that he moment map is equivariant and that 0 is a fixed point of
the coadjoint action of G we conclude that G preserves My, and therefore ®: G x M — M induces a
G-action $g: G x My — Mg on My. Therefore, we can define the orbit space by this action:

M§ = My/G, (3.56)

which in general is not guaranteed to be a smooth manifold unless the action satisfies some particular
conditions, for example being free and proper. We will consider only the case in which:

e The value 0 € g is regular and hence Mg C M is a closed submanifold of M.

e The group G acts freely and properly on My, so My/G is again a manifold.

Under the two assumptions stated above we have the following result.

Proposition 3.3.12. The submanifold My C M 1s coisotropic and the corresponding isotropic
folration s given by the orbits of the G-action $g: G x My — My. The quotient:

M/]|G = My/G, (3.57)
15 a symplectic manifold of dimension dim M//G = dim M — 2dim G.
Definition 3.3.13. The quotient M//G is called the Marsden- Weinstein quotient.



Chapter 4

Homological algebra

In this chapter we will consider various aspects of homological algebra and category theory. The main
goal of this chapter is to introduce some of the background that will be needed through the rest of the
document as well as to present some results of intrinsic interest. Homological algebra theory studies
homology (or co-homology) in an abstract setting, that is, on abstractly defined complexes (or co-
complexes), and it is intimately related to category theory, which provides the natural language where
to pose and solve many of the relevant problems.

4.1 Graded algebras and coalgebras

The purpose of this section is to introduce the elements of graded algebra theory that will be needed
through the rest of the letter. Graded algebra theory simply refers to the study of algebraic structures
in a graded vector space.

4.1.1 Graded algebras

We begin with a series of definitions increasing step by step the structures involved. We begin by the
simple definition of an algebra.

Definition 4.1.1. A real algebra (V,-) is a real vector space V' space equipped with a bilinear product
V xV — V, denoted by - or concatenation of elements.

We require the product - of an algebra to be inner. It may have, however, other properties. For example,
ifzy-2z0 = z5-z; for all 21,z € V the algebra (V, -) is said to be commutative. If z;-(z2-z3) = (21 22) 23
for all z1, 2, z3 € X then the algebra is said to be associative. If the algebra V' contains an identity, that
is, an element e € V such that e-z =z -e = z for all z € V then it is said to be unital. A real algebra
such that the product is associative and has an identity is therefore a ring that is also a vector space,
and it is called a unital associative algebra.

Definition 4.1.2. Let G be an abelian group. A G-graded vector space V over R is a collection (Vg)geG
of vector spaces over R.

The homogeneous elements of degree g € G of a G-graded vector space V' are the elements of V. In
this work we will consider exclusively G = Z-graded vector spaces V = ;-7 Vi. The grade of an
homogeneous element z € V is denoted by |z|, and of course, since we will consider only Z-graded vector
spaces, we will always have |z| € Z.

Definition 4.1.3. A real graded algebra is a real graded vector space V = @, V; equipped with a
bilinear product V' x V' — V which will be denoted by - or concatenation of elements, such that:

Vi V; CVigj. (4.1)

39
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Definition 4.1.4. A real graded Lie algebra is a real graded algebra (V,-) equipped with a bilinear
product [-,-] : V x V' — V such that the following axioms are satisfied:

1. [, -] respects the grading of V, that is, [V;, V;] C Vi4;.

2. lf 21,25 € V are homogeneous elements then

21, 22) = —(—1)l=2l (25, 2] (4.2)
That is, [, -] is antisymmetric in the graded sense, i.e., it is graded antisymmetric.

3. lf z1,25,23 € V then:

(=1)21280 2y, [y, za]] + (=1)°2 %2 [2p, [, 21]) + (1) 1% [z3, [21, 22]) = 0. (4.3)

That is, [+, -] satisfies the graded Jacobi identity.

Equation (4.2) is just the graded version of the antisymmetric Lie bracket of a not-graded Lie algebra.
Analogously, Eq. (4.3) is just the graded version of the Jacobi identity for not-graded Lie algebras.
When V is concentrated in degree zero, a real graded Lie algebra is just an ordinary real Lie algebra.
Let us consider now a simple example taken from physics.

Ezample 4.1.5. Supersymmetry algebra. The Super-Poincaré algebra sp is, in physical terms, an
extension of the Poincaré algebra by fermionic generators that obey anti-commutation relations. We
denote by M,;, the generators of the Lorentz group, by P, the generators of translations and by Q4
the fermionic generators, which are Spin (1, 3) spinors of definite chirality. They obey the following
(anti)-commutation relations:

[Maby Mcd] - _Meb]-—‘v (Mcd)z - Mae]-—‘v (Mcd)z (44)
[Pa: Mcd] = —FlI% (Mcd)z (4.5)
[Qa, Mab] = Fs (Mab)g Q'B (4.6)

[@,0°) = i(yc)”P., (47)

where I'y denotes the vectorial representation, I's denotes the spinorial representation and C is the
charge conjugation matrix. The anticommutator {-,-} is defined as {Q“, Qﬁ} = Q*QP + QPQ™. The
Super-Poincaré algebra gets beautifully described as a particular instance of Zy = Z/27! graded Lie
algebra sp = spy @ sp; with bracket [-,-]z,. The elements of sp, are called even and correspond to the
bosonic generators M,, and P, of the algebra. The elements of sp; are called odd and correspond to
the fermionic generators of the algebra @,. In particular, we have:

[mlx "32]22 = - [3:21 ml]Zz ) V Z1,Z2 € spy,
[231,11:2]22 = _[2:212:1]22 ) vm1 € sPg, VIBg € spp,
[T1,Z2];, = [z2,21]y, , V z1,T2 € 5p; . (4.10)

Therefore, equation (4.8) corresponds to the commutators (4.4) and (4.5) in the Super-Poincaré algebra,
equation (4.9) corresponds to the commutator (4.6) in the Super-Poincaré algebra, and equation (4.10)
corresponds to the anti-commutator (4.7) in the Super Poincaré algebra.

!The definition of Zy-graded space can be obtained from the definition of Z-graded vector space by simply substituting
7 by Zs.
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Definition 4.1.6. Let (V,-) be a graded algebra. A homogeneous linear map d : V' — V of grade |d|
on V is called a homogeneous derivation if d(z; - z5) = d(z;1)z2 + €142y - d(z;), where e = +1 and
Z1,To € V are homogeneous elements. A graded derivation is sum of homogeneous derivations with the
same €. In the context of graded algebra, the choice ¢ = —1 is the most natural one, since it takes into
account the graded structure of the algebra.

Definition 4.1.7. A real differential graded Lie algebra is a real graded Lie algebra (V, -) equipped with
a degree +1 (depending on chain or cochain complex convention) derivation d : V' — V' that satisfies:

1. dod = 0. Therefore d gives V the structure of a chain (|d| = —1) or cochain complex (|d| = 1).

2. d[zy, 5] = [dzy, 2] + (—1)I*tl[z1, dz5], where z; and z, are homogeneous elements of V.

Given two homogeneous elements z1,z2 € V of an arbitrary graded algebra (V,-), in principle z; - z2
and z - z; are different elements of (V, -) not related in any particular way. However, if for every pair of
homogeneous elements z1,zs € V the following holds:

I1-To = (—1)|Zl||22|$2~$1, (4.11)

then (V,-) is said to be a graded commutative algebra. Analogously, if

T1 Ty = —(—1)‘21“:82‘.'122 Ty, (4.12)

holds, then the algebra (V,-) is said to be a graded anti-commutative algebra. This procedure can be
generalized by defining the Koszul sign. Let zy,...,z, be elements of a symmetric graded algebra (V, )
and o € L,, a permutation. The Koszul sign €¢(o) = €(o; z1,. .., Ty) is defined by the equality:
T Tp = €(0;T1,. ., Tn)To(1) " To(n)
which holds in the free graded commutative algebra generated by V, with product denoted by concate-
nation of elements. The Koszul sign can be equivalently defined using an antisymmetric graded algebra
(V,-) as follows:
Ty Tn = (—1)%€(o; 24, . . ., xn)xa(l) " Ta(n),

Given o € Z,, (—1)? denotes the usual sign of a permutation. Notice that e¢(c) does not include the
sign (—1)?. For example, given z1,z2,z2 € V, where (V) is free graded commutative algebra, we have:

T1- T2 - T3 = €(3,2,1;21,22.23)T3 - T1 - T2, €(3,2,1; 21, 32.33) = (—1)/@sll=2[Fleslle] (4.13)
We say that o € Y4 is a (p, q)-unshuffle if and only if o is a permutation of a set of (p + g) elements

such that o(1) < --- < o(p) and o(p+1) < --- < o(p+ g). The set of (p, g)-unshuffles is denoted by
Sh(p, g). For example, Sh(2, 1) is the set of cycles {(1), (23), (123)}.

If V is a graded vector space, then sV denotes the suspension of V, and s~'V denotes the desus-
pension of V, defined respectively by:

(sV)=Vi1, (s7V) =V (4.14)
1
Another very used notation for the (de)suspension of a graded vector space V is:

stV = V7K. (4.15)
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Sometimes we will write s™'z where z is an homogeneous element of a given graded vector space V.
The meaning of such expression can be understood as follows. Let us assume that z € V;, 7 € Z. Then
we have:

, (4.16)

stlz c st (1) = (.s’j[lV)ijFl

since (s*1V)._, = V.

1F1
Definition 4.1.8. A morphism f from a Z-graded vector space V to a Z-graded vector space W is a
collection of linear maps (f; : V; — Wi)iez-
Hence, it is implicitly assumed in the definition that a morphism preserves the grading, that is, that
|f(z)| = |z| € Z. It is said then that f is homogeneous of degree zero. An isomorphism of graded vector
spaces is a morphism f whose components f; are isomorphisms of vector spaces. It is possible, of course,
to consider maps that do not preserve the grading. The degree of a map f is denoted by |f|. If a map
f:V — W of graded vector spaces has degree |f| = k, k € Z, then we have

f(Vi) CVisr, Vi€ L. (4.17)

The set of all morphisms from a graded vector space V to a graded vector space W is denoted by
Hom (V,W). Notice that Hom (V, W) is itself a graded vector space with homogeneous component
Hom (V,W), 4 € Z given by the set of components f;: V; - W;, f € Hom (V,W).

Definition 4.1.9. Let F(V x W) the free vector space over R whose generators are the points of V' x W,
where x stands for the Cartesian product 2 The tensor product is defined as a certain quotient vector
space of F(V x W). Consider the subspace R of F(V x W) generated by the following elements®

(v1, w) + (v2, w) — (v1 + v2,w),
(v, w1) + (v, w2) — (v, w1 + w2),
¢ (v,w) — (cv,w),
¢ (v,w) — (v, cw), (4.18)

where v,v1,v2 €V, w,wi,ws € W, and ¢ € R. The tensor product is then defined as the vector space

VeW=F{V xW)/R. (4.19)

The tensor product of two vectors v and w is denoted by the equivalence class v ® w € ((v,w) + R),
where v ® w € V @ W. The principal effect of taking the quotient by R in the free vector space is that
the following equations hold in V@ W

(vi+vn)®w = W+ 2w,
v®(wi+w) = vQwi+vRws,
cv®w = vQcw=clveuw). (4.20)

The tensor product of two graded vector spaces V and W is defined to be another graded vector space
V ® W with grading

*The Cartesian product V x W is the set of pairs (v,w),v € V,w € W, which is itself a vector space, although here it
is considered merely as a set.
3To simplify the notation, we denote by (v, w) the element 1- (u,w) € F(V x W).
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Vew),= @ V;eWs, i=j+k. (4.21)
i=j+k

The tensor product can be also applied to morphisms f, g € Hom (V, W), and it is given by

(f®9)(v@w) = (1)l f(v) ® g(w). (4.22)

Definition 4.1.10. Let V' be a graded vector space. The tensor algebra T (V) is the graded vector
space given by the collection of vector spaces

TW,,=P H V.e---0V,, mck. (4.23)
k>0 jid-tie=m
For k = 0 the corresponding summand is set to be equal to R.

Every component 7 (V'),, can be decomposed with respect to the tensor product degree ® as follows

T*(V),, =T (V),, nV®,  k>1. (4.24)

For k = 0 we have 7°(V) = R. The degree of an element z; ® --- ® zx € V1 ® --- ® V4 is defined as
21 ® - ® ze| = Yy [zl

The vector space T* (V),,, carries two natural actions, even and odd, of the group I of permutations
of a set of k elements. The even representation intuitively corresponds to the elements of 7% (V)
symmetric in the graded sense. It is defined by

m

o (218 @z) = (-1)Fllelz @ @)@z @ ® i, (4.25)

where o is the transposition of the 2'th and the (i + 1)'th element. Similarly, the odd representation
intuitively corresponds to the antisymmetric elements of 7% (V) in the graded sense. It is defined by

where o is the transposition of the 7’th and the (¢ + 1)’th element. Notice that the even as well as the
odd representations can be defined for an arbitrary element o € X as follows

0 (Z1®--®Tk) = €(0;T1, -+, Tk) To(1) ® * ® To(k) (4.27)

for the even representation and

c-(z1®---®zk) = (—1)7€ (0521, ,Tk) To(1) @+ ® To(k) 5 (4.28)
for the odd representation.

Definition 4.1.11. Given a graded vector space V, the graded symmetric algebra S(V') of V is the
graded vector space whose elements are the invariants or the even representation of ¥ on 7(V') with the
inherited grading.

Definition 4.1.12. Given a graded vector space V, the graded antisymmetric algebra A(V) of V is
the graded vector space whose elements are the invariants or the odd representation of ¥ on 7(V') with
the inherited grading.
We will denote by S* (V) and A* (V) the homogeneous elements of degree k of S (V') and A (V') respec-
tively.

We can extend the action of s*! to the tensor product of an arbitrary number of graded vector
spaces V4,..., Vi as follows
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s*k . V1®---®V;c—>sjﬂVl(X)---@)sjﬂV;c
k .
21® - @zp o (—1) i (Fleilgtly o @ sty (4.29)
k .
Notice that the sign (—I)Ei:l(k*z)m‘“’| can be understood by considering s*! as an odd element which
requires the introduction of the sign (—1)I#: every time it jumps over z; when acting on z; ® - - - ® .

sT* is an isomorphism of vector spaces which is not an isomorphism of graded vector spaces, since it
does not preserve the grading. Defining now decy, : ve  ye by

k .
deck (21 ® - @ zx) = (—l)zizl(k_m‘”'zl ® - ®zTk, (4.30)

we obtain the so-called décalage-isomorphism between s™*S* (V') and A* (s*1V). The décalage-isomorphism
preserves the grading and therefore s™*S* (V') and A* (silV) are isomorphic not only as vector spaces
but also as graded vector spaces.

Since it will be useful later, we will rewrite now the Koszul sign € (0; s 'z1,...,5 *z,) in terms
of e(0;21,...,2,). In order to do so, we notice that if (zy,...,2x) € A*V then
(@1, 3k) = (—1)7€ (0531, 2k) (Zo(1), 1 Bo(r)) (4.31)
and therefore
sE(zy, ... z0)) = (=1 (0;21,...,25) s F ((-’170(1); ce ma(k))) , (4.32)
which implies, using equation (4.29)
k .
(—1)Zi=1(k_’)|“’<’(i>|(—1)"6(a; Ti,...,Tk)€ (0’; s7lzy, ., s_la:k) (s_lml, ceey s_la:k)
k .
= (_1)21':1(’“71)'%(0‘ (silazl, e ,sila:k) . (4.33)
Hence we conclude
k .
e (o571, .5 a) = (~) 2o ebter0 ) (C1)7e (072, 2) - (4.34)

We finish this section by defining two specific kind of algebras that we will find later. When we introduce
the Cartan calculus in section 2.1.1, we will encounter a particular instance of Gerstenhaber algebra,
which is defined as follows

Definition 4.1.13. A Gerstenhaber algebra is an associative and commutative graded algebra (V,-)
equipped with a degree -1 bilinear map [-,-] : V' — V such that the following conditions hold

1. [z1,z5) = —(1){el=D(=2[-1)[z, z,], for any two homogeneous elements 1,25 € V. That is, the
bilinear map is antisymmetric in the graded sense in s~V

2. [z,] is a derivation on V' of degree |z| — 1 for every z € V.

3. The bilinear map obeys

(21, [2, 3] = [[@1, 32] , @3] + (1)1 [, (25, 24 ]] (4.35)

which becomes the graded Jacobi identity on s~1V.
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From the definition In the context of symplectic geometry in section 3.2 we will find a particular example
of a Poisson algebra, whose definition is given by

Definition 4.1.14. A Lie algebra (X, -,[-,-]) is called a Poisson algebra if X has a commutative, asso-
ciative algebra structure such that

[T122, 23] = 21 T2, T3] + [T1, 23] T2, (4.36)

for all z1,2,,25 € X.

4.1.2 Graded coalgebras
Coalgebras are structures that are dual, in the category-theoretic sense of reversing arrows, to algebras.

An algebra (V, ) is, as explained in section 4.1.1, a vector space equipped with a product -, which defines
the following application

VeV - Vv
(ZB]_,ZBg) — T1-T2. (437)

Therefore, we should expect a coalgebra C to be equipped with some map in the opposite direction

cC—C®C. (4.38)

The precise definition goes as follows.

Definition 4.1.15. A graded coalgebra (C, A) is a graded vector space C equipped with a linear map
A: C — C ®C, the so-called comultiplication, such that

AC)C P CjeCk. (4.39)
j+k=i

A coalgebra (C, A) is said to be coassoctative if the following condition holds

(A®id)A=(id®A)A. (4.40)

Equation (4.40) is just the coalgebra version of the associativity condition for an algebra. Similarly, we
can define a cocommutative coalgebra by imposing the dual condition of commutativity in an algebra.
Indeed, if (C, A) is a coalgebra, let us denote by T : C®C — C the twist map T (z @ y) = (—1)*I¥ly®z.
It is said that (C, A) is cocommutative if and only if 7o A = A. As well as a the concept of indentity
can be defined for algebras, we can introduce a similar structure for coalgebras, called the identity.

Definition 4.1.16. A counit for (C, A) is a linear map € : C — R such that (e ®id)A = (id ® ¢)A = id.

In order to elucidate the structure present in a coalgebra, the following commutative diagrams may be
illustrative
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C ceC
A id® A
A®id
cCeC cCRC®C
C A cCeC
id .
A d®e
e®id
cC RC~C~CQ®R

Diagram (4.1.16) is the dual, in the category-theoretic sense of reversing arrows, of the analogous diagram
that express associativity of algebra multiplication. Diagram (4.1.16) is the dual, in the same sense as
before, of the analogous diagram expressing the existence of an identity in a unital algebra.

Definition 4.1.17. A coalgebra (C, A) with counit € is coaugmented if and only if it can be equipped
with an injective linear map

R < C (4.41)
1 = 1¢ (4.42)

such that € (1c) = 1 and A(lg) = 1l¢ ® lc. We can write in that case C = kere so that we have
C ~ R & C as vector spaces.

Intuitively, if a coalgebra C' admits a coaugmentation, then it contains a copy of R. For a given coaug-
mented coalgebra, we define the reduced comultiplication A: C — C ® C as follows

Ac=Ac—c®1lc—1lc®c. (4.43)

The equation above makes C into a coalgebra with no counit. We denote now the reduced diagonal
by A(™). It can be recursively defined as follows

A = id
AW = A (4.44)
A" = (A® id®("—1)) o AlP1): & — gelr+l)

It can be shown by induction that we can rewrite A(™) as

Ar = (A(”*l) ® id) oA. (4.45)
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A coaugmented coalgebra (C, A, €, 1¢) has always a canonical filtration* which can be defined recursively
as follows

FRC = R-1¢ (4.46)
FC = {ZB eC | Az € F,_1C® Fk,1C} , (4.47)

and it is connected if and only if

C=|JFcC. (4.48)

If (C, A, €, 1¢) is connected, it can be proven that the coaugmentation 1¢ is unique 5.

Ezample 4.1.18. Graded symmetric algebra. Let V be a graded vector space. Then the the graded
symmetric algebra is given by

o0
S(V)=Re > SV =ReS5(V) (4.49)
k=1
is a coaugmented cocommutative coalgebra in a natural way. The comultiplication A is defined as
the unique morphism of algebras such that A(v) = v ® 1 + 1 ® v holds for all v € V, assuming that
A(1l) = 1® 1. The counit is defined as the projection S (V) — R, and the coaugmentation is given by
the inclusion R < S (V). The reduced comultiplication A on S(V) can be given explicitly by

A('U]_ QUa@®©:--- @'Un) = Z Z E(U) (vo(l) O’Uo-(g) ©--- G'Ua(p))
1<p<n—1os€Sh(p,n—p)
® (va(pﬂ) OVUs(pt2) © - O Ua(n)) ) (4.50)
where ® denotes the symmetrized tensor product. That is, if vy, --- ,v, € V are p € N homogeneous

elements then we have

1
VO QU= > V(1) ® ® Ug(p) - (4.51)

" o€D,

The following lemma, which we extract from [69], will be needed in order to properly rewrite Lo-
morphisms.

Lemma 4.1.19. If 11012 0---Qv, € S(V), and 1 <p<n—1 then

kit+ko+--+kpr1—=n

Ap(m@---@’vn) = Z Z E(U)’Ua(l)G---O’UU(kl)
ki,k2,....kptr12>1 aESh(kl,kz,...,kp+1)

® va(kl—i—l) (OXERNO! vo‘(k1+k2) ® IUO'(k]_—l—kz—‘rl) OO0 Il}o‘(kl—l—kz—l—ks) ®:--
® Vo(m—kpt1+1) 00 Vo(n)» (452)

and wn particular we have

AN o---0u)= > €(0)o(1) ® Vo(2) ® -+ ® Ug(n) - (4.53)
cESH

A filtration is an indexed set S; of sub-objects of a given algebraic structure S, with the index ¢ taking values in a
totally ordered set I, subject to the condition that if + < j in I then S; C Sj.
® See proposition 3.1 in section B3 of reference [68]
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Proof. See lemma A.1 in [69].
Lemma 4.1.19 implies that ker A(¥) = §°=* (V) for & > 0 and also that

S(V)=|Jker A, (4.54)

The filtration F,S (V) corresponds, for n > 1, to the filtration on 5 (V) defined by ker A(®). This proves
that S(V') is a connected coalgebra.

In order to define L.,-algebras and L..-algebra morphisms, the concepts of coalgebra differential
and coalgebra morphism are going to prove essential.

Definition 4.1.20. A codifferential of degree one on a coalgebra (C, A) is a linear map Q: C* — C**!
satisfying

@oQ =0, (4.55)
and the coLeibniz identity

AQ = (Q®id) A+ (id® Q)A. (4.56)

In the case of a codifferential @ defined on connected coalgebra (C, A, ¢, 1¢), we require an additional
condition, namely

Q(le) =0. (4.57)

A codifferential defined on a connected coalgebra (C, A, ¢, 1¢) is uniquely given by its restriction to C,
which satisfies the coLeibniz identity with respect to A.

Let us consider the particular case C = 7 (V). Given a codifferential Q on T(V), consider the
restrictions

Qm = Qlimyy : T (V)= T(V), 1<m< oo, (4.58)

so that @ = >_7° Qk, and the projections

QF = PI k() © Qm: T™(V) = T*V). (4.59)
Then, the following proposition holds.

Proposition 4.1.21. A coderivation Q of T (V), respectively S (V), is uniquely determined by the
collection Qi , 1 € N by the formula

Qm($1®"‘®$m):Qh(m1®...®wm)+

m—1

Z Z e(0)Q} (%(1) - ® Zﬂa(i)) ® Ty(i+1) ® "+ ® Ty(m), (4.60)

1=1 oeSh(i,m—1)

Proof. See lemma 2.4 in [12] or appendix A in [69].

Definition 4.1.22. A morphism between connected coalgebras (Ci, A1, €1,1c,) and (Ca, As, €2,1¢,) is
a degree zero linear map F': C; — C» satisfying

NyoF=(FQF)oA, (4.61)
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€1 =€o0F. (4.62)

We have that, since R is a field, F' automatically preserves the coaugmentations. Therefore, it can be
uniquely determined by its restriction to C. Hence, morphisms between such coalgebras correspond to
degree zero linear maps F : C; — C, that satisfy Ay o F = (F ® F) o A;. The condition (4.62) is just
the dual of the condition

¢(1x,) = 1x,, (4.63)
where X;,1=1,2

Proposition 4.1.23. Let (C,A,¢,1¢c) be a connected coalgebra and let f: C — V be a degree zero
linear map from C = kere to a graded vector space V. Then, there ezists a unique morphism
of connected coalgebras F : C — S (V) such that pry, o F|s = f, where pry, : S(V) = V s the
corresponding proyection.

Proof. See references [68] and [70].

Since it will be important in chapter 5 for the study of L., algebras, let us consider the particular case
when C = S (V). We define then the degree zero linear map

F':8(\) = Vs, (4.64)
where V7 and V; are graded vector spaces. Additionally, we define the restrictions F,j as follows

FE = F'siny. (4.65)

and hence

(o)
F'=>"F,. (4.66)
k

Then, the following corollary of proposition 4.1.23 holds

Corollary 4.1.24. Let Vi and V, be graded vector spaces and let F': S(V1) — Vi be a degree zero
linear map. There exists then a unique morphism of coalgebras

F:5(W)— S(\a), (4.67)
such that 1t satisfies pry, o F]g%) = F', where pry, is the corresponding projection to Va.

The construction of the coalgebra morphism F for this particular case can be found in proposition A.2
of [69].

4.2 Categories and complexes
Definition 4.2.1. A category C is:

e A collection of objects Ob(C). Writing X € Ob(C) denotes that X is an object in the category C.

e For any pair of objects X,Y € Ob(C) there is attached a set Hom¢(X,Y) which is the set of
morphisms between these two objects. We denote a morphism ¢ € Home(X,y) by an arrow
p: X =Y.
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e For any three objects X,Y, Z we have composition of morphisms:

Home(X,Y)x Home(Y,Z) — Home(X, Z2)
(%) — Yoo, (4.68)

We require that this composition is associative. Here we use that the morphisms between objects
form a set and in a set we know what equality between elements means.

e For any object X € Ob(C) we have a distinguished element Idx € Home(X, X), which is an
identity on both sides under the composition.

Remark 4.2.2. The definition of category given above is not fully general, since we assume that for every
two objects X,Y € Ob(C), Home(X,Y) is a set. The class of categories we have defined are usually
known in the literature as locally small categories.

Remark 4.2.3. Given a category C, we are not assuming that the collection Ob(C) is a set. This means
that we do not have the notion of equality of two objects. Although we cannot say when two objects in
C are equal, we can say when they are isomorphic: two objects X,Y € Ob(C) are isomorphic if we can
find two arrows ¢: X — Y and 9: Y — X such that Idx =9 o ¢ and Idy = ¢ o9p. However, in general
it may be possible to find many such isomorphisms and hence we may have many choices to identify
them.

Categories are ubiquitous in mathematics. We present now three simple examples.

Ezample 4.2.4. The category Set of of sets where the arrows are arbitrary maps of sets.

Ezample 4.2.5. The category Vectd of d-dimensional vector spaces over a given field K where the arrows
are K-linear maps.

Ezample 4.2.6. The category Mod 4 of modules over a ring A where the arrows consist of A-linear maps.
Likewise, we can also define the category of abelian groups Ab, where the morphisms are homomorphisms
of groups.

Ezample 4.2.7. The category Top of topological spaces where the arrows are given by continuous maps.
In the category Vecﬁ‘l< all the objects are isomorphic. Since the isomorphism is not unique, we cannot
identify them and therefore we can not define a notion of equality. However, if we consider the category
of framed d-dimensional vector spaces over K, namely vector spaces equipped with an indexed basis,

then the isomorphism between two d-dimensional framed vector spaces is unique, and hence we can
define the notion of equality.

Remark 4.2.8. Note that the axioms of a category C' do not imply that the elements in Home(X,Y)
are actual maps between sets (preserving the appropriate additional structure).

Given a cateogry C' it is sometimes convenient to define the opposite category C°PP as a category whose
objects are the same as those of C' and such that, for every X,Y € Ob(C°PP) we have:
Homeore(X,Y) = Home(Y, X) . (4.69)

We introduce now the notion of functor of categories, which loosely speaking can be understood as an
extension of the notion of maps between sets to the realm of categories.

Definition 4.2.9. Let C; and C» be categories. A covariant functor F: Cy — C5 from C; to Cs is a
rule that:

e Assigns to every object X € Ob(C1) an object F(X) € Ob(Cs).
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e For every two objects X,Y € Ob(C4) it induces a map:

FX,Y: H0m01(X: Y) - Hom02(F(X))F(Y))1 (470)
which respects the identity elements and composition.

A covariant functor preserves the direction of the arrows. On the other hand, a contravariant functor is
defined as a covariant functor which reverses the direction of the arrows.

Any object X € Ob(C) in a category C defines a functor hx from C to the category Set by
assigning to every object Y € Ob(C) the object hx(Y) = Home(X,Y) € Ob(Sets). Likewise, to every
arrow ¢: Y — Z hx assigns the arrow:

hx(¢): Home(X,Y) —» Home(X, Z), (4.71)

by composition. We present now two classical examples of functors.

Ezample 4.2.10. There is a contravariant functor from the category of d-dimensional K-vector spaces
Vectd into itself. It sends every vector space V € Ob(Vectd) to its dual vector space V* € Homg(V, K)
and it sends every linear map to its dual linear map. Since the dual of a linear maps goes in the opposite
direction, this is a contravariant functor.

Ezample 4.2.11. A very interesting example of functor is given by the singular Homology functor
F: Top — Ab, from the category of topological spaces T'op to the category of abelian groups Ab, with
arrows given by group morphisms. To every topological space X € Top, F(X) € Ab is the singu-
lar Homology group H.(X,Z) of X. A continuous map f: X — Y for X,Y € Ob(Top) induces an
homomorphism f,: F(X) = H«(X,Z) — F(Y) = H.(Y,Z) and hence the assignment to the singular
Homology group to a topological space is indeed a functor.

Definition 4.2.12. Let C; and C> be categories and let F': C; — C> and H: C; — C> be functors.
A natural transformation 7: F — H from F to H which assigns to every object X € Ob(Ci) a
morphism 7(X): F(X) — H(X) such that for every morphism f: X — Y, where Y € Ob(C;), the
following diagram commutes:

- T(X)
() H(X)
F(f) H(f)
- T(Y)
¥) H(Y)

Given a natural transformation 7: F — H, if there is a natural inverse transformation 7! then we say
that 7 is a natural isomorphism and hence for any object X € Ob(C1) we have that F(X) is isomorphic
to H(X). This isomorphism is canonical for every object X € Ob(C4) and it involves no choices.

Let C be a category and let F': C — Set be a functor into the category of sets and maps. We may
wonder about the possibility of representing the category C in terms of F' and set. This gives rise to
the concept of representable functor.

Definition 4.2.13. Let C be a category and let Set be the category of sets and maps. For each object
X € C we define the hom functor Hom(X,-): C — Set to be the functor that maps an objects Y € C
to the set Hom(X,Y).



52 CHAPTER 4. INTRODUCTION

Definition 4.2.14. A functor F: C — Set is said to be representable if it is naturally isomorphic to
the hom functor Hom(X, —) for some object X € C. In that case, a representation of F': C — Set is a
pair (X,T), where T: Hom(X,—) — F is a natural isomorphism.

Definition 4.2.15. An object 0 € Ob(C) in a category C is called the zero object if, for all X € Ob(C),
there are two unique arrows 0 — X and X — 0. For X,Y € Ob(C), an arrow X — Y is called the zero
morphism if it factorizes X - 0 — Y.

Definition 4.2.16. Let C be a category and let f: X — Y be an arrow, where X,Y € Ob(C). We say
that k: K — X is the kernel of f if f o k = 0 and, for any other morphism k': K’ — X such that
f o k' = 0 there exists a morphism h: K’ — K such that &' = ko h.

The cokernel of f: X — Y is a dual element to the kernel, namely it is a morphism k*: Y — K* such
that k* o f = 0 and for any other morphism k*: Y — K* satisfying k* o f = 0 there exists a morphism
h: K* — K* such that k* = h o k*.

4.2.1 Homological algebra

The chain complex is the basic structure of homological algebra. It is defined as follows

Definition 4.2.17. A chain complex C is a sequence (C.,d.) of abelian groups and group homomor-
phisms

Cotvor—s Copr My O 0y B3 (4.72)
such that
dpodpyr =0. (4.73)

The abelian groups C;, © € Z are the so-called i-chains and the homomorphisms d; are called the
so-called boundary maps.

Analogously, one can define a co-complex by a simple relabelling of the i-chains and the homo-
morphisms d; as follows

Definition 4.2.18. A cochain C' is a sequence (C*,d*) of abelian groups and group homomorphisms

Cc*o s on T on & ot (4.74)
such that
d*od™ ! =0. (4.75)

The abelian groups C*, i € Z are the so-called i-co-chains and the homomorphisms d* are called the
so-called coboundary maps.

In this letter we will use the cochain notation. From equation (4.75) we immediately deduce that

B'=Imd" ' C Z'=Kerd’®, i€Z, (4.76)

where Ker and Im respectively denote the kernel and image of the given map. Since subgroups of abelian
groups are normal, we can define a new group by taking the corresponding quotient. We define this way
the sth-cohomology group as follows

Hi(C):E, i€ Z. (4.77)
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A cochain is called an exact sequence if all its cohomology groups are zero. The cochain groups C* may
be endowed with extra structure; for example, they may be vector spaces or modules over a fixed ring
K. In that case, the coboundary operators must preserve the extra structure if it exists; for instance,
they must be linear maps or homomorphisms of K-modules.

Let C = (C*®,d%) and D = (D*®,d}) be cochain complexes. A morphism F : C* — D*® between
C and D is a family of homomorphisms of abelian groups F* : C* — D%, i € Z that commute with the
co-boundary operators, that is

Ftlod, =dyoF, €. (4.78)

A morphism of chain complexes induces a morphism Fpy of their homology groups, consisting of the
homomorphisms F},, ¢ € Z defined by

Fiy () = [F'(@)], ValeH (C),icZ. (4.79)

A morphism F such that Fy is an isomorphism, that is, that induces an isomorphism in cohomology,
is called a quast-isomorphism. The prominent example of cochain that will appear in this letter is the
L,-algebra, which we will introduce in chapter 5. For L..-algebras we will need to introduce a less
restrictive concept of morphism, which is adapted to the structure present in L.-algebras.

Suppose that there exists a map f : X — Y between two objects X and Y. Then, Homological
algebra studies the relation, induced by the map f, between chain complexes (or co-complexes) associated
with X and Y and their homology (or cohomology).

Ezample 4.2.19. Given a manifold M we can construct the complex

= QN (M), (4.80)

where Q (M) denotes the set of z-forms on M©. The co-boundary operator is the exterior derivative
d*: Q (M) — QT (M). The corresponding cohomology is the de-Rham cohomology

_ Kerd®
 Imdt

The de-Rahm cohomology groups give important information about the manifold where it is defined.
For instance, the zero cohomology group H° (M) of any differentiable manifold M is given by

H* (M) (4.81)

HO (M) ~R", (4.82)

where n is the number of connected components of M. This can be easily seen from the fact that any
function f € C* (M) such that df = 0 is constant on each of the connected component of M. Therefore,
the dimension of the H° (M) gives the number of connected componentes of M.

Ezample 4.2.20. Lie Algebra Cohomology. Let g be a Lie algebra. We define the following cochain
complex C = (C*,4°*)

Ct = ANy, (4.83)

with coboundary operator 6% : C* — C**! given by

§Fc(zy, - ,zx) = Z (=) (2, 2], T1y -y Biy e ey By s TR (4.84)
1<i<j<k

6See section 2.1 for more details.



54 CHAPTER 4. INTRODUCTION

for all z1,---,zx € g. Notice that we interpret an element ¢ € C* as an alternating i-linear operator
c: g** - R. ¢ is in fact a coboundary operator; it can be checked that 6> = 0. We can introduce now

the Lie algebra cohomology groups, or Chevalley cohomology groups, of g using (4.77)

: Ker §°
H (g,R)= ———. 4.85
(6,R)= i (4:85)
which in fact contain the same information as the de-Rham cohomology groups of G, in the following
sense

Theorem 4.2.21. If g 1s the Lie algebra of compact connected Lie group G, then

Hi (gt R) = Hée Rham (G) : (486)



Chapter 5

Loo-algebras

In this section we review L..-algebras and explicitly describe general L,-morphisms. An L.-algebra
structure on graded vector space L can be defined to be a collection of skew-symmetric maps {l5: L®* —
L} | with ||, = k — 2 which satisfy a rather complicated generalization of the Jacobi identity. We will
therefore start with a more elegant description, given in terms of coalgebras, and prove its equivalence
to the previous characterization.

5.1 Basic definitions

Definition 5.1.1. An L[1]-structure on a graded vector space M is a choice of degree one codifferential
@ on the coalgebra
C(M) =S8 (M). (5.1)

Theorem 5.1.2. An Ly[1]-structure on a graded vector space M, that is, a choice of degree one
codiferential @ on S(M), uniquely determines a family of degree one linear maps

. ok
(s : SF(01) — M>k€N+ , (5.2)
such that
Z Z G(O')m(s+1) (mr (mcr(l) ® - ® xcr(r)) ® To(r+1) ® - Q mg’(k)) =0. (53)
r+s=k c€Sh(r,s)
where €(o) = €(o;21,...,2,) and z1,...,Zr € M. Conversely, any such family (mg)ren+ of degree
one linear maps uniquely determines a degree one codifferential Q on S(M).
Proof. Given a codifferential Q on S(M), consider the restrictions
Qk = Qlarny: S*(M) - §(M), 1<k< oo, (5.4)
so that @ = >°2° Qk, and also the projections
QF, = pracy 0 Qm: S™(M) — 55(M). (5.5)
It follows from proposition 4.1.21 that Q can be uniquely determined by the collection of maps
Qi =pryoQr: S¥(M)— M, k>1. (5.6)

55
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The complete coderivation ¢ can be written as

Qm(210 0Zm)=QL (210 O zpm) + (5.7)
m—1
> e(0) Qi (%(1) -0 $U(¢)> O Zo(i+1) @ - O To(m) (56.8)

i=1 o€Sh(i,m—1)

for any z; € M. Defining now the maps (my),cy+ as follows

(me = Qf : §%() - M) (5.9)

keNt ’
the condition Qo Q = 0 is equivalent to the generalized Jacobi identity (5.3) for the collection (my),+-
In particular, it implies that I; is degree one differential on L. On the other hand, let us assume that
S(M) is equipped with set of degree one maps

(s : SE(01) > M) (5.10)

kENT
obeying equation (5.3). Taking the (mg),cn+ as the (Q,lc)k€N+ components in Lemma 2.4 in [12] we
conclude that there exists a unique codifferential @ in S(M) such that its (Q}) .+ restrictions are
given by the (mg), -+ maps.

O
Hence, an L [1]-structure on a graded vector space M can be equivalently defined in terms of a degree
one coderivation @ on C(M) or in terms of a family of morphisms (mk : Sk(M) — M) - obeying
(5.3). An Le.-structure is related to an Lo [1]-structure by a degree shift in M. In particular, an Leo-
structurleLon a graded vector space L is nothing but an Lo [1]-structure on the graded vector space
M=s""L.

Definition 5.1.3. An Lg-structure on a graded vector space L is an Leo[1]-structure on the graded
vector space s 1L.

An equivalent, more practical, definition is the following

Definition 5.1.4 ([12]). An L.-algebra is a graded vector space L together with a collection

{be: L% = L|1 <k < 0o} (5.11)

of graded skew-symmetric linear maps with |lx| = 2 — k such that the following identity is satisfied for
1<m< oo

S (=17 e(0) (1)U (li(ma(l); 1 To(i) )1 To(it1) - - s fﬂa(m)) =0. (5.12)
i+j=m+1,
o€Sh(z,m—1)

Proof. Let us prove the equivalence of both definitions. If we consider an Loo[1] structure on s~1L then
condition (5.3) can be written as

Zk Z( )E(O')m(s+1) (mr (s_lxa(l) ®-- & S_lmg(,.)> ® S_lmg(H_l) ®---® 8_1:Ba(k)) =0. (5.13)
r+s=k ccSh(r,s

where €(0) = € (0; 57 zy,...,5 'z¢) and z1,. ..,z € L. Using equation (4.29) it can be proven that
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m, (371%(1) R - ® 571370(7«)) _ (_1)2::1(7‘71‘)'30(7;)'7717, os " (:Bg(l) R - ® ma(r)) ) (5.14)

Using now equation (5.14) together with the following commutative diagram

l
A¥ (L) : L
sk st
m
Sk (s1L) : s1L
we obtain
mM,y O 3—7‘ (wo'(l) R ---Q® mo_(r)> = 5_1 ) lr (xo'(l) R R mo‘(‘r‘)) . (515)
Therefore

M(s+1) (mr <3_1a:,,(1) ® --® s_la:a(r)) ® s_lwa(r+1) ®-® s_l%(k)) =

[ . . k—r+1 .y & —
(_1)21':1(7«4)\%(1)\+Z¢:1 (k—rt1-d)|#i| g1 lo 1) (l‘r (ma(l) R - ® ma(r)) ® Lo(ri1)® - ® Zﬂa(k)>(5-16)

where
#1 =1L, (aza(l), - ,:z:c,(,)) y Ei=Tor 14i), 2<i<k—7T+1. (5.17)

Since

T
|l‘r (ma(l):---yxcr('r)) | = 2_T+Z|xa(i)| ) (5'18)
i=1
we have
k—r+1 k 4 . k—r+1 . k .
S B =21+ [Bal,  (~1)Zial e N e ] (gt 3 (e

(5.19)
Finally, using equation (4.34) together with equation (5.19) in equation (5.3), we obtain equation (5.12).
O

Therefore, any L.-algebra (L, ;) corresponds to a certain kind of graded co-algebra C(s L) equipped
with a co-derivation @ which satisfies the identity

QoQ=0. (5.20)
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As we have seen, this identity is the origin of equation (5.12). It is easy to see that for small values of m
that equation (5.12) is a generalized Jacobi identity for the multi-brackets {l;}. For k = 1, it implies
that the degree one linear map [, satisfies

l]_ O l]_ =0 (521)

and hence every Lo,-algebra (L,lx) has an underlying cochain complex (L,d = l1). For kK = 2 we have
that [-,-] =l is a degree zero linear map that satisfies

d[z1, 23] = [dz1, 2] + (—1)2 [21, dzo] . (5.22)

Hence I5 can be interpreted as a bracket, which is skew symmetric

[z1,22) = —(—1)l=2ll=2l g5 247 (5.23)
but does not satisfy the usual Jacobi identity.

Definition 5.1.5. A Lie n-algebra is a Loo-algebra (L, {lx}) such that the corresponding graded vector
space L is concentrated in degrees 0,—1,...,1 —n.

Notice that if (L, {lx}) is a Lie n-algebra, simply by degree counting then l;, = 0 for £ > n+1. Therefore,
a Lie 1-algebra is nothing but a Lie algebra.

5.2 Ly-morphisms

The notion of Ly-morphism will be essential in this work. We now give [12] a naive definition of what
could be an Lo, — morphism.

Definition 5.2.1. If (L!,1}) and (L?,12) be Lo,-algebras then a degree zero linear map f: L' — L2 is
a strict Loo-morphism if and only if the following holds

Bof® =foll VE>1. (5.24)

The definition above however does not reflect the higher structure which resides within the theory in
a natural way. Actually, there is a better definition, see Remark 5.3 of [12], which uses the previously
mentioned relationship between L,-algebras and differential graded coalgebras. This turns out to give
to the collection of morphisms between two L,-algebras the structure of a simplicial set, see reference
[71], which therefore permits to consider homotopies among morphisms, homotopies among homotopies
et cetera. As we did when we defined L.-algebras, we define first a morphism of L [1]-algebras. The
corresponding definition for Ly,-algebras can then be obtained by a degree shift in L.

Definition 5.2.2. An L[1]-morphism between L[1]-algebras (M?,m;) and (M2, m2) is a morphism
F[1]: (C(M*'), Q) — (C(M?),Q?) between the corresponding underlying differential graded coalgebras.
F[1] is thus a morphism between the graded coalgebras C(M 1) and C(M 2) such that
F[1]o Q' = Q%0 F[1]. (5.25)
As it turns out, an Loo[l]-morphism F[1] between (M',m}) and (M?2,m2) corresponds to an infinite
collection of symmetric, degree zero, ‘structure maps’
Fl1] = (folt]: 8% (M') 5> M? 1<k<oo), (5.26)

and such that a given compatibility relation with the multi-brackets must be satisfied. More precisely,
the following proposition holds.
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Proposition 5.2.3. Let (M, m}) and (M?,m3) be Loo[1]-algebras. A morphism from (M?*, m}) to
(M?,m2) is a family of morphism

Fl1] = (fi1): 8* (M}) 5 M? 1<k <o), (5.27)

such that

Z Z E(O’;.’Bl,...,fﬂk) f5_|_1[1] (m,, (za(l),...,ma(r)) 7$a(r+1)7---,$a(k)> =

r+s=k c€Sh(r,s)
k

Z Z Z E(’T;Cﬂl,..-,mk)nl (fjl[l] (xa(glJrl),...,a:a(élJrjl)),...,fjl[l] (mU(%Hrl)"'"mU(%z+jz)>>(5'28)

, . Y TLI 11
I=1j14+51=k TEDg Ji Ji

where k1 = 0 and k, :Ef;llji, 1<s<l.
Proof. See chapter 2 of [72].
The corresponding notion of morphism of L.-algebras goes as follows

Definition 5.2.4. An Ly-morphism F between Lo.-algebras (L', 1}) and (L?,13) is a morphism F: (C(s71L'), Q!
(C(s71L?),Q?%) between their corresponding differential graded coalgebras. F is hence a morphism be-
tween the graded coalgebras C(s~'L!) and C(s~1L?) such that

FoQ'=Q%0F. (5.29)

As in the L [1] case, the notion of Lo,-morphism corresponds to an infinite family of maps, which in
this case are skew-symmetric structure maps

F:(fk:A"’Ll—>L2 1§k<oo), (5.30)

where |fi| = 1 — k. Here again the family of maps have to satisfy a somewhat complicated compatibility
relation involving the multi-brackets. Such compatibility relation can be obtained from equation (5.28)
by means of the following commutative diagram

AF (LY i L?
sk st
1
Sk (s71LY) FLlke s~ir?

by performing the corresponding degree shift in L' and L?.

We see that, particular, the degree zero map f; is a morphism between the corresponding complexes
(L*,11) and (L2, 1)

fioll=08Bof. (5.31)
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As it happens for L [1]-morphisms, the compatibility relation between the family of maps (f;),., and
the multibrackets precisely corresponds in the language of coalgebras to equation (5.29). It can be easily
seen that strict morphisms as defined in 5.2.1 correspond to the case given by f; = 0 for ¢ > 2. Lo
morphisms can be composed in the standard sense, and therefore it is possible to consider the category
of L.-algebras without explicit use the higher structure present in L,-morphisms.

We define now the notion of Le,-quasi-tsomorphism. This definition naturally reflexts the homo-
topical structure that exists between morphisms.

Definition 5.2.5. Let (fx): (L, 11) — (L?,1%) be an Ly-algebra morphisim. Then we say that (f),~;
is an Le,-quasi-isomorphism if and only if the corresponding morphism of complexes -

fi: (L4 13) — (L2,13) (5.32)

induces an isomorphism on the cohomology of the underlying complexes
H*(fi): H* (L1> = He (Lz) . (5.33)

5.2.1 Morphisms from Lie algebras to L.-algebras

Since it will be useful in chapter 6, we will consider L,-algebra morphisms whose sources are simply
Lie algebras (g, [-,-]). In that case the conditions that the components of the morphism must satisfy are
extremely simplified and the resulting expression can be indeed used for practical purposes. We will
assume also that the image (L, ) of the Ly.-algebra morphism is a Lie-n algebra such that

i
Vi>2 l;(z1,...,2;) =0 whenever Z |zk| <O. (5.34)
k=1

This is indeed the relevant case for Lie-n algebras arising from n-plectic manifolds, as we will see in
chapter 6. The relevant proposition is then the following

Proposition 5.2.6. Let (g,[-,-]) be a Lie algebra and let (L,l) is a Lie n-algebra that satisfies the
property (5.34). Then a collection of n anti-symmetric maps

fm:g®m_>L: ‘fm’:]-_m, 1§m§n; (535)

can be taken to be the components of an Lo,-morphism (fr),~, : 9 — L if and only if Vz; € g

S (D (26 35] 00 B B ) (5.36)
1<i<5<m

= U fm (21 Z) + b (FL(21), - -+, f1(Zm)) - (5.37)

for2<m<n and

S VT i (@0,25], 1y By, By e 8ns1) = L (fa(@1), - fil@nsn)) - (5.38)
1<i<j<n+1

Proof. See appendix A.5 of [18] O



Chapter 6

Multisymplectic Geometry

6.1 Multisymplectic manifolds
We will closely follow [18]. For more details about Multisymplectic Geometry the interested reader can
consult [1-4, 10].

Definition 6.1.1. A differentiable manifold M is said to be n-plectic or multisymplectic if it is
equipped with an (n + 1)-form w € Q™! (M) such that it is both closed:

dw=0, (6.1)

and non-degenerate:

VpeM Vue€ TpM, byw =0=u=0. (6.2)

If w is an n-plectic form on M, then we call the pair (M, w) an n-plectic manifold. More generally, if
w is closed, but not necessarily non-degenerate, then we call (M,w) a pre-n-plectic manifold. We will
only deal with n-plectic manifolds, although most of our results can be straightforwardly extended to
the pre-n-plectic case.

Remark 6.1.2. A 1-plectic manifold is simply a symplectic manifold.

Definition 6.1.3. Given two n-plectic manifolds (Mi,w;) and (Mas,w-), a diffeomorphism F: M; —
M is said to be a multisymplectic diffeomorphism if F*wy = wy.

Definition 6.1.4. Given an n-plectic manifold (M,w), an (n — 1)-form B € Q"' (M) is said to be
Hamiltonian if and only if there exists a vector field ug € X (M) such that:

df = —ty,w. (6.3)

We say then that ug is a Hamiltonian vector field corresponding to §. We respectively denote by
Q%L (M) and Xgam (M), the set of Hamiltonian (n — 1)-forms and the set of Hamiltonian vector fields

Ham
on an n-plectic manifold, which are real vector spaces. Note that, due to the non-degeneracy of w, for

every Hamiltonian form there is a unique Hamiltonian vector field associated.

Definition 6.1.5. A vector field v on a n-plectic manifold (M, w) is a local Hamiltonian vector field
if and only if

Lyw=0, (6.4)
We denote by Xuam (M) the vector space of local Hamiltonian vector fields.

61
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Please notice that equation (6.4) is equivalent to

diyw = 0. (6.5)

Hence, for Hamiltonian vector fields z,w is an exact n-form while for locally Hamiltonian vector fields
iyw is a closed n-form, which can be always locally written in terms of an exact form, justifying name
local Hamiltonian vector field. If Hlg (M) = 0 both definitions of course coincide.

Definition 6.1.6. Let (M,w) be a n-plectic manifold. Given o, € Q.1 (M), we define the bracket
{a, B} to be the (n — 1)-form given by

{a,B8} = buglu,W, (6.6)
where u, and ug respectively stand for the Hamiltonian vector fields for a and B.

Proposition 6.1.7. Let (M,w) be an n-plectic manifold and let uy,us € Xygam (M) be local Hamal-
tontan vector fields. Then [u1,us] is a global Hamiltonian vector field with

dl'u1/\u2w = _L[ul,ug]w; (6.7)

and thus Xgam (M) and Xgam (M) are Lie subalgebras of X (M).

Proof. Let uy,us be locally Hamiltonian vector fields. Then by equation (2.22),

Loy by = Ly ug]W - (6.8)

Using now equation (2.21),
Loy byyW = by Gy + Ay by, W (6.9)
However ¢y, dity,w = 0, since diy, = Ly, — Ly,d. O O

Proposition6.1.7 implies in particular that if u, and ug are respectively Hamiltonian vector fields
for o and B, then [uq,ug] is a Hamiltonian vector field for {a, B}. Notice that the bracket defined in
6.1.6 is skew-symmetric but it fails to satisfy the Jacoby identity. In particular we have!

{a1,{az,as}} — {{a1, a2}, as} — {2, {a1, a3}} = —dive, Ava, Ava, W - (6.10)

Therefore, the space Q’I?I;nlﬂ (M) of Hamiltonian forms equipped with the bracket {-,-} is not a Lie algebra
unless n = 1, which is the well-know symplectic case. Hence, we cannot straightforwardly extend the
Poisson structure present in the set of functions on a symplectic manifold to the set of Hamiltonian
forms on a multisymplectic manifold. Nonetheless, equation (6.10) shows that {-,-} fails to satisfy the
Jacobi identity by an exact form, which suggests the existence of an underlying n-Lie algebra structure of
which Q! (M) would be part of. Roughly speaking, if we identify the interior product of k¥ Hamiltonian
vector fields with w as I acting on the corresponding k¥ Hamiltonian forms, then equation 6.10 is the

condition that I and I3 have to obey if they are part of an Lie-n algebra.

We present now a theorem that gives a natural L,-structure, in particular a n-Lie algebra structure,
on differential forms, extending the bracket {-,-} on Qf_L (M). See theorem 5.2 in [11] and theorem 6.7
in [73]. A detailed exposition can be found in [10].

!See proposition 3.5 in reference [10].
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Theorem 6.1.8. Let (M, w) be an n-plectic manifold . Then there exists a Lie n-algebra Lo (M,w) =
(L, {lx}) with underlying graded vector space

(el My k=0
L[} = Ham ’ 6.11
{QnHk(M) 1-n<k<O0, (6.11)

and maps {lk (L8 S L1<k< oo} defined as follows

I (B) =dp, (6.12)
if |B] <0 and
Ee(ug, N---ANug, )w 1 ® --® =0,
b (B, Bi) = {5( $ s plw 1B ® @ (6.13)
0 if|1® - ®B| <0,
for k > 1, where ug, 15 the Hamiltonian vector field associated to B; € Qﬁ;}n (M) and &(k) =
k(k+1)
(-

We can extend definition 6.1.6 and define a k-ary bracket in L (M, w) as follows

{z1,..., ¢k} =l (21,...,Zk) , Ti,...,2% € L(M,w) . (6.14)

Please notice that in the n = 1 case, the underlying complex is simply the vector space of Hamiltonian
functions C* (M). The only non-zero bracket is therefore o = {-,-}, which is simply a Lie bracket.
We thus recover the Lie algebra which underlies the usual Poisson algebra that can be constructed for
symplectic manifold. As explained in section 3.2, in that case there is a well-defined surjective Lie algebra
morphism

m:C%®° (M) — Xgam (M) , (6.15)

which send a function to its (unique) Hamiltonian vector field. If M is connected, it can be shown that
7 fits in the following short exact sequence

0= R—C®(M)5 Xpam (M) — 0. (6.16)

Equation (6.16) is the so-called Kostant-Souriau central extension, see references [74, 75]. The Kostant-
Souriau central extension characterizes,up to isomorphism, the Lie algebra of C* (M) as follows: it is
the central extension, which can be shown to be unique, given by the symplectic form, evaluated at
p € M. The higher analog of the central extension (6.16) is given by the cochain map

m: L(M,w) - Xtam (M) , (6.17)

which is trivial en all degrees but zero. In degree zero it assigns to every Hamiltonian form a its unique
Hamiltonian vector field. The map 7 fits hence in the following short exact sequence

~

00— L(M)S Xgam (M) = 0. (6.18)

Here €2 stands for the cocomplex

Q=C°M) = Q' (M) == Q¥ (M), (6.19)

cl
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where Q7! (M) is the set of closed (n — 1)-forms in M and the coboundary operator is the de Rahm
differential. We introduce a further sequence of operations on L, which turns out to be very handy for
the purposes of this note.

Remark 6.1.9. The operations [... ], on L we introduce now are labelled by integers & > 0, unlike the op-
erations appearing in theorem 6.1.8. The multilinear maps |[... |, are closely related to the multibrackets
of Leo(M,w): for k > 1,

[Otl, v ,ak]k = {al, ey ak}k — (5;0’1(10[1 )
where ¢ denotes the Kronecker delta. In particular, for £ > 2, [... ] and {... }; agree, while [a]; vanishes
if || < 0 and equals —da when |a| = 0. We also have [1]p = —w.
Explicitly, the operations |[...]x are given as follows:

Definition 6.1.10. Let (M, w) be a n-plectic manifold. Let L denote the graded vector space underlying
Loo(M,w).

For all k > 0, we define the multilinear maps [...]x: L®* — Q"*+1=*(M) as follows:
0 if o @ - @ ag| < —1,
[al,...,ak]k: .
S(k)e(vVoy A - AU )w  if o1 ® -+ - @ ag| =0,

6.1.1 Homotopy moment maps

Let G denote a Lie group and g its Lie algebra. Let ®: G x M — M denote a left-action of G on the
n-plectic manifold (M,w). That is, G acts on a € Q°* (M) from the left through the inverse pullback:

g-a— & o, (6.20)

where $,: M — M denotes the diffeomorphism that corresponds to g through the action ¢. The
corresponding infinitesimal action of the Lie algebra g is denoted by the map:

v_1g—=>XM), T+, (6.21)

where:

d
Volp = yexp(—tz) ple-o VP EM. (6.22)
The vector field v_ is usually denoted in the literature as the fundamental vector field associated to
the G-action ¢ on M.

In the context of symplectic geometry, we can equivalently write a moment map p: M — g*
as a comoment map, namely a Lie algebra morphism p*: g — C*®(M); see section 3.2 for more
details. We will introduce in this section, closely following the seminal paper [18], the natural analog in
multisymplectic geometry of the comoment map used in symplectic geometry. It is the so-called map.

Remark 6.1.11. Let us recall the definition of moment and comoment map. Let (M, w) be a symplectic
manifold equipped with a G-action ®. A moment map yx: M — g* is a G-equivariant g*-valued smooth
function on M. The moment map u has to satisfy a particular condition respecto to w. This notion
can be also expressed as a comoment map, which is nothing but a Lie algebra homomorphism g : g —
(C*® (M), {,}) from the Lie algebra g of G, to the Poisson algebra on C*°(M) that can be associated to
the symplectic form.
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Definition 6.1.12. Let G be a Lie group with Lie algebra g. Let (M, w) be an n-plectic manifold which
is equipped with a G-action @ preserving w and such that the corresponding g-action z — v, is through
Hamiltonian vector fields. A homotopy moment map is a Ly-algebra morphism f: g — L(M,w)
making commutative the following diagram:

L(M,w)

g XHam (M)

Hence, f is a lift of v_: g — Xpam (M) in the category of L..-algebras. This lift corresponds to an
L ,-morphism:

(fk)k21 ‘g — Loo (M,W) ) (623)

that in addition is required to satisfy:

— ty,w = d(f1(y)) forally eg. (6.24)

Notice that the condition —¢,,w = d(f1(y)) implies that v, is the unique Hamiltonian vector field for

fi(y) € Q&L (M). In addition, using proposition 5.2.6, we can rewrite the conditions on the components

(fe)>1 - g®* — L (M, w) of the Lo-morphism as follows:

Z (_1)i+j+1fk—1 ([yizyj]:ylz"'1@:1"'1@;)"'7yk) (625)
1<i<j<k

= dfi (Y1, y) FE(R)e(vi A~ A og)w, (6.26)

for 2 <k <n plus

Z (_1)i+j+1f’ﬂ([yi1yj]1y11"')g\i:"':ﬂ;:"':yn-l-l):E(n—’_l)[’(vl/\"'/\vn-l-l)w' (627)
1<1<j<n+1

Here v; stands for the vector field associated to y; via the g-action. Please notice that the theorem 6.1.8
implies in particular that L, (M,w) satisfies 5.34.

Notice also that proposition 6.1.7 implies in particular that v, ;) = [vz,v,] is a Hamiltonian vector
field for

{fi(z), 1)} = L2 (f1(=), f1(y)) - (6.28)
In general, the map f1:g — Q}?I;L (M) will not preserve the bracket on g, z.e., we will have
filz,y)) #4{f1(2), [1(w)} (6.29)

This is nice property should be expected, since the Lie bracket of g satisfies the Jacobi identity but {-,-}
does not.
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Definition 6.1.13. Let (M, w) be an n-plectic manifold. The action of a Lie group G on (M, w) is said
to be Hamiltonian if an homotopy moment map for such action exists.

6.2 Multisymplectic diffeomorphisms and n-algebra morphisms

In this section we are going to study the relation between strict morphisms of Ly,-algebras and multi-
symplectic diffeomorphisms of the corresponding multisimplectic manifolds. That is, we want to know
under which conditions, if any, we can conclude that a strict morphism of Lie n-algebras ¢: L (M;,w;) —
L (M>,ws) induces a multisymplectic diffecomorphism between the corresponding n-plectic manifolds
(Mg,wy), a =1,2. We know that in the symplectic case the answer is positive: two symplectic manifolds
with corresponding isomorphic Poisson algebras are symplectomorphic. We will see that in the n-plectic
case the answer is also positive, at least for a special class of n-plectic manifolds, those which are locally
homogeneous with respect to the multisymplectic form. Hence, at least in those cases, the Ly-algebra
constructed on a multisymplectic manifold is powerful enough to contain important information about
the manifold itself and its differential structure.

Let ¢ : L(Ms2,ws) — L(Mi,w;) be an strict Lie m-algebra morphism and let us write ¢ =
(¢17n; A ,¢0), where ¢,L : Lz (Mg,wg) — Lz (M]_,wl) , 1=1— n,..., 02.

In order to relate strict Lie n-algebra morphisms and multisymplectic diffeomorphisms, we need
first the existence of ¢ to imply the existence of a diffeomorphism F' : M; — M>, which then must be
checked to be a multisymplectic diffeomorphism. This is easily achieved by making use of the following
lemma

Lemma 6.2.1. Let M,,a = 1,2, be differentiable manifolds and 9 : (C® (M2),:) = (C* (M1),")
an algebra morphism, where - denotes the usual multiplication of functions. Then i = F*, where
F : My — My 1s a smooth map. In addition, if ¥ is an algebra isomorphism then F is a
diffeomorphism.

Proof. See theorem 4.2.36 in reference [76].

Hence, assuming that ¢;1_, : C® (Mz) —» C*®(Mj) is an algebra isomorphism from {C* (M), } to
{C* (M), }, we can conclude the existence of a diffeomorphism F from M; to M3 such that:

bn_1=F*. (6.30)

Since ¢ is an strict Lie n-algebra morphism, it preserves the maps {If},_, . 41 of the corresponding
Lie n-algebra?:

d20¢:¢0d1, (6.31)
¢2*kol%(a1;"'7ak):llj<-:(¢00a17"'7¢00ak)7 val:"'aakeg?ﬁ;ril(MZ)i k:277n+1
(6.32)

Using now the definition (6.14) of the L.-algebra maps lx, as well as (6.30), we obtain:

Fr{ad, - an) = {dooad, - gooan} , VY ai,..,ah, €0 (M), (6.33)

2For the precise definition of strict morphism of L..-algebras see 5.2.
3Notice that 1% = d,.
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Assuming in addition that ¢, = F'*, 1+ =1—mn,...,0, it can be proven that the initial set-up consisting
of two n-plectic manifolds and a strict Lie-n algebra morphism ¢ is equivalent, in a precise sense to be
specified in a moment, to considering a unique manifold M equipped with two n-plectic structures wq
and ws such as IL = l%, k=1,---,n+ 1. Notice that the condition ¢y = F* is non-trivial, since for
arbitrary diffeomorphisms we would have

F* . QF 1 (Mg) = Q"1 (My), (6.34)
and we are requiring
F*:Qp 1 (Mg) — Q5L (My) . (6.35)

We will assume then that the Lie-n algebra morphism is given by ¢ = F*, where F' : M1 — M;
is a diffeomorphism, and conclude then that F must be a multisymplectomorphism by studying the
equivalent case of a unique manifold M; equipped with two multisimplectic structures w; and wo, such
that the corresponding Lie-n algebras are equal. Let us first prove the equivalence of both cases.

Proposition 6.2.2. Let (M,,w,), a = 1,2, be n-plectic manifolds, {L (Mg, ws),l}} denote the
corresponding Lie n-algebras and ¢ : {L(Mz,ws),12} — {L(My,w1),li} a strict Lie n-algebra
morphism such that:

¢i:F*ILi(Mg,LUg)—)Li(Ml,wl), 'L':l—n,...,O, (636)

where F : M1 — Ms 15 a diffeomorphism. Then, F 1s a multisymplectic diffeomorphism if and
only if {L (M, w1),li} = {L(Ml,cbl = F*wg),f}c} implies w, = 1.

Proof. If F : My — My is a multisymplectomorphism, then F*ws = w; and therefore {L (M, w1),IL} =

~.

{L(Ml,wl),l}c} since @1 = wi, which in turn implies [} =1}, k=1,--- ,n+ 1.
On the other hand, if {L (M, w:),lL} = {L(Ml,dzl = F*ws) ,f,lc} implies wy = @1., then wy =
F*wy and therefore F' is a multisymplectomorphism. O

In other words, proposition 6.2.2 simply states that the following diagram of strict-isomorphisms of
L,-algebras commutes:

L (Ml, F*LU2)
14 o
¢
L(Ml,wl) L(Mg,wg)

Therefore, we will consider the equivalent situation of a unique manifold M equipped with two multi-
symplectic structures w; and wy. Before proving the main result of this section, namely theorem 6.2.7, it
is necessary to introduce the concept of locally homogeneous manifold and the lemma 6.2.5 of reference

[2].
Definition 6.2.3. Let M be a differentiable manifold. Consider p € M and a compact set KX € M
such that p € K°* A local Liouville or local Euler-like vector field at p, with respect to K, is a

4K° denotes the interior of K.
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vector field AP on M such that suppA? = {q € M!AP(Q) # 0} C K, and there exists a diffeomorphism
¢ : (suppA?P)° — R"™ such that ¢, AP = A, where A = z* azi is the standard Liouville or dilation vector
field in R™.

Definition 6.2.4. A differential form w € T (A("H) (T*M)) is said to be locally homogeneous at
p € M if, for every open set U containing p, there exists a local Euler-like vector field AP at p with
respect to a compact set X C U such that:

Larw = fw,  f€C®(M). (6.37)

The form is said to be locally homogeneous if it is locally homogeneous for all p € M.

Obviously, out of suppA? , the function f vanishes. A pair (M, w) where w is locally homogeneous n-
plectic form is called a locally homogeneous n-plectic manifold. As examples of homogeneous n-plectic
manifolds we can find symplectic manifolds and multicotangent bundles and in fact any oriented manifold
equipped with its volume form.

The following lemmas® will play an important role in the proof of theorem 6.2.7.

Lemma 6.2.5. Let (M,w) be a locally homogeneous n-plectic manifold. Then, the family of hamal-
tontan vector fields span the tangent bundle of M. That s

Ty M = span {v, |v € T (TM) , iyw = doy, oy € Qi (M)} (6.38)

Ham

Proof. Let (M,w) be a locally homogeneous n-plectic manifold, and let v, € T, M be any vector at
p € M. Let U be a contractible open neighborhood of p, which can be shrink in order to be contained
in a coordinate chart U,, with coordinates ¢,. In lemma 4.5 of reference [2], it was proven the existence
of a vector field vy on U, such that suppwvy C U is compact, vy|, = v, and

diyyw =10, (6.39)

that is, ¢y, w is closed. vy can be extended trivially to all M by defining a vector field v € I' (T'M) as
follows:
vlp = vulp, pEsuppoy; v, =0, p¢suppuy, (6.40)

We will prove now that v is a Hamiltonian vector field on M. ¢,,w is a closed n-form with compact
support in U, that is |1y, ]w € HE (U). In addition, we can choose U C U, such that

U~RY,  d=dimM. (6.41)

Therefore HZ (U) ~ HA (]Rd) where HZ (]Rd> denotes the n-th compactly supported cohomology group
of R¢. Noticing that n < d we conclude that

HE (U) ~ HE (RY) ~ {0} . (6.42)
Hence, there exist a (n — 1)-form ay € Q" ! (U) with compact support contained in U such that

Lyyw = day . (6.43)

®Lemma (6.2.5) is actually is a small generalization of lemma 4.5 in [2].
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Now, extending ay trivially to a (n — 1)-form a € Q™ ! (M) as follows

al, = ayly, pEsuppay;  al, =0, p¢suppay, (6.44)

we see that

Lyw = dor. (6.45)

Therefore, v is a Hamiltonian vector field in M that can be build as to give any vector v|, = v, at p € M.
We conclude then that T, M is generated by Hamiltonian vector fields on M evaluated at p € M. [

Lemma 6.2.6. Let M be a multisymplectic manifold equipped with two n-plectic structures wi and
wo such that the corresponding Lie-n algebras are equal, namely L (M,w2) = L(M,w;1). Let us
assume that at least one of the n-plectic structures, say w1, 15 locally homogeneous. Then

ol =22 Vaeal DMy, (6.46)

a o Ham

where v5, a = 1,2 1s the Hamzltonian vector field of o respect to w,, that is
do = Lyaw,, a=1,2. (6.47)

Proof. Let o € Qg:nl) (M) and let v¢ the Hamiltonian vector of a respect to w,. Since by assumption

L (M,w;) = L(M,w;), we can write

B(e,f)=B(ap), Vapeal,’ M), (6.48)
which, in turn, implies
w1 (vi,'vé, . ) = wy (vi,vé, . ) , Va,Be Qg;nl) (M), (6.49)

where v is the Hamiltonian vector field of a associated to w,. Using now that

do = —1,1w1 = —L,2ws, Vo e Qi Y M), (6.50)

Ham
we can rewrite equation (6.49) as follows

w1 (vé,v}g,...) =w (vé,vé,...) , Va,pBe oir-1) (M), (6.51)

Ham

The non-degeneracy of w; together with lemma 6.2.5 finally implies

v =23, Vpeaf)(M). (6.52)

Ham
]

Theorem 6.2.7. Let M be a differentiable manifold equiped with two multissmplectic structures
w1 and ws, such that at least one of them 1s locally homogeneous. Then L (M,ws) = L (M,w1) if
and only if w1 = wo.

Proof. If w; = ws it is obvious that L (M,w2) = L (M,w;). On the other hand, let us assume that
L(M,ws) = L(M,wy). In particular, the underlying complex and the multilinear brackets constructed
from w; and wo must be equal. We can write then

n—1
l%n+1) (al, .. ,a(nH)) = l%n—i—l) (al, .. ,a(nﬂ)) , Voai,...,0me1) € Q%am) (M), (6.53)
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and therefore

i”al/\"'/\va(nJrl)wl = ivalA...Aua(n+1)WZ ) v Vaqy«-- ”Ua(n+1) c xHam (M) y (654)

where we have used lemma 6.2.6 in order to use the same Hamiltonian vector fields for w; and ws.
Evaluating now 6.54 point-wise we obtain, using lemma 6.2.5

7;1’1/\"'/\’1/(n+1)w1’P = 7;1,1/\.../\U(n+1)W2‘p , v ’U]_’p, e 7’U(n+1)’p € Tp (M) . (655)
We conclude hence that wi|, = walp for all p € M and therefore wy = wo. O

From theorem 6.2.7 and propostion 6.2.2 we immediately conclude the final result of this section, namely

Theorem 6.2.8. Let (Mg,w,), a = 1,2, be locally homogeneous multisymplectic manifolds, let
{L(M,,w,),12} denote the corresponding Lo, algebras and let ¢ : {L (Mo, w2),12} — {L (My,w1),11}
an strict Lo, -tsomorphism such that

¢i:F*:Li(M21w2)_)Li(M1;wl)1 izl_ni"'ioi (656)

where F : M1 — Ms s a diffeomorphism. Then, F 1s also a multisymplectic diffeomorphism, that
18, F*ws = wy.

Proof. Direct consequence of proposition (6.2.2) and theorem (6.2.7). O

6.3 Product manifolds and Lie n-algebra morphisms

Consider two multisymplectic manifolds (M,,w,), a = 1,2, where w, is an n,-plectic structure defined
on M,. The goal of this section is, roughly speaking, to study the relation between the n,-Lie algebra
L (Mg, w,) constructed over M, and the Lie-n algebra L (M, w) constructed over the product manifold,
M = M; x My, equipped with the n = (n; + ny + 1)-plectic structure w = prjw; A priw.. Here
pr, : M — M, denotes the canonical projection.

Finding such a relation is relevant for at least two reasons. First, it help us to understand how
n-plectic Lie algebras are related to the corresponding multisymplectic manifolds in a deeper way, since
it give us information about how they behave when some operation is performed in the manifold, in this
case the cartesian product. Secondly, it is relevant in order to construct an homotopy moment map® for
the product manifold, assuming the homotopy moment maps for (Mj,w;) and (Mas,w2) exist. Indeed,
let G, be a Lie group with Lie algebra g,. Let (M,,w,) be a n,-plectic manifold equipped with a G,
action which preserves w, and such that the infinitesimal g, action is via Hamiltonian fields. Let us
assume that the corresponding homotopy moment maps exist and are given by f, : go = L (Mg, w,). In
that case, if H: L (M1,w1)® L (Ms,ws) = L (M,w) is a L-morphism, then the composition of f; & f
and H is a very reasonable homotopy moment map candidate for the product manifold G; x G2 O (M, w).
To obtain H by brute force seems to be a very involved task to perform in general. It will turn out to be
easier to directly construct an L,-morphism F from g; & g2 to (M; x My, w), making use of f,, which
can also be used to make an educated guess for H, as it is illustrated by the following diagram:

6See section 6.1.1.
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L (M, w1) ® L (Ms, ws) H L(M,w)

fi|fe

91D g2

Since it will be useful in the following, let us remember that the tangent bundle of the product manifold
M can be written as follows’
TM =priTM; @ prsTMs, (6.57)

and therefore

I'(TM) =T (priTM1) @ T (pr3TMs) . (6.58)

In particular, it holds priT' (TM,) C I'(pr;TM,) C T'(TM). The first task is now to check that w is

indeed an m-plectic structure on M, provided w, is an n,-plectic structure on M,. It is straightforward

to see that w is closed

dw = pridwi A prows + (—1)"*priwi A prydws = 0. (6.59)

To see that it is non-degenerate, let us assume that there exists a vector field v € I'(M) such that
1,w = 0. There exist then sections X, € I" (priTM,) such that:

v=X1 0 X,, (660)

and therefore:

LyW = LyPTiws A priws + (—1)™" Mpriws A v,priws, (6.61)
implies v, = 0 and v = 0 since w, is non-degenerate. Let us consider now X,, € Xygam (M) =
I'Ham (T'M,) and construct the vector field

Xo =PriXa, +Pr5Xa, - (6.62)
We have then

ix,w = —d [prijai A pryw + priw; A pryas] = —da, (6.63)

and hence X, is a hamiltonian vector field for w with hamiltonian (n; 4+ ns)-form a, which is of course
defined up to a closed form. Therefore we have

prilgam (TM1) + prilaam (TM1) C THam (TM) . (6.64)

The following example shows that in general

prIPHam (TMl) + pr’z‘l"Ham (TMl) # PHam (TM) . (6.65)

"See section 2.2.
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Ezample 6.3.1. Let M, = R? with coordinates (z}, z2) equipped with the volume form w, = f, dzl Adz2,
where f, € C® (RQ) is a no-where vanishing, non-constant, differentiable function. Then

M=R* = w=fifodz' A---Adz* (6.66)
where the coordinates of R* are denoted by (z!,...,z%). Then
1 0

Xog=——"7"—"77—, a = z2dz3 Adz* 6.67
f1fo 01
1J2

is a Hamiltonian vector field which cannot be written as a sum of Hamiltonian vector fields X,, of
(Rziwa)'

We are going to define now two applications hq and hy as follows

ha: QRN (M) @ QR (M) — QI (M)

Ham Ham Ham

a; ®ay +— priog Apriws + priw A prias, (6.68)

h% : %Ham (Ml) & %Ham (M2) — %Ham (M)
Xou 2] Xaz = prIXOtl + prgXaz ) (669)

which make the following diagram commutative

Qam (M1) © Qe (M) Qe (M)
J k
hx
XHam (Ml) ® XHam (M2) XHam (M)

Here j (a1 @ a2) = Xo, ® Xa, and k(o) = X,. The vector space Xpam (M1) & Xgam (M2) over the real
numbers R can be endowed with an R-linear Lie bracket

['7 ']o . %Ham (Ml) & :{Ham (MZ) & :{Ham (Ml) (&2 :{Ham (MQ) — :{Ham (Ml) &%) :{Ham (Mz) ) (6.70)
defined as

[qu @ Xaz:Xﬂl ® X,Bz]o = [XOtl)Xﬁl]l @ [XazxX,Bz]z ) (6~71)

where [-,-], : XHam (Mq) ® Xtgam (Ma) = Xfam (M,) is the canonical Lie brackets defined on X (M,)
and evaluated on Xgam (M,). It can be easily seen that hx preserves the Lie bracket, that is

hx ([Xou ® XocQ:Xﬁl @ Xﬁ2]o) = [h%(Xou ® Xﬁl):hf(XOQ & Xﬁz)] . (6'72)

Similarly, QFL 1 (M1) ® QF2_ " (Ma) can be endowed with a bracket

Ham Ham
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{1} U (M1) @ Dy’ (M2) @ Qi (M1) @ Qs (M) = Qi (M1) @ QL (M2) (6.73)

defined as follows

{1 @ az, B1 ® P}y = {a1, 1} ® {02, B2}, , (6.74)
where {-,-}, : QFeT (Mo) ® Qf2 (Ma) — Q! (M,) is the canonical Hamiltonian bracket defined
on Qﬁ‘;;ll (M,g). However, in this case, hq does not preserve the bracket {-,-},, namely

ha ({o1 ® az, B1 ® Bo}y) = {halar ® a2), ha(B1 ® B2)} + (—1)"d [prias A prdBs — prifi A pradas] .

(6.75)
As we have previously stated, the goal of this section is to relate the n,-Lie algebras L (M,,w,) con-
structued over (M,,w,) to the (n1 + na + 1)-Lie algebra L (M,w) constructed over (M,w). More
precisely, we want to construct an Lie-n algebra morphism from L (Mi,w;) & L (Mz,ws) to L (M,w).
To construct such morphism, hq is going to be extremely relevant. The idea is to use hq as the very
first component of the L..-algebra morphism H. This suggested by the fact that hq fails to preserve
the bracket {-,-}, by an exact form, something that is characteristic of the corresponding component
in a Lo,-morphism. Assuming therefore that H; = hqg, we expect to obtain the form af all the other
components of H by imposing the defining and consistency conditions that H has to obey, namely (6.25)
and (6.27). However, this is an extremely involved procedure, so we have been able to check it only in
the simplest case, where (M,,w,) are both symplectic spaces. In any case, let us stress that we expect
the procedure to hold in full generality.

6.3.1 (M,,w,) Symplectic manifolds

Since (M,,w,) is a 1-plectic manifold, we have that (M,w) is a 3-plectic manifold. Consequently, the
cochain complex L of the Lie 3-algebra L (M,,w,) is given by

L:C®(M)—= QY (M) = Q2(M) = Q. (M), (6.76)

where the coboundary operator is the usual de Rham exterior derivative. On the other hand, the cochain
complex L, which underlies the 1-Lie algebra L (M,,w,) is simply

Lo : C®(M,) . (6.77)

In this simpler situation, L (Mi,w;) & L (M3, ws) is just a regular Lie-algebra, so we can apply pro-
postion 5.2.6 in order to obtain the remaining components of the L,,-morphism H from the Lie algebra
L(Mi,w1) ® L (Mz,ws) to the 3-Lie algebra L (M, w). H consists of three maps

Hy : [C® (M) x C®° (M)|®* - L, k=1,2,3. (6.78)

Please notice that we are imposing H; = hg. The two remaining components will be find by imposing
the defining conditions of a Ly, morphism on H, which in proposition 5.2.6 have been adapted and
simplified to the case of a Lie algebra as the domain of the morphism. As expected, the procedure is
consistent and Hs and H3 can be determined, making H into an honest Lo,-morphism. They are given
by®

8In equation (6.80) we have omitted the pr} in order to make more readable the expression.
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1

Hy (f1, f2,91,92) = 5 (prifi A pradgs — pridfi A prags — prigi A prydfs + pridgs Apryfa),  (6.79)

Hs (f1, f2, 91,92, h1, h2) = % (f1{g2, ha} + fa{g1, 1} — g1 {f2, h2} — g2 {f1, h1} + h1{f2, g2} + h2{f1,91}) »
(6.80)

for all f,, ga, ha € C® (M,), a =1,2. As explained in section 6.1.1, in order for H to be an homotopy
moment map we have to check that

—ly W= d(fl(m)) ) (681)

which holds by equation (6.63). Therefore, we have constructed explicitly a Lie-n algebra morphism
from L (Mi,w1) X L (Mz,ws) to L (M,w), and we expect the same procedure to hold in the general
case. However, it turns out to be too involved to be carried out explicitly and a different approach is
needed.

6.4 Product homotopy moment maps

Since finding H explicitly seems to be a too complicated task to be performed by brute force, in this
section we are going to pursue a different goal. We are going to build an L-morphism from® g, @ gs
to L(M = M, x My, w = priw, A pryws), assuming that there exist homotopy moment maps fc for
Ge O (Me,we), C = a,b. Here go is the Lie algebras of the Lie group Go. The Loo,-morphism
F will give us an homotopy moment map for the product manifold in terms of homotopy moment
maps of the factors. Besides, F may give us also the opportunity to make an educated guess for H :
L (Mg,wa) ® L (Mp,wp) = L(M,w).

Hence, let (M¢c,we) ,C = a,b, be a n-plectic manifold and let G- be a Lie group, with Lie
algebra gc, which acts on (Mg, we) in a Hamiltonian way, with corresponding homotopy moment map
f€ 90 = Lo (Mc,we). Then G = G, x Gy acts on the (n, + ny + 1)-plectic manifold!®

(M =My x My, w=ws Awp) .
The main theorem of this section is Theorem 6.4.3, where from the above data we explicitly construct a
homotopy moment map F : g, ® gp — Loo(M,w).
6.4.1 The construction of F

We first recall a few facts from [18] [20]. Let (M,w) be a n-plectic manifold, and G a Lie group acting
on M preserving w. The manifold M and the Lie algebra g give rise to a double complex:

K = (A"'g" ® Q(M),dg, d),

where d; is the Chevallier-Eilenberg differential of g and d is the de Rham differential of M. We consider
the total complex with differential:

dtotizdg®1+1®d.

®In this section we are going to use a different notation, more suitable for the expressions that we will find. a and b are
not indices but labels that denote different objects.

10We will slightly abuse the notation, denoting a differential form on M¢ and its pullback to M, x My, via the canonical
projection, by the same symbol.



6.4. PRODUCT HOMOTOPY MOMENT MAPS 75

Hence, on an element of A*g* ® Q(M), diot acts as dg + (—1)*d.
For any G-invariant o € Q¥ (M) define:

of: AP g QN RM), (21, zk) -l Ao Ag)o,

and:

§:=> (-1)F 1ok, (6.82)

Since each o* can be viewed as an element of A*g* ® Q¥ ~%(M), it follows that o can be viewed as an
element of K of total degree N. It turns out that & is d:.:-closed, as a consequence of the fact that w is
a closed form. The link to homotopy moment maps is given by [18, Prop. 2.5], which we reproduce for
the reader’s convenience:

Proposition 6.4.1. Let ¢ = @1 + -+ + @n, with g € A*g* @ Q" *(M). Then: ditp = @ iff
fi = s(k)pr: AFg— Q¥ *(M),
for k=1,...,n, are the components of a homotopy moment map for the action of G on (M,w).

Now we apply the previous machinery to the manifolds M,, My, M, x M, and the data given at the
beginning of this section. For each of these three manifolds we obtain a double complex, which we will
denote by (Ka,d2,), (Ks,d%,,) and (K, ds:) respectively.

—~—

Lemma 6.4.2. Let ¢ € K© be of degree nc. If dgtcpc = we for C = a,b, then diptp = We AWy
where:

1 _
= (—p"w + (—1)"@a9®) + (¢%ws + (—1)™ M wae®) € K.

Proof. First notice that:

P

Wa AWy = —Walp + Wy + Walp - (6.83)

This is a consequence of: Wiy = Wa A wp for @ := we — WE.
Now we exhibit d;.-primitives for each of the three summands in eq. (6.83).

diot(9°@y + (1)1 i09°) = iy + (—1)"2 9Pyl + (—1)"* 1,0 ” + Wadior”
= 2&:@7

where in the last equation we used our assumption and d,dc = 0, which holds by [18].
Further
Brot(p%ws) = dicy @ wp + (—1)" P diyws = o,
where in the last equation to compute d?,w, = 0 we have to enlarge the double complex K to include
A(96)* ® Q(Mp) = Q(My).
Similarly,
diot((—1)" M wa ) = waids.

O]

Applying Prop. 6.4.1, the diy-primitive of wq A wp Obtained in Lemma 6.4.2 allows us to construct a
homotopy moment map for the g action on (M, w, A wp):
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Theorem 6.4.3. Let Go be a Lie group with Lie algebra gc, where C = a,b. Let (Mc,we) be
a ne-plectic manifold equipped with a Go action admitting a homotopy moment map f€ : go —
Lo (Mo,wc). Then the action of Gox Gy on (M,w) := (Mg x My, waAwp) admits a homotopy moment
map with components determined by graded skew-symmetry and the formulae (k =1,...,n1+n2+1)

Fk:(ga@gb)®k — Loo(M:w)

1 m 1 l a a 1 m
(:Ba, U S T ,mb) R (:na, R 3 ) ALy, 1w (6.84)

+ C‘Z:n,l Ll,...,mwa A flb (zljﬁ v 7:5%7) )
where m,l >0 withm+ 1=k, =%, € g, and mz € gp. Here we define f§ = fé’ =0 and:

L1, iWc =1 <’Uflc(zlc) A A ’l)flc'(mlc)) we .

The coefficients are defined as follows for allm > 1,1 > 1:

1
Cmg = s(m+ Ds(m)(—1)met1=mt, (6.85)
1
i = os(m+ De()(—1)fretimmln), (6.86)
and:
Cmo=1, chy = (—1){Enetl)
E(k+1)
Recall that (k) = —(—-1)" 2 .

Remark 6.4.4. The formula for Fj simplifies once written using the operations |...] introduced in Def.
6.1.10:

where for allm > 1,1 > 1

&, = —%(—1)%“)’, (6.87)
&, = _%(_1)(na+1)(1+1)+m, (6.88)
and:
&y =1, C/g\z — _(—1)D(nat1)

This is a straightforward consequence of ¢(m)s(l)s(m +1) = —(—1)™ for all integers m,l > 0.
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Proof. Prop. 6.4.1 and Lemma 6.4.2 deliver a homotopy moment map F': go @ gp — Loo(Ma X Mp,w)

whose components Fy, for k =1,...,n, + np + 1, are given by:
Fk = C(k)‘Pk )
where:
1 a~ Ng~ b a ng+1 b
o =S (=0*W + (-1)"0ag”) + (W*ws + (~1)™ " way”) - (6.89)

Let us point out that:

o € M (g2 @ g7) ® Qe I=E) (A, X M) .

In order to prove the theorem we just have to write Fy using equation (6.89) and f& = ¢(k)@2, fo =
s(k)¢t. We do so evaluating the components of F on elements of g, and of gs.

We have:

Fn(zg, .., 27") = s(m)pm(zs, ..., 27") = s(m)eh, (2, - .., 20") Awy

= fr(zf,...,28) Aws,

using that 2 = ¢(m)f% in the last equality. In the second equality we used eq. (6.89) (notice that on
the r.h.s. of eq. (6.89), only the summand @®w;, gives a contribution). We conclude that:

Cmo =1, m>1.

Let us take now:

Fi(zy, ..., 23) = sW@i(ey, ., z5) = s(O)(=1)" " (wap]) (23, ., T5)
= (~1)" " H(waf?) (- - 1)

= (~1)"= N g A fP(a, . 2h).

The last equality holds since!!, if we pick a basis {¢2} of g} and write f? as a sum of terms of the form
LA AE @B € (g7) @ QMY (My), then:

(1Qwa)(E A A& ®B)=(—1)"te A A€ ® (wa AB).

We obtain:
chy = (~1)lmetNE >
For m,l > 1 consider:
Ferl(mz])-,:' v 7:B311$Z])-1 . 7mé)
=¢(m + D)@m 125, -, T3, T, - - Tp)

1 a (7 n i m
=s(m+1); (@) + (~1) @)t (25, ., 2T, 23, ., 2)

=¢(m + l)% (—g(m)(—l)l’lfﬁtwbl + (—1)”“(—1)m’lg(l)wamflb> (zi,..., 27z}, ... ,:Bé) ,

1We are slightly abusing the notation by denoting the product of two elements in the double-complexes K¢ or K and
the wedge product of forms simply by juxtaposition.
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where in the last equality we used eq. (6.82). We have:

1 m 1 l)

_(p%z&;gl = (fgzwbl)(ma: <o Ly 3 Ty -+ T (_1)(na—m)lfg.z($(1” e .,a:;n) /\(Ubl(fl}%, s ,.’13%,),

using f& € Agl ® Q"™ (M,) and wy' € Alg} ® Q (M;). Therefore:

1
g = §g(l + m)g(m)(—1)ati-m)

Similarly,

8T = (W)l 0 g, ah) = (~1) e (el A fad, ),

a?

using w,™ € Agk ® Q"1™ (M,) and ff € Alg; ® Q(My). Hence:

bt = 5s(+ m)s(E)(~1)(ne D),

m,

O]

Example 6.4.5. We spell out the homotopy moment map constructed in theorem 6.4.3 in the case that
M, and M, are symplectic manifolds, i.e. n, = np = 1. In that case f*: g, — C*°(M,) is an ordinary
comoment map, just like f°, and (M, w) is a 3-plectic manifold. One obtains:

Fi(za ® 7b) = f(2a) - Wy + wa - f*(2s)

1
Fz(ma @D Ty, Ya @ yb) = 5 (_fa(xa) . vab(yb)wb + vaa(za)wtl ' fb(yb)) - (.’12 & y)

1
F3($a D Ty, Yo O Y, 24 D Zb) = _5 (fa(xa) : vab(yb)/\vfb(zb)wb + L’Ufa(za)/\‘Ufa(ya)wa : fb(zb)) + c.p.

where z¢, Yo, 2¢ € ge for C = a,b and “c.p.” denotes cyclic permutations of z,y, 2.

6.4.2 Non-associativity of the construction

The construction of homotopy moment maps for product manifolds given in theorem 6.4.3 is not asso-
ciative.

More precisely: for C = a,b,c let G¢ be a Lie group with Lie algebra g¢, acting on a ne-plectic
manifold (Mc,wc) with homotopy moment map f€ : gc — Lo (Mc,we). Denote by f@ x f° the
homotopy moment map for the action of G, x G on (M, x My, w, A wp) constructed in theorem 6.4.3.
Then

(fox )% fo# fox (F0 % F9), (6.90)
as one can see from a straightforward computation using the fact that ¢z, ; = j:% form>1,1> 1.
Indeed, the construction of the d;.s-primitives done in lemma 6.4.2 is also not associative: denote

by ¢ the elements of K€ corresponding to the homotopy moment maps f© (via proposition 6.4.1). If
we denote by ¢® * ©° the d;.-primitive of w, A wp constructed in Lemma 6.4.2, then (¢® * ©°) * ©° and

~——

©® * (p° * ©°) are different'? primitives for ((wg A ws) A we) = (wa A (wp Awe)). The difference between
these two primitives is:

120ne could hope that redefining ¢ * ¢° by adding a real multiple of d:ot(9%@®) to it might remove this issue, but this
is not the case.
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1 —— 1 .~

Hence the two homotopy moment maps appearing in eq. (6.90) are inner equivalent in the sense of [18,
Remark 7.10]. This notion of inner equivalence is the one that arises naturally considering the complex
A (ga X gb X ge)* ® Q(M, x My x M.), and can be characterized as equivalence of L.-morphisms (see

[18, Prop. A2]).

Under quite restrictive conditions, there is another way to construct homotopy moment maps for
product manifolds, which does have the property of being associative in the sense above.

Remark 6.4.6. Given an action of G, on the n,-plectic manifold (M,,w,), the theorem [18, Theorem
6.8] provides a map:

&y, : {Closed extensions of w, in Cg,(M,)} — {Homotopy moment maps for (M,,w,)},

where Cg,(M,) = (Sg ®Q2(M,))% is the Cartan model for the equivariant cohomology of the G, action
on M, (it is a differential graded algebra).

This map is not surjective in general [18]. It is also not injective in general: by the formulae in [18,
Thm. 6.8] it is clear that, if g, is a abelian Lie algebra, then the component lying in (S%gX®Q"~3(M,))%=
of a closed extension ¥* can not be recovered from the homotopy moment map $s, (¥?).

However, in the cases in which &), and &), are injective!?, one can carry out the following
construction:

if homotopy moment maps f¢ for (Mc,wc) arising from closed extensions in the Cartan model
(C = a,b) are given, then
&t (P - Y°) (6.91)

is a homotopy moment map for (M, x My, w, A wp), where € is determined by &, (%) = €, and
the dot denotes the product in the Cartan model Cg, xg,(Ms % My). This prescription has the property
of being associative, in the sense above, for the simple reason that the algebra structure in the Cartan
model is associative.

In the special case of symplectic manifolds (M,,w,) and (Mp,ws), the injectivity assumption is
satisfied. The above prescription (6.91) delivers a homotopy moment map H for (M, x My, wq A Ws),
which as expected is different from the one F' obtained in Ex. 6.4.5: we have H; = Fy, Hy = F5, but

2
H3(zo ® Tv, Yo ® Yb, Za D 25) :§F3($a ® Tv, Ya B Yb, 2a B 2)

1

— 5 (1°@a) 7 (o 28)) + £([Wr 2a]) (@) + c0.)

where z¢, Yo, 2¢ € go for C = a,b.

6.5 Application: homotopy moment maps for iterated powers (M,w™)

In Section 6.4 we have shown how to build a homotopy moment map for the product manifold of two
multisymplectic manifolds, assuming that a homotopy moment map for the individual manifolds exist.
Here we apply this construction to some specific examples of geometrical interest: powers of closed forms
and Hyperk&hler manifolds.

13The same prescription does not seem to work without the injectivity assumption, for in that case it seems to depend
on the choice of % and %°. In view of the formulae in [18, Thm. 6.8], the technical reason behind this is the following: if
P§ € S?g; is a quadratic polynomial on the Lie algebra g,, then the total skew-symmetrization of P§([-,],[-,]): ¢&* = R
does not seem to be determined by the total skew-symmetrization of P§(-,[,-]): g2 — R.
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6.5.1 Restrictions

Let G be a Lie group with Lie algebra g, acting on a n-plectic manifold (M, w) with homotopy moment
map f: g = Le(M,w). One obtains new actions, either restricting to a Lie subgroup of G or to an
invariant submanifold of (M,w). We display homotopy moment maps for both cases.

Lemma 6.5.1. Let H C G be a Lie subgroup, and denote by j: h — g the wnclusion of its Lie
algebra. The restricted action of H on (M,w) has homotopy moment map foj: bh — Loo(M,w).

Proof. The Lie algebra morphism j is in particular an L.,-morphism, so f o j also is. Since eq. (6.24)
holds for all ¢ € g, in particular it holds for all z € b. O

Lemma 6.5.2. Let N <5 M a G-invariant submanifold of M. Then the action G O (N,t*w) 18
Hamultonian with homotopy moment map t* o f : g = Lo (N, 1*w).

Proof. According to definition 6.1.12, we have to show that
fNi=i*of:g9— Le(N,i*w)
is an Lo,-morphism such that
— Ly )N W = dfi¥(z), Vzeg, (6.92)

where (v, )V, which is a generator of the action on N, denotes the restriction of the vector field v, to N.

Eq. (6.92) follows simply by applying the pullback i* to Eq. (6.24). To show that f¥ is an
L oo-morphism, let us introduce the following L,-subalgebra of Lo, (M, w):

IN(Muw)=C®(M)e Q' (M)®--- & Q%L (M),

Ham

where:

Qrl(M) = {a € Q%1 (M) : 3 a Hamiltonian vector field of a tangent to N} .

Ham Ham

Since Lo, (M,w) and LY (M,w) are equal in every component except for the degree zero component, in
order to see that LY (M,w) is really a Lo,-subalgebra of L, (M,w), we only have to check that the binary

bracket Iy of Lo, (M,w) restricts to Q-1 (M). This is indeed the case since given any two Hamiltonian

forms o and B and respective Hamiltonian vector fields v,,vg, a Hamiltonian vector field for I3(a, B) is
given by the Lie bracket [v,,vg], which of course is tangent to N whenever both v, and vg are.

Notice that the homotopy moment map f: g — Lo (M,w) takes values in LY (M,w), that is,
fe(z) € LY (M, w) , Veeg® k>1. (6.93)

To prove this, since Lo, (M,w) and LY (M, w) are equal in every component but the zero one, we have
to check equation (6.93) only in the k£ = 1 case, that is, we have to prove that

fi(z) € Qum (M),  Vzeg.

It holds since a Hamiltonian vector field of fi(z) is the generator of the action v., which is tangent to
N by assumption.

Next, notice that the pullback of forms

i*: LN (M,w) = Lo (N, 3*w)
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is'# a (strict) Loo-morphism, as a consequence of the facts that 4* commutes with the de Rham differential
and due to the definition of Q%1 (M). We conclude that i*o f : g — Leo (N, 3*w) is a homotopy moment

Ham

map. O

6.5.2 Actions on (M,w A w)

Let us consider two multisymplectic manifolds (M¢c,we), C = a,b. We assume that there is a Hamil-
tonian action of a Lie group G¢ (9 Mc with corresponding homotopy moment map f€ : go —
Lo (Me,wc). By theorem 6.4.3 we know that there is also a Hamiltonian action:

Go X Gp O (Mg X My, wg A wp) , (6.94)

with homotopy moment map F' given by theorem 6.4.3.

Assume now that G, = Gy =: G, whose Lie algebra we denote by g. One can restrict the action
(6.94) to the diagonal AG ={(g,9) : g€ G} of G x G:

AG O (Mg x My, wa A wy). (6.95)

By Lemma 6.5.1, a homotopy moment map for this action is:

Foj:Ag— Lo (Mg x My, wy A wy) ,
where
j:Ag={(z,z):z€g} - gDy (6.96)
is the inclusion. By the isomorphism G ~ AG, g — (g, g) we can view eq. (6.95) as an action of the Lie
group G, and jasamap g~ Ag—> g®g.
Now we specialize even further, taking M, = My =: M, w, = wy =: w and f* = f°.
The diagonal AM of M x M is invariant under the action of AG. Therefore, using the inclusion

1:AM — M x M (6.97)

and the identification M ~ AM we obtain by restriction an action of G on M:

G~AGO (AM,t* (wAw)) ~(MwAw).

Of course, this is interesting only when w has even degree, for otherwise w A w = 0. Lemma 6.5.2 states
that this action is Hamiltonian with homotopy moment map given by

t"Foj:g— Lo (M,wAw),

where F' is as in theorem 6.4.3.

Remark 6.5.3. If an action G O (M, w) is Hamiltonian, then the action G O (M,w™), m € N, is also
Hamiltonian. This follows from a slight variation of the above reasoning, allowing w, and ws to be
different.

Remark 6.5.4. The above reasoning also leads to the following more general statement. Consider again,
for C = a, b, actions G¢ (9 M with corresponding homotopy moment maps f©. Assume now that there
is a manifold B and Gg-equivariant submersions 7o : Mo — B. Then the diagonal action of G on the

“However the map Lo, (M,w) — Lo (N, 3*w) given by pullback of forms is not an Le,-morphism. This is the reason we
need to introduce LY, (M, w).
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fiber product M, xg My = (7, x ™) (AB), endowed with the pullback by the inclusion of w, A ws,
admits a homotopy moment map.

The special case M, = M, = B with 7, = m, = Id delivers (M, w Aw). Another interesting special
case arises when mo: Mo — B are principal Ge-bundles (in that case the action on B is trivial).

Making more explicit the formula for ¢*F o 7, we obtain:

Proposition 6.5.5. Let G be a Lie group with Lie algebra g, and fiz an action of G on an n-plectic
manifold (M,w) with homotopy moment map f: g = Loo(M,w), where n ts odd. Then the G action
on (M,w Aw) has a homotopy moment map, with components (k=1,...,2n+1)

0® 5 Lo (M,wAw)

k

m=1 Ueshm,k—m
Remark 6.5.6. The above double sum consist of 2 — 1 summands.

Proof. Fix k> 1 and z* A--- A z* € A*g. Notice that:

j@)y A nj(zF) € A¥(g @ g)

is the sum of 2 monomials in a natural way. For instance, introducing the notation j(z) = z, ® s, one
has j(z!) A j(z?) = 22 A 22 + 22 A 22 + 2} A 22 + 2} Az2. Let X denote one of these monomials, let m
be the number of elements in X decorated by the index “a”, and [ := k — m.

If m=0orl=0,itis clear by Thm. 6.4.3 that (¢*(F%))(X) = F(X) Aw.

Hence we consider only the case that m,l # 0. X can be written as
(_1)0:1;2(1) Ao A .'Bg(m) A z:’(m""l) A A mz'(k)

for a unique o € Sh,,;. By theorem 6.4.3 we have:

F(X) = (~1)7 [ Fn (257, 38) A oty oy (6.9
+ &8 to(1), o (m)W A f (zl‘:(mﬂ), o ,mz(k)) ]

Denote by Y the monomial obtained from X interchanging each index “a” with the index “b”. Notice
that Y can be written as

T(I+1)

(1) zeM A A gD Al AL A 2]

for a unique 7 € Sh(l,m). One can check that the first summand of Fi(X) in eq. (6.99) agrees exactly
with the second summand of Fi(Y). Hence:

(F(F))X +Y) = 2{(—1)06%,1 m (20(1), c :Ba(m)> A Lo(m+1),...o(k)W

+ (—1)Tc?:m fm (:I:T(l), RN .'BT(Z)> A LT(Z+1),...,T(k)W}-

Pairing two by two as above all the summands of m(z!') A --- A m(z*) and summing up, we see that
(1*(Fg) o j)(z! A --- A zF) equals the expression given in the statement of this proposition. O

Not all the homotopy moment maps for (M, w A w) arise from homotopy moment maps for (M, w)
as in Prop. 6.5.5, as the following example shows.
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Ezample 6.5.7. Consider the symplectic manifold M := S* x S! x S! x R with canonical “coordinates”
61, 6-,05, 24, and symplectic form w = df; Adf> +dbs3 Adzs. The action of the circle on M with generator
8%1 is by symplectomorphisms, but does not admit a moment map since dfs is not exact.

On the other hand w A w = 2df; A df> A dB3 A dzy4 is exact with invariant primitive (for instance,
as primitive take —2z4df; A df2 A df3). Therefore by [18] there is a homotopy moment maps for w A w,
constructed canonically using this primitive.

6.5.3 Hyperkihler manifolds

The results in this subsection are closely related to Martin Callies’ results in [77].

Definition 6.5.8. A Hyperkiihler manifold is a Riemannian manifold (M, g) equipped with three
complex structures J; : TM — TM ,+ = 1, 2,3, which satisfy the quaternionic relations Ji2 = J1JoJ3 =
—1 and are covariantly constant with respect to the Levi-Civita connection V associated to g, that is,
VJ; =0,1=1,2,3. We say then that (g, J1, J2, J3) is a Hyperkdhler structure on M.

As a consequence of the definition of Hyperkdhler manifold, M is also equipped with three symplectic
two-forms w; ,72 = 1,2, 3, as follows

w; (u,v) = g(Jiw,v), u,veX(M), 1=1,23.

Remark 6.5.9. Notice that w; is non-degenerate as a consequence of g and J being non-degenerate and
it is closed as a consequence of J; being covariantly constant. In fact, we have Vw; =0 for 2 = 1,2, 3.
Ifa, e R,2=1,2,3, with Zf’zl a? =1, then Ef’zl a;J; is a complex structure un M , and g is Kéhler
respect to it, with K&hler form Z?:l a;w;. Hence, a Hyperkihler manifold M is equipped with a sphere
of complex structures and Kéhler forms.

A Hyperkdhler manifold can be also characterized as a 4k-dimensional (real) Riemannian manifold
with Riemannian holonomy contained in Sp(k), where k > 1. Since Sp(k) C SU(2k), every Hyperkdhler
manifold is Calabi-Yau and Ricci-flat. Notice that the natural representation of Sp(k) on R** preserves

three complex structures J;,2 = 1,2, 3, that satisfy the quaternionic relations Jf = JiJoJs = —1.
It turns out that
3
Q.= Z w; N\ w;
=1

is a 3-plectic form.

The following Lemma follows immediately from definition 6.1.12 using equations (6.25) and (6.27)
(or alternatively from proposition 6.4.1).

Lemma 6.5.10. Suppose we are given an action of a Lie group H on a manifold N preserving
n-plectic forms Q1 and Qa, with homotopy moment maps F* and F? respectively. Then the action
of H on (N,Q; + Q3) has homotopy moment map F' + F2.

Proposition 6.5.11. Let G be a Lie group acting on the Hyperkdhler manifold M. Assume that
(M,w;) admits an equivariant moment map f*, for i = 1,2,3. Then the G action on the 3-plectic
manifold (M,Q) admits a homotopy moment map, constructed canonically out of f1, f2, f3.

Proof. Since f*is a moment map for w;, Prop. 6.5.5 provides a homotopy moment map F* for w; A w;,
for 2 = 1,2,3. A homotopy moment map for Q is then given by F! + F2? + F3, by Lemma 6.5.10. O

Not all homotopy moment maps for €2 arise from moment maps for the w;, as the following variation
of Ex. 6.5.7 shows.
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Ezample 6.5.12. Consider the Hyperkihler manifold R* with the canonical metric and the complex
structures Ji, Jo, J3 given by quaternionic multiplication by 4,7,k € H = R*. Dividing by the lattice
73 x {0} we obtain a Hyperkihler structure on M := S* x S x S x R (the product of the 3-torus with
the real line), on which we have induced “coordinates” 61, 62,63, z4. The symplectic structures on M
associated to the distinguished complex structures are:

wy =dB; ANdbBy +dbs ANdzy, wo =db Ndbs — dbBs Adxy, w3 = dB; Adzg + dbs A dbs.

The action of the circle on M with generator 6%1 preserves each w;, however w; and w, have no moment

map for this action. On the other hand, it is easily computed that Q := Zle wi A w; = 6d6; A dBs A
dfs A dza, and ) admits a homotopy moment map as we explained in Ex. 6.5.7.

6.6 Embeddings of L.-algebras associated to closed differential forms

Let (M¢,we) be a ne-plectic manifold, C = a,b. We consider the n, + ny + 1-plectic manifold
(M = Mg x Mp,w =wg Awp) .

Being (M¢,we) a ne-plectic manifold, it is equipped with a Lie ne- algebra Lo (Me, we), constructed
exclusively out of we and the de Rahm differential d. The purpose of this section is to find an Le.-
morphism

H: Loo(Ma,wa) b Loo(Mb,wb) ~ Loo(Ma X My, w, /\wb) (6.100)
whose first component is an embedding. We will exhibit such a morphism in Thm. 6.6.2.

Remark 6.6.1. As in the previous section, we will slightly abuse notation, denoting a differential form
on Mcq and its pullback to M, x My, via the canonical projection, by the same symbol. Similarly, given
a vector field on M, we denote by the same symbol its horizontal lift to the product manifold M, x Mj.

Further, we denote by /% and I° the multi-brackets of Leo(M,,ws) and Leo(Ms,ws) respectively,
and by [ the multi-brackets of L, (M,w).
6.6.1 The construction of H and its properties

The source of H i Loo(Ma,ws) @ Loo(Ms,ws), which, being a direct sum of L.-algebras,is itself an
L,-algebra. We spell this out, assuming ny > n,. The underlying complex is

CO(My) = -+ = C®(M,) @ Q™ (M) — - — Q" 1 M,) ® Q™ 1 (My).
Its multibrackets 12° (for k > 1) are defined by
(1@ P10 ®Br) =1 (a1, ..., ) ® L (b1, - ., Br)

where a1 @ f1,...,0% ® Br € Loo(Ma,wy) & Loo(Mp,wp). Notice that Loo(My,ws) ® Leo( M, wp) is a
Lie N-algebra, where N := Maz{n,,ns}, while Lo, (M, w) - the target of H - is a Lie (n,+mns+1)-algebra.

We now argue that there is a natural candidate for the first component of an L,,-morphism as in
(6.100).

Given a € QP! (M) M, and B € Q™' (M) M,, take Hamiltonian vector fields X, and Xz for
) B

Ham Ham
them, and consider X, + Xg on M, x M,. It is again a Hamiltonian vector field, since

UXotXp)W = —G[a Awp + wa A B
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Hence there is a well-defined map

h:Qe (M) e QR (M) — Qiei™ (M)

Ham Ham Ham

a®f — alAwyt+wsAB. (6.101)

Endow Q-1 (M,) @ Q! (M,) with the bracket 1%, i.e., the sum of the binary brackets {2 and 4 on

Ham Ham
the two factors. Denoting all binary brackets by {:,-} to ease the notation, we have

h({ar@ B0 0B} ) = {hle1 @ B1) , hlaz ® o)} + (—1)"d [z A dBz — az A dBy] -

That is, h does not preserve the binary brackets on the nose, but just up to an exact term. This a
characteristic feature of the first component of an L, ,-morphism. Indeed, in Thm. 6.6.2 we extend
h to an Le-morphism from L. (M,,ws) & Leo(Mp,wp) t0 Leo(M,w). The concrete expression of the
L,-morphism is motivated by the results of Section 6.4 and in particular by Theorem 6.4.3.

We will use the square brackets introduced in Def. 6.1.10, for C = a,b. Recall that ... ]kc is defined
for all k > 0, and that it vanishes unless all entries have degree zero (i.e., are Hamiltonian forms). Recall
also that [l]g = —w¢ and that for £ > 1, by Remark 6.1.9,

[al,...,ak]kc ={o,...,ak}c — 6g1dcar, C=a,b,

where {a,...,ar}c is the k-bracket of Lo (Mc,we) and de is the de Rahm differential on M.

Theorem 6.6.2. Let (Mc,wc) be neo-plectic manifolds. There s an Lo,-morphism:

H: Loo(Mg,ws) & Loo(Mp,wp) ~ Loo(Mg X My, ws A wp)

whose first component is injective. The components of H will be denoted by H; (1 > 1). They are
determined by graded skew-symmetry and the requirement that:

Him(@1, -0k, 1, Bm) = 12 10 Bk101 A[Ba, -, Bl (6.102)
+ B malan i A B (6.103)

where k+m > 1, a1, ...,0% € Loo(Ma,ws), B1,- -3 Bm € Loo(Mp,ws), [1 ]OC = —wc and the coefficients
are, for all 1 <O0:

1 .
i = —5 ()T m> (6.104)
1 ,
tho=— (C1DE gy
and: |
S,i =—1, tS’i = — (_1)z(na+1).

Above, & denotes the Kronecker delta, and |ai| refers to the degree'® of a; as an element of
Loo(Ma;wa)'

15T his differs by nq — 1 from the degree of a; as a differential form.
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Remark 6.6.3. Notice that H, applied to a family of elements lying in (Lo (Mg, ws) ® {0}) U ({0} &
Loo(Mpy,wy)), vanishes unless: either exactly one element is of the form a0 and the remaining elements
have degree zero, or exactly one element is of the form 0 & 8 and the remaining elements have degree
ZEero.

Remark 6.6.4. The first component H; is clearly injective for it is given by

Hi(a)=aAw, and Hy(f)=(-1)FlnetD)y A pg,
where o € Loo(M,,w,) and B € Leo(Mp, wp).

The restriction of Hy t0 Loo(M,,w,) @ {0} is a strict morphism. This can be seen using Remark
6.6.3, since the higher components of H vanish if all entries lie in Lo, (M,,w,)®{0}, or alternatively it can
be seen directly using Lemma 6.6.7 below. The same holds for the restriction of H to {0} & Leo(Mp,ws).

Remark 6.6.5. Recall that the composition 9o¢ of two L,-morphisms is given by (od)r = S2r_, Dy oty —k TWIO
(¢, ®- - - ® ¢x, ). Possibly up to signs, the L-morphism H given Thm. 6.6.2 has the following property:
for any action of a Lie group G¢ on (M¢,we) with homotopy moment map f© (C = a,b), one has

F=Ho(f*®f),
where F' is the homotopy moment map constructed in Thm. 6.4.3 out of f* and f°. In other words, the
diagram (6.3) commutes.
Ezample 6.6.6. Let n, = np, = 1. That is, (M,,w,) and (Mp, ws) are symplectic manifolds, and so (M, w)
is a 3-plectic manifold. Consequently, the cochain complex L underlying the Lie 3-algebra Lo, (M,w) is

C® (M) = Q' (M) = Q* (M) - Q¥ (M) .

Ham

On the other hand, Lo, (M, Ws) ® Loo (Mp, wp) = C® (M,) & C* (M) is just a Lie-algebra. The higher
components of the L,-embedding of theorem 6.6.2 read

H» (fa@fb;gaeagb) - (fa./\dgb_dfaAgb_gaAdfb+dgaAfb) )

N[ —

H3 (fa 5] fb7 gll @ gb: h'a 53] h'b) = % (fa {gb) h'b}Z + fb {ga: hll}Z - ga, {fb7 hb}2 (6105)
—Gb {fa:h'a.}g + ha {fb:gb}z + hb {fa.:ga}z) ) (6'106)

for all fo,gc,hec € C® (M¢), C = a,b. Notice that since Lo, (Mg, w,) ® Lo (Mp,ws) is a Lie algebra,
we can use formulae (6.25) and (6.27) to double-check that H is indeed an L-morphism.

6.6.2 The proof

We now turn to the proof of Thm. 6.6.2. We will use repeatedly the following Lemma.

Lemma 6.6.7. For all a;y,...,ar € Leo(Ma,ws) and B1, ..., Bm € Loo(Mp,ws), where k,m > 0 and
kE+m > 1, we have

[01Wp, - -, Qkto, Wa, - - - WaBmlirm = —(—1)™ " ay, ..., anle Ay, -, Bl -

Proof. We may assume that all the a and § have degree zero, for otherwise the equation is trivially
satisfied. It is straightforward to verify that the Hamiltonian vector field of awy (w.r.t w, A wp) equals
the Hamiltonian vector field X, of a (w.r.t w,), and the exactly analogous statement holds for w,8. The
statement of the lemma follows from

UKoy AXag A+ A Xp, Y wa Awp) = (=1)™eH 1) (X Ao A X wa A (X, A+ A Xp, Jwp

together with the identity ¢(k)s(m)s(k +m) = —(—1)*¥™, O
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According to the conditions that an L.-morphism has to obey (see for instance [20, Def. 2.4]),
we have to check that the following relation holds for all N € Ny and for all £ = (zi,...,zN) €
(Loo (Ma,wa) ® Loo (Ms,wp))®":

> (1Y ST (—1)%¢e(o, 7) Hy (lfb(xau),---,ma(i)),:Ba(i+1),---,$o(zv)) (6.107)

i+j=N+1 o€8hi ;-1
N . .,
:Z Z (_1)7(&N) Z (-1)%€¢(0, Z)e (P, H)
=1 NHSH%DEN TEShY, N,

ll <HN1 (ma'(l)i RN ma’(N1))7 IS HNz(ma'(Nng+l)1 (RS Cca’(N))) .

Here

Y&, N) = 250 L Nj(6— 1) + No(€—2) + - + Np_ 1.

Shy, ..n, C Shw,,...n, is the set of (Ny, ..., Ny)-unshuffies such that

o(Ny+--++ N, 1+1)<o(Ny+---+N;_1+ N;+1) whenever N; = N;,1.

e H = (HNI,...,HN“ZU(l),...,:BU(N)) and p is the permutation of {1,...,£+ N} sending H to

(HNU:BU(l); R 7$0'(N1)J vy HN[; mo‘(N—Nﬁ—l): vy ZBO—(N)> .

As usual, (—1)7 denotes the sign of the permutation ¢ and ¢(o, Z) denotes the Koszul sign.

Remark 6.6.8. Notice that on the Lh.s. of eq. (6.107), the sign of the summand corresponding to
1= N,j =11is +1 (since the only permutation appearing is the identity).

On the r.h.s., the sign of the summand corresponding to ! = N is +1. Indeed Ny =--- = N; =1, s0
that y(¢, N) = +1, ¢ = id, and all Hy, have degree zero. Further, the sign of the summand corresponding
to £ =1 is also +1, since y(1,N) = +1, 0 = id and p = d.

Proof of Thm. 6.6.2. Let C = a,b. We first check that H; has degree 1 —j. For 7 = 1 this is clear. For
j = k+m > 2, we use that [...]S,, as an operation on Le,(Mc,wc), has degree 2—m. Hence, for instance,
if the elements ay, £, ..., Bm all have degree zero, then Hi (a1, f1,.--,8m) = j:%al[,Bl, Y A LI T
the product of a n, — 1 and (np — 1) + (2 — m) form, that is, a n, + n, — m form, which therefore is an
element of Lo, (M, X My, w, A wp) of degree —-m=1—(1+m)=1—73.

The rest of the proof is devoted to checking that H is an L-morphism. Our strategy is as follows.
We propose an educated ansatz for H depending on some arbitrary parameters and then we will impose
on it the Lo-morphism conditions (6.107). Equations (6.107) will turn out to be an over-determined
system of equations for the parameters of the ansatz, and we will show that a solution is given by eq.
(6.104).

The ansatz is the following: for the first component of H,
Hi(a) = 55 g0 A (—wp), Hyi(B) = 38,|ﬁ|(_wa) NB.

For the higher components of H, i.e. for k +m > 2, Hx (o, ...,0%, b1, .., Bm) equals:

s 52
m’2‘a1|5k,1a1 ABry-- s Bl + %6#&,1[0‘1, skl APy (6.108)

where ai,...,ar € Loo(Mgy,ws) and Bi, ..., Bm € Loo(Mp,ws) are homogeneous elements of their respec-
tive graded spaces. Here s7, | depends on the number of £’s and the degree of a;. It cannot depend on

the number of a’s since if there is more than one the corresponding term in (6.108) is zero, and it cannot
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depend on the degree of the f’s since if |1 ® - -+ ® fm| < 0 then the corresponding term in (6.108) is
again zero. A similar discussion applies to sz AR

We now apply condition (6.107) to our ansatz for H and elements oy, ..., o, B1,-..,Bm. We are
going to consider six different cases depending on k& and m, namely {k > 1,m =0}, {k =0,m > 1},
{k=1m=1} {k>1,m>1}, {k=1,m > 1} and {k > 1,m = 1}. We will use repeatedly Remark
6.6.3 and the fact that for + > 2 the multibrackets I; vanish unless all entries have degree zero.

Case {k > 1,m = 0}.
This case will allow us to calculate sg;, ¢+ < 0. The condition (6.107) evaluated on ay,...,ax €
Loo(M,,w,) reads
H (I3 (a1,...,08)) =l (Hi (1), ..., H1 (o)) , (6.109)
as one sees using Rem. 6.6.3, together with Remark 6.6.8 to determine the signs.
Using now that:

Hy(lg(on, - 0n)) = =S50 pyja li (o, . 0r) Aws, (6.110)
e (Hi(oa),. ., Hi(ak)) = (=8G0q)) - (750 jap) e (01, - 0k) Aws, (6.111)

where |a| = |a; ® - - ® ax| and using Lemma 6.6.7 in the second equation when k£ > 2, we conclude that
we can choose sg, = —1 for all 2 < 0.

Case {k =0,m > 1}.
This case will allow as to calculate sgﬂ-, i < 0. The condition (6.107) evaluated on fi,...,Bm €
Loo(Mp,wy), similarly to the case above, reads:

H (15, (B1,- -, Bm)) = b (H1 (B1), -, Hy (Bm)) (6.112)

Using now that:

H, (zfn (ﬁl,...,ﬂm)) = =8 miipWa Al (Br, -y Bm) (6.113)
I (H1(B1), - Hi(Bm)) = (=55,8,)) - (=58 15, (D)™™ VN we ALY (Br,- .., ) , (6.114)

where |f| = |81 ® - - ® | and using Lemma 6.6.7 in the second equation when m > 2, we conclude
(taking m = 1) that equation (6.109) implies:

b _ a+1) b
so1s1p = (~D) T sg

and therefore 58,1‘ = (—1)i(”“+1) 58,0 , 1< 0. Plugging this into into eq. (6.112) it can be easily verified
that eq. (6.112) is solved by:

Case {k=1,m =1}.
This case will allow as to find s7, and sZ{,i for © < 0. The condition (6.107) evaluated on a, g,
where o € Loo(M,,w,) and B € Loo(Mp, wp), reads:

~ Hy (15(a), B) — (~1)* Hy (0, B(6)) = b (Ha(e, §)) + Iz (Hr(a), Ha(B)) . (6.115)

(The Lh.s. corresponds to the summand 2 = 1,7 = 2 in (6.107), and the signs for the r.h.s. follow from
Remark 6.6.8.) Recall that by ansatz (6.108), for all A € L (M,,ws) and B € Loo(Mp,ws) we have
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b
Sl:‘B| [

5 Al A B.

sa,
Hy(A, B) = %A A[B +

In order to solve equation (6.115) we have to analyze the different cases in terms of the degree of o and
B. If |a] = |B| = 0 the Lh.s. of (6.115) is zero while the r.h.s. is
s¢ s
1,0 ne °1,0 n
—Tda AdB — (—1) “Tda ANdB + (—1)"eda A dB,

as one sees using Lemma 6.6.7. Hence we can take:
so=(-1)", sio=1 (6.116)

Now, if |a| = 0 and |B| < O the first and fourth term in equation (6.115) vanish, and that equation
translates into

b b
1

TP )2 £ g8 () = (~1)

el A1 (B),
implying that sll”|ﬂ|+1 = (—1)"‘”’15’{’“3| . Together with equation (6.116) this implies finally that

s0s = (1) ety

32

. i<0.

By means of a completely analogous calculation for the case |a| < 0 and || = 0 we obtain 5‘1”|a|+1 =
—s7 |of) SO We can choose

sf,=(-1)™", i<o.

Lastly, the case |a| < 0 and || < 0 is trivial since both sides of equation (6.115) vanish.

Case {k > 1,m > 1}.

This case will allow as to find s¢ ; and s?, , for 4 <0 and k,7 > 1. The condition (6.107) evaluated
on (a1,...,0%, 01,--,Pm), where aq,...,05 € Loo(M,,w,) and B, ..., Bm € Loo( My, ws), reduces to

(_1)kam+1 (l%(a17 CRI ak))ﬁl: s 7:6m) + (_1)ka+l <a17 <oy O, l?‘n(ﬂl) s 7:3'm)) (6117)
=lktm (Hi(o1), ..., Hi(ag), Hi(B1), - - -, Hi(Bm)) ,

where in the 1L.h.s. only the summands corresponding to 2 = k and 2 = m appear by Rem. 6.6.3, and for
the r.h.s. we use Remark 6.6.8 to determine the signs (a term involving /; does not appear, again due
to Rem. 6.6.3).

From definition 6.1.12 it can be seen that equation (6.117) is only non-trivial if'® |a| = |B] = 0.
Therefore, we will assume henceforth that this is the case. The two terms on the Lh.s. of equation
(6.117) can be written as follows:

Hm+1 (ZZ(ali"'iak)iﬂli" 1/377'1) = sm722_k [a17" '1ak]z N [ﬂl:" 1/3771,]‘2:71, ) (6118)
b
Hk+1 (aly"wak;lf‘n(ﬂl:"' aﬂm)) = 3k,22_m [ala"'iak]z A [:3117,577'7.]?77, : (6119)

18 The fact that necessarily |a| = 0 was already used to determine the sign of the second term on the Lh.s. above.
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By Lemma 6.6.7, the r.h.s. of equation (6.117) can be written as:

litm (Hi(on), ..., Hi(ag), Hi(B1), - - Hi(Bm)) = —(=1)™" D [y ap]f AL, - -, Brmlo, {6.120)

From the last three equations we obtain:

(_1)kmsg‘n,,2—k + (_1)k 3k,2—m _ _(_1)m(na+1)
2 2 ’

which is solved by

ﬁm,i — _(_1)m(na+i+1) , SZ — _(_1)i(na+1)+k , m, k> 1, i <0.

S
Cases {k=1,m > 1} and {k > 1,m = 1}.
Notice that this point we have already explicitly solved all the parameters an,i and szﬂ- for all

k,m > 0 and 7 < 0. Although this was obtained by separately analyzing different cases given by
different values of £ and m, the result be summarized in a single formula, namely

$8 = —(—1)mmetitl) b (CqyilnetDtR o >0 <0, (6.121)

m,: K

However, there remain two cases to be solved, namely {k = 1,m > 1} and {k > 1,m = 1}. Notice that
we do not have any parameter left to be fixed, so checking those cases is really a constraint.

We consider first the case {k = 1, m > 1}. At first, we also assume m > 2. The condition (6.107)
evaluated on (o, f, .. ., Bm) reads

(_1)mHm+1 (l%(a)xﬂlr")ﬁm)"i' Z (_1)p+qu (a;lg(ﬂpxﬂq)7ﬂlz-“173;1"'173;7“-;3771,))

1<p<g<m
(6.122)

+ HZ((lfn(,Bl, v 7ﬂm)7a)
= lm+1 (Hi(a), Hi(B1), .-, H1(Bm)) + li(Hm+1(a, B1, .., Bm)) -

(On the lh.s. the first term corresponds to « = 1 in eq. (6.107), the second to ¢ = 2, and the
third to ¢ = m; not other values of 7 contribute by Remark 6.6.3. On the r.h.s. only the terms
corresponding to [, and I, appear since the multibrackets of Lo, (M, x Mp) with two or more entries
vanish unless all the entries have degree zero, and the signs are given by Remark 6.6.8.) We may assume!”
|B1] = -+ =|Bm| = 0, for otherwise both sides of the above equation vanish by Remark 6.6.3.

The first term on the L.h.s. of eq. (6.122) reads

a

(1) sm";'“z‘;(a) AlBr, .. Bl (6.123)

The second term on the L.h.s. equals

sa

m‘;""" and[Bi,...,Bml. (6.124)

1"This assumption was already used to determine the sign of the second term on the Lh.s. above.
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To see this, we use the computation

Z (_1)p+q[lg(ﬂp1ﬂq)7:611"'173;1"')73;7-“7:3771] (6125)
1<p<g<m
=s(m—1) > (D" X, p) A X A AN Xpy Ao AXpy Ao A X, )ws
1<p<g<m
=¢(m — 1)(—=1)"du(Xp, N--- N Xg,, )ws
=d[f1,...,Bm]

where we used [18, Lemma 9.2] in the second equality and ¢(m — 1)s(m) = (—1)™.
The third term on the L.h.s. reads

b

_ 31,22Jn [a] A [Br, .-y Brm] — %a A (B, - -, Bm), (6.126)

where the second summand vanishes because of the assumption m > 2.
The first term on the r.h.s. of eq. (6.122), using Lemma 6.6.7 and —séo = —38,0 =1, equals

— (=)™t V) A By, ..., Bm] . (6.127)

The last term on the r.h.s. is
St Jaf Smaf na—1-laf
Tll(a/\[ﬂly-”;ﬂm]):T(da/\[ﬂly~~-:ﬂm]+(_1) * a/\d[ﬂl,---,ﬂm])- (6.128)

The term in (6.124) cancels out with the second summand in (6.128). Further, using that lia—[a] =
do by Remark 6.1.9 and the fact that o] vanishes if |a| # 0, one check that the term (6.123) minus one

half the term (6.127) equals wda A[Bi,---,Bm], which is exactly the first summand in eq. (6.128).
Finally, the term (6.126) cancels out with one half the term (6.127).

Now, if £ = 1, m = 2, then the term (6.124) is omitted (because the summand ¢ = 2 on the Lh.s.
of condition (6.107) is already given by the term (6.126)), and in (6.126) the second summand no longer
vanishes. We conclude that the case {k = 1,m > 1} indeed works out with the choice of parameters
given in (6.121).

One check in a similar way that the same holds for the case {k > 1,m = 1}. This concludes the
proof that H, as defined in the statement of the theorem, is an honest L,-morphism.

O]
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